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As the matter-to-radiation ratio was smaller than one would
naively expect, it would accelerate the decay of gravitational
potential around the decoupling epoch. This leads to an en-
hancement in the so-called early integrated Sachs–Wolfe (ISW)
effect. The larger

∑
mν is, the larger early ISW becomes, as

long as the neutrinos were still relativistic at the decoupling
epoch, that is,

∑
mν ! 1.8 eV.

The large ISW causes the first peak position to shift to lower
multipoles by adding power at l ∼ 200; however, this shift can
be absorbed by a reduction in the value of H0.51 This is why∑

mν and H0 are anticorrelated (see Ichikawa et al. 2005, for a
further discussion on this subject).

It is the BAO distance that provides a better limit on H0,
as BAO is an absolute distance indicator. The SN is totally
insensitive to H0, as their absolute magnitudes have been
marginalized over (SN is a relative distance indicator); however,
the SN data do help reduce the correlation between w and H0
when w is allowed to vary. As a result, we have equally tight
limits on

∑
mν regardless of w.

Our limit,
∑

mν < 0.67 eV (95% CL) (for w = −1), is
weaker than the best limit quoted in the literature, as we have not
used the information on the amplitude of fluctuations traced by
the large-scale structure. The middle panel of Figure 17 shows
how the WMAP data combined with BAO and SN predict the
present-day amplitude of matter fluctuations, σ8, as a function
of

∑
mν . From this, it is clear that an accurate, independent

measurement of σ8 will reduce the correlation between σ8 and∑
mν , and provide a significant improvement in the limit on∑
mν .
Improving upon our understanding of nonlinear astrophysical

effects, such as those raised by Bolton et al. (2008) for the
Lyα forest data and Sánchez & Cole (2008) for the SDSS and
2dFGRS data, is a promising way to improve upon the numerical
value of the limit, as well as the robustness of the limit, on the
mass of neutrinos.

6.2. Effective Number of Neutrino Species

6.2.1. Motivation

While the absolute mass of neutrinos is unknown, the number
of neutrino species is well known: it is 3. The high precision
measurement of the decay width of Z into neutrinos (the total
decay width minus the decay width to quarks and charged
leptons), carried out by LEP using the production of Z in e+e−

collisions, has yielded Nν = 2.984 ± 0.008 (Yao et al. 2006).
However, are there any other particles that we do not know yet,
and that are relativistic at the photon decoupling epoch?

Such extra relativistic particle species can change the expan-
sion rate of the universe during the radiation era. As a result,
they change the predictions from the BBN for the abundance of
light elements such as helium and deuterium (Steigman et al.
1977). One can use this property to place a tight bound on the
relativistic dof, expressed in terms of the “effective number of
neutrino species,” Neff (see Equation (84) for the precise defini-
tion). As the BBN occurred at the energy of ∼ 0.1 MeV, which
is later than the neutrino decoupling epoch immediately fol-
lowed by e+e− annihilation, the value of Neff for three neutrino

51 This is similar to what happens to the curvature constraint from the CMB
data alone. A positive curvature model, Ωk < 0, shifts the acoustic peaks to
lower multipoles; however, this shift can be absorbed by a reduction in the
value of H0. As a result, a closed universe with Ωk ∼ −0.3 and ΩΛ ∼ 0 is still
a good fit, if Hubble’s constant is as low as H0 ∼ 30 km s−1 Mpc−1 (Spergel
et al. 2007).

species is slightly larger than 3. With other subtle corrections
included, the current standard value is N standard

eff = 3.04 (Dicus
et al. 1982; Gnedin & Gnedin 1998; Dolgov et al. 1999;
Mangano et al. 2002). The 2σ interval for Neff from the observed
helium abundance, YP = 0.240 ± 0.006, is 1.61 < Neff < 3.30
(see Steigman 2007, for a recent summary).

Many people have been trying to find evidence for the extra
relativistic dof in the universe, using the cosmological probes
such as CMB and the large-scale structure (Pierpaoli 2003;
Hannestad 2003; Crotty et al. 2003b, 2004; Barger et al. 2003;
Trotta & Melchiorri 2005; Lattanzi et al. 2005; Cirelli & Strumia
2006; Hannestad 2006a; Ichikawa et al. 2007; Mangano et al.
2007; Hamann et al. 2007; de Bernardis et al. 2008). There
is a strong motivation to seek the answer for the following
question, “can we detect the cosmic neutrino background, and
confirm that the signal is consistent with the expected number of
neutrino species that we know?” Although we cannot detect the
cosmic neutrino background directly yet, there is a possibility
that we can detect it indirectly by looking for the signatures of
neutrinos in the CMB power spectrum.

In this section, we shall revisit this classical problem by using
the WMAP 5-year data as well as the distance information from
BAO and SN, and Hubble’s constant measured by HST.

6.2.2. Analysis

It is common to write the energy density of neutrinos
(including antineutrinos), when they were still relativistic, in
terms of the effective number of neutrino species, Neff , as

ρν = Neff
7π2

120
T 4

ν , (82)

where Tν is the temperature of neutrinos. How do we measure
Neff from CMB?

The way that we use CMB to determine Neff is relatively
simple. The relativistic particles that stream freely influence
CMB in two ways: (1) their energy density changing the matter-
radiation equality epoch and (2) their anisotropic stress acting as
an additional source for the gravitational potential via Einstein’s
equations. Incidentally, the relativistic particles that do not
stream freely, but interact with matter frequently, do not have a
significant anisotropic stress because they isotropize themselves
via interactions with matter; thus, anisotropic stress of photons
before the decoupling epoch was very small. Neutrinos, on the
other hand, decoupled from matter much earlier (∼ 2 MeV), and
thus their anisotropic stress was significant at the decoupling
epoch.

The amount of the early ISW effect changes as the equality
redshift changes. The earlier the equality epoch is, the more the
ISW effect CMB photons receive. This effect can be measured
via the height of the third acoustic peak relative to the first peak.
Therefore, the equality redshift, zeq, is one of the fundamental
observables that one can extract from the CMB power spectrum.

One usually uses zeq to determine Ωmh2 from the CMB
power spectrum, without noticing that it is actually zeq that
they are measuring. However, the conversion from zeq to Ωmh2

is automatic only when one knows the radiation content of the
universe exactly—in other words, when one knows Neff exactly:

1 + zeq = Ωm

Ωr

= Ωmh2

Ωγ h2

1
1 + 0.2271Neff

, (83)

where Ωγ h2 = 2.469 × 10−5 is the present-day photon energy
density parameter for Tcmb = 2.725 K. Here, we have used the

Matter-radiation equality:

Keeping zeq and Ωbh2 fixed as Neff increases 
achieved by boosting DM density

Thus, suppression of CMB damping tail 
picked out as Neff > 3 when Yp is known. 
Constraints relax when Yp is free.

An increase in Neff gives an increased 
expansion rate. Keeping θs fixed:

Hou et al (2011)
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TABLE II. Constraints on Cosmological Parameters using SPT+WMAP+H0+BAO.

ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM

+ Neff +
�

mν +Neff+
�

mν +Neff+Yp +Neff+
�

mν+Yp

Primary ns 0.9648± 0.0092 0.981± 0.013 0.9661± 0.0096 0.987± 0.013 0.983± 0.013 0.987± 0.013

Extended Neff — 3.87± 0.42 — 4.00± 0.43 3.70± 0.54 3.99± 0.59
�

mν [eV] — — < 0.45 < 0.67 — < 0.73

Yp — — — — 0.277± 0.037 0.261± 0.039

Derived σ8 0.811± 0.018 0.862± 0.033 0.758± 0.042 0.798± 0.053 0.860± 0.034 0.796± 0.055

Mean of the posterior distribution of cosmological parameters along with the symmetric 68% confidence interval about the
mean. We report the 95% upper limit on the sum of neutrino masses

�
mν . The primordial helium mass fraction Yp is enforced

consistent with standard BBN unless we allow it to vary as a free parameter.

achieved through tight CMB measurements of the red-
shift to matter-radiation equality zeq, the baryon den-
sity Ωbh

2, the angular size of the sound horizon θs, and
the angular scale of photon diffusion θd [14]. Keeping
zeq and Ωbh

2 fixed as Neff increases can be achieved
by increasing the dark matter density Ωch

2 (assum-
ing massless neutrinos), which manifests in a large
correlation with Neff (shown in Fig. 2). Meanwhile,
an increase in Neff and Yp both yield an enhanced
Silk damping effect [14, 32–34], and by fixing θs it
can be shown that θd ∝ (1 + fν)0.25/

�
1− Yp θs [14],

where fν ≡ ρν/ργ is proportional to Neff . As a conse-
quence, the suppression of the CMB damping tail can
be picked out as a signature of extra relativistic species
when Yp is known, while the constraints on Neff are
relaxed when allowing for Yp as a free parameter.

An increase in Neff further shifts the acoustic peak
locations [34], but this has been shown to be a small
effect [14]. Instead, the constraint on Neff can be im-
proved by the inclusion of low-redshift distances and
a prior on the Hubble constant, H0, as these are use-
ful in constraining Ωch

2 and by extension Neff . How-
ever, when allowing for evolving dark energy, the abil-
ity to improve constraints on Neff from observations
of the expansion history becomes diminished, as il-
lustrated by the error ellipses for

�
Neff ,Ωch

2
, w

�
in

Fig. 2. Therefore, the inclusion of SN data becomes
critical to a precise determination of the effective num-
ber of neutrinos.

The dark energy equation of state (EOS) is
moreover anti-correlated with the sum of neutrino
masses [3, 4, 35, 36]. In the CMB temperature power
spectrum, the sum of neutrino masses shifts the first
peak position to lower multipoles by changing the frac-
tion of matter to radiation at decoupling, which can
be compensated by a reduction in the Hubble con-
stant (similar to the case for positive universal curva-
ture) [3, 36, 37]. BAO distances and an H0 prior can
therefore be used to reduce correlations between the
sum of neutrino masses and the dark energy EOS, but
also with the curvature density.

The strongest limits on the sum of neutrino masses
from the CMB combined with probes of the expansion
history and matter power spectrum place it at sub-eV

level [1–4, 37–53]. We take the conservative approach
in only combining CMB data with low-redshift mea-
surements of the expansion history. While SN ob-
servations play an important role in constraining the
dark energy EOS and thereby reduce the correlation
between

�
mν and w, these observations are not pow-

erful in constraining the curvature of the universe and
therefore less helpful in reducing the correlation be-
tween

�
mν and Ωk.

Beyond the vanilla parameters and the three addi-
tional parameters {Neff ,

�
mν , w}, we relax the com-

monly employed strong inflation prior on the univer-
sal curvature Ωk and running of the spectral index
dns/d ln k. Given that most popular models of infla-
tion predict |dns/d ln k| ∼< 10−3 [54, 55] and |Ωk| ∼<
10−4 (e.g. [54, 56, 57]), at the level of precision of
present CMB data it is generally justified to fix these
two parameters to their fiducial values of zero. How-
ever, given the mild preference for Neff > 3 [4, 10, 11],
we allow for the possible existence of inflationary mod-
els with large curvature or running. In particular,
|Ωk| ∼ 10−2 may be generated in models of open infla-
tion in the context of string cosmology [54, 58], while a
large negative running may be produced by multiple
fields, temporary breakdown of slow-roll, or several
distinct stages of inflation [54, 59–61].

Among alternatives to the cosmological constant
with w = −1, the most popular are scalar field models
with potentials tailored to give rise to late-time ac-
celeration and current equation of state for the dark
energy, w, close to -1 [62–69]. Like a cosmological con-
stant, these models are fine-tuned to have dark energy
dominate today. However, the requirement w � −1
currently, does not imply that dark energy was sub-
dominant at earlier times, specifically redshift z � 2,
where we have no direct constraints. Given the degen-
eracy between dark energy and the sum of neutrino
masses, we further consider a model that describes
dark energy as non-negligible in the early universe in
Sec. IIID.

We describe our analysis method in Section 2. In
Section 3, we provide constraints on a ΛCDM model
with three massive neutrinos and additional light de-
grees of freedom, then follow up with successive addi-
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FIG. 1. Top panel: WMAP, ACBAR and ACT power spec-
trum measurements, and theoretical power spectra normal-
ized at � = 200 for Neff varying from 2 to 5 with ρb, θs, and
zEQ held fixed. Bottom panel: The same as above except
we vary YP to keep θd fixed and we replace the ACBAR and
ACT data with simulated SPT data, of the quality expected
in [34]. The lack of scatter in these spectra compared to those
in the top panel demonstrates that the effect of Neff is largely
captured by its impact on the damping scale.

Since rs ∝ 1/H, it responds even more rapidly than rd

to changes in H. To keep θs fixed at the observed value,
DA must also decrease as 1/H. Since DA decreases more
rapidly with H than rd, θd increases which means the
damping is increased.

Note that if we knew DA perfectly, we could use θs to
infer rs and thereby determine H prior to recombination.
But we do not know DA, largely because we do not know
the value of the cosmological constant, or more generally
the density of the dark energy as a function of the scale
factor. With both angular scales we can form θd/θs =
rd/rs ∝ H

0.5, with no dependence on DA.
Does this explanation hold together quantitatively? To

demonstrate that what we are seeing in the power spec-
trum actually is increased Silk damping (at fixed θs) we
experiment with also fixing θd as Neff increases. The
bottom panel of Fig. 1 shows how the angular power
spectrum responds to the same variations in Neff , only
now taken at constant θd as well. When we remove the
θd variation, the impact of the Neff variation almost en-
tirely disappears. We conclude that the variations we
are seeing in the top panel are indeed due to the impact
of Neff on the amount of Silk damping. A very similar
demonstration was provided by [16].

To keep θd fixed as Neff varies, we vary a parameter

FIG. 2. 1 and 2-σ contours of constant probability for Neff

and the cluster abundance parameter σ8(Ωm/0.25)0.47 for dif-
ferent data sets as described in the text.

whose sole impact is on the number density of electrons:
the primordial fraction of baryonic mass in Helium, YP.
Even as early as times when 99% of the photons have
yet to last scatter, Helium, with its greater binding en-
ergy than Hydrogen, is almost entirely neutral. Thus
ne = Xe(np +nH) = Xenb(1−YP) where the first equal-
ity defines Xe. The limit of integration in the above
equations for rs and rd is only slightly affected by chang-
ing YP and thus rs is largely unaffected. However, the
damping length scales with YP as rd ∝ (1− YP)−0.5.
From our analysis one finds that rd/rs ∝ (1 +

fν)0.25/
√
1− YP where fν ≡ ρν/ργ is proportional to

Neff . The first factor arises because increasing H at fixed
zEQ meansH2 ∝ (1+fν). Thus asNeff is varied, we know
how to change YP to keep rd/rs (and hence θd/θs) fixed.
Our analysis requires a small correction. Increased ex-

pansion, even if we keep ne(a) fixed, decreases a∗ because
we follow [35] and define it such that the optical depth
to Thomson scattering from here to a∗ is unity. Further,
recombination is not a process that occurs in chemical
equilibrium. As emphasized in [36], increased H leads to
increased ne(a). By numerically studying these (partially
cancelling) effects we find rd/rs ∝ (1 + fν)m/

√
1− YP

with m = 0.22 rather than 0.25.
The curves in the lower panel do show some variation.

In particular, one can see a shifting of the peak locations
due to the difference in acoustic oscillation phase shift
that one gets for neutrinos, relative to the same energy
density in photons [16]. These phase shifts will be de-
tectable at high significance in future polarization data.
Current Constraints on Neff . In this section we assume

YP is a function of ρb and Neff as in standard BBN [37].
This assumption effectively breaks the YP, Neff degener-
acy we quantified above. We then constrain Neff using

Hou et al (2011)



...And running.

The Astrophysical Journal, 739:52 (20pp), 2011 September 20 Dunkley et al.

Figure 6. Power spectrum measured by ACT at 148 GHz, scaled by !4, over the range dominated by primordial CMB (! < 3000). The spectrum is consistent with
the WMAP power spectrum over the scales 500 < ! < 1000 and gives a measure of the third to seventh acoustic peaks. The best-fit ΛCDM cosmological model is
shown and is a good fit to the two data sets. At ! > 2000 the contribution from point sources and SZ becomes significant (dashed shows the total best-fit theoretical
spectrum; solid is lensed CMB). Three additional theoretical models for the primordial CMB are shown with Neff = 10 relativistic species, 4He fraction Yp = 0.5, and
running of the spectral index dns/d ln k = −0.075. They are consistent with WMAP but are excluded at least at the 95% level by the ACT data.
(A color version of this figure is available in the online journal.)

Table 3
Derived Constraints on Unresolved IR Source Emissiona

Component 148 GHz 218 GHz

Poisson B3000 (µK2)b 7.8 ± 0.7 ± 0.7 90 ± 5 ± 10
C!(nK2) 5.5 ± 0.5 ± 0.6 63 ± 3 ± 6

C! (Jy2 sr−1) 0.85 ± 0.08 ± 0.09 14.7 ± 0.7 ± 1.8
Clustered B3000 (µK2)c 4.6 ± 0.9 ± 0.6 54 ± 12 ± 5
Total IR B3000 (µK2) 12.5 ± 1.2 144 ± 13

Notes.
a The two errors indicate statistical uncertainty and a systematic error due to
clustered template uncertainty.
b Equivalent to the parameter Ad for 148 GHz.
c Equivalent to the parameter Ac for 148 GHz.

5σ level, confirming the detection reported in Hall et al. (2010)
from the SPT power spectrum. It is the 218 GHz power spectrum
that provides this detection; the 148 GHz spectrum is consistent
with no clustered component.

In flux units, the effective index of unresolved IR emission is

αd = 3.69 ± 0.14 (19)

between 148 GHz and 218 GHz, where S(ν) ∝ να . The
dust index and Poisson amplitude are anti-correlated, shown in
Figure 4. This index estimate agrees with observations by SPT,
who find α = 3.9±0.3 for the Poisson component and 3.8±1.2
for the clustered component over the same frequency range
(Hall et al. 2010). A property that can be derived from the
effective index, α, is the dust emissivity index, β. For galax-
ies at redshift z = 0 the dust emission can be described by a
modified blackbody, S(ν) ∝ νβBν(Td ), for dust temperature Td.
In the Rayleigh–Jeans (RJ) limit the flux then approximates to

S(ν) ∝ νβ+2Td , with β = α − 2. Using this relation gives a
dust emissivity index measured by ACT of β = 1.7 ± 0.14,
consistent with models (e.g., Draine 2003). However, the RJ
limit is not expected to be as good an approximation for red-
shifted graybodies (e.g., Hall et al. 2010), adding an uncertainty
to β of up to #0.5. This should also be considered an effective
index, given the likely temperature variation within each galaxy.

We test the dependence of these constraints on choices made
in the likelihood, using the same set of tests described in
Section 3.1. The estimated IR source parameters do not depend
strongly on the SZ template chosen, with less than 0.1σ change
if we use the Battaglia or TBO-1 SZ template. If the radio source
index is set to αs = 0 instead of −0.5 there is a #0.3σ reduction
in the IR Poisson source power at 148 GHz, and a 0.2σ increase
in the spectral index. As found in Section 3.1, if the radio
source power uncertainty is doubled from As = 4 ± 0.4 µK2

to 4 ± 0.8 µK2 there is only a 0.1σ effect. More radio source
power can be accommodated in 148 GHz by increasing the
width of the radio prior to 4 ± 2 µK2, resulting in a decrease
in IR Poisson power at 148 GHz of #1σ , and a corresponding
increase in the IR index by #0.8σ , but this scenario is disfavored
by the radio source counts presented in Marriage et al. (2011).

Substituting the alternative halo-model “Src-2” clustered
source template reduces the estimated IR Poisson power by
almost 1σ . In this case the one-halo term contributes at small
scales, transferring power from the Poisson to the clustered
component. Given our uncertainty in the clustered model, we
adopt this difference as an additional systematic error on the
Poisson source levels, shown in Table 3. In this simple model we
have also assumed that the clustered and Poisson components
trace the same populations with the same spectral index. We
test a case in which the two components have distinct indices,
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Table 4
ΛCDM and Extended Model Parameters and 68% Confidence Intervals from the ACT 2008 Data Combined with Seven-year WMAP Data

Parametera ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM
+ dns/d ln k + r + Neff + YP + Gµ

Primary 100Ωbh
2 2.214 ± 0.050 2.167 ± 0.054 2.246 ± 0.057 2.252 ± 0.055 2.236 ± 0.052 2.240 ± 0.053

ΛCDM Ωch
2 0.1127 ± 0.0054 0.1214 ± 0.0074 0.1099 ± 0.0058 0.152 ± 0.025 0.1166 ± 0.0061 0.1115 ± 0.0055

ΩΛ 0.721 ± 0.030 0.670 ± 0.046 0.738 ± 0.030 0.720 ± 0.030 0.711 ± 0.031 0.730 ± 0.029
ns 0.962 ± 0.013 1.032 ± 0.039 0.974 ± 0.016 0.993 ± 0.021 0.974 ± 0.015 0.963 ± 0.013
τ 0.087 ± 0.014 0.092 ± 0.016 0.087 ± 0.015 0.089 ± 0.015 0.087 ± 0.015 0.087 ± 0.015

109∆2
R 2.47 ± 0.11 2.44 ± 0.11 2.37 ± 0.13 2.40 ± 0.12 2.45 ± 0.11 2.43 ± 0.11

Extended dns/d ln k −0.034 ± 0.018
r <0.25

Neff 5.3 ± 1.3
YP 0.313 ± 0.044
Gµ <1.6×10−7

Derived σ8 0.813 ± 0.028 0.841 ± 0.032 0.803 ± 0.030 0.906 ± 0.059 0.846 ± 0.035 0.803 ± 0.029
Ωm 0.279 ± 0.030 0.330 ± 0.046 0.262 ± 0.030 0.280 ± 0.030 0.289 ± 0.031 0.270 ± 0.029
H0 69.7 ± 2.5 66.1 ± 3.0 71.4 ± 2.8 78.9 ± 5.9 69.5 ± 2.3 70.6 ± 2.5

Secondary BSZ
3000 (µK2) <10.2 <12.3 <10.0 <12.1 <13.0 <8.8
Ap (µK2) 16.0 ± 2.0 14.9 ± 2.2 16.0 ± 2.0 15.1 ± 2.1 15.0 ± 2.1 16.1 ± 1.9
Ac (µK2) <8.7 <10.4 <8.0 <11.1 <11.2 <7.4

−2 ln L 7500.0 7498.1 7500.1 7498.7 7498.8 7500.1

Note. a For one-tailed distributions, the upper 95% CL is given. For two-tailed distributions the 68% CL are shown.

Table 5
ΛCDM and Extended Model Parameters and 68% Confidence Intervals from the ACT 2008

Data Combined with Seven-year WMAP Data, and Measurements of H0 and BAO

Parametera ΛCDM ΛCDM ΛCDM ΛCDM
+ dns/d ln k + r + Neff

Primary 100Ωbh
2 2.222 ± 0.047 2.206 ± 0.047 2.237 ± 0.048 2.238 ± 0.046

ΛCDM Ωch
2 0.113 ± 0.0034 0.1148 ± 0.0039 0.1117 ± 0.0033 0.140 ± 0.015

ΩΛ 0.724 ± 0.016 0.713 ± 0.019 0.729 ± 0.017 0.715 ± 0.017
ns 0.963 ± 0.011 1.017 ± 0.036 0.970 ± 0.012 0.983 ± 0.014
τ 0.086 ± 0.013 0.095 ± 0.016 0.086 ± 0.015 0.086 ± 0.014

109∆2
R 2.46 ± 0.09 2.39 ± 0.10 2.40 ± 0.10 2.44 ± 0.09

Extended dns/d ln k −0.024 ± 0.015
r <0.19

Neff 4.56 ± 0.75

Derived σ8 0.813 ± 0.022 0.820 ± 0.023 0.811 ± 0.022 0.885 ± 0.039
Ωm 0.276 ± 0.016 0.287 ± 0.019 0.271 ± 0.017 0.285 ± 0.017
H0 69.9 ± 1.4 69.1 ± 1.5 70.4 ± 1.5 75.5 ± 3.0

Secondary BSZ
3000 (µK2) <9.7 <11.4 <10.2 <12.1
Ap (µK2) 16.1 ± 2.0 15.2 ± 2.0 16.1 ± 2.0 15.3 ± 2.1
Ac (µK2) <8.4 <10.3 <8.4 <10.2

Note. a For one-tailed distributions, the upper 95% CL is given. For two-tailed distributions the 68% CL are shown.

WMAP data, Das et al. (2011) report the measure

AL = 1.3+0.5+1.2
−0.5−1.0 (68, 95% CL), (20)

with mean value within 1σ of the expected value. The good-
ness of fit of an unlensed CMB model has ∆χ2 = 8
worse than the best-fit lensed case, indicating a 2.8σ detec-
tion of lensing. The marginalized distribution for AL from
ACT+WMAP, together with the standard lensed (AL = 1)
and unlensed spectra (AL = 0), are shown in Das et al.
(2011). The measurement adds support to the standard cos-
mological model governing the growth rate of matter fluctua-
tions over cosmic time, and by extracting information beyond
the two-point function these measurements are expected to be
improved.

4.2. Inflationary Parameters

4.2.1. Running of the Spectral Index

We constrain a possible deviation from power-law primordial
fluctuations using the running of the index, dns/d ln k, with
curvature perturbations described by

∆2
R(k) = ∆2

R(k0)
(

k

k0

)ns (k0)−1+ 1
2 ln(k/k0)dns/d ln k

. (21)

The spectral index at scale k is related to the index at pivot point
k0 by

ns(k) = ns(k0) +
dns

d ln k
ln

(
k

k0

)
. (22)
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Distances

Constraint on Neff can be improved via low-
redshift distances and H0, as these are useful in 
constraining DM density, and by extension Neff.

However, distances suffer from ignorance of 
dark energy. Accurate SN distances critical.

Dark energy moreover correlated with neutrino 
mass. In CMB TT, neutrino masses shift first peak 
position to lower l by changing fraction of matter-
radiation at decoupling. 

Will be correlated with the curvature. Use BAO 
and H0 to reduce correlations.



Overdensities w/ Massive Neutrinos

kJ(EQ)

kJ(now)

H0

k ~ 1/length 
scale of 

perturbation
kJ(z) = 1/λJ(z)

Horizon 
scale

Galaxy 
scale

~ energy 
density in 
neutrinos
∆Pm(k)/Pm(k)

∝ −8 Ων/Ωm

Kaplinghat 2011
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From a combination of probes including the cosmic microwave background (WMAP7+SPT),
Hubble constant (HST), baryon acoustic oscillations (SDSS+2dFGRS), and supernova distances
(Union2), we have explored the extent to which the constraints on the effective number of neutrinos
and sum of neutrino masses are affected by our ignorance of other cosmological parameters, in-
cluding the curvature of the universe, running of the spectral index, primordial helium abundance,
evolving late-time dark energy, and early dark energy. In a combined analysis of the effective num-
ber of neutrinos and sum of neutrino masses, we find mild (2.2σ) preference for additional light
degrees of freedom. However, the effective number of neutrinos is consistent with the canonical
expectation of 3 massive neutrinos and no extra relativistic species to within 1σ when allowing for
evolving dark energy and relaxing the strong inflation prior on the curvature and running. The
agreement improves with the possibility of an early dark energy component, itself constrained to
be less than 5% of the critical density (95% CL) in our expanded parameter space. In extensions
of the standard cosmological model, the derived amplitude of linear matter fluctuations σ8 is found
to closely agree with low-redshift cluster abundance measurements. The sum of neutrino masses is
robust to assumptions of the effective number of neutrinos, late-time dark energy, curvature, and
running at the level of 1.2 eV (95% CL). The upper bound degrades to 2.0 eV (95% CL) when
further including the early dark energy density and primordial helium abundance as additional free
parameters. Even in extended cosmological parameter spaces, Planck alone could determine the
possible existence of extra relativistic species at 4σ confidence and constrain the sum of neutrino
masses to 0.2 eV (68% CL).

I. INTRODUCTION

Observations of the cosmic microwave background
(CMB) [1–4], large-scale structure [5–7], and type Ia
supernovae (SNe) [8, 9] have established a flat ΛCDM
model, with nearly scale-invariant, adiabatic, Gaus-
sian primordial fluctuations as providing a consistent
description of the global properties of our universe.
At the same time, we do not yet understand the mi-
croscopic identities of the dark energy (Λ), cold dark
matter (CDM), and inflaton (primordial fluctuations)
that enter our standard cosmological model.

The neutrino sector is another area that the stan-
dard model is yet unable to fully describe, with open
questions related to the effective number of neutrinos
Neff and their masses mν . A joint analysis of CMB
data from WMAP7 with baryon acoustic oscillation
(BAO) distances from SDSS+2dF and Hubble con-
stant from HST reveals a weak preference for extra
relativistic species (Neff = 4.34± 0.87) [4]. When fur-
ther combined with small-scale CMB data from ACT
or SPT, this preference mildly increases to the 2σ level
(Neff = 4.56 ± 0.75 with addition of ACT [10] and
Neff = 3.86± 0.42 with addition of SPT [11]; further
see [12–27]). A primary objective of this manuscript
is to clarify how robust these recent indications of ad-
ditional light degrees of freedom are to assumptions
of the underlying cosmology, in particular to alterna-
tive models of the dark energy, curvature of the uni-
verse, running of the spectral index, primordial helium
abundance, and to the sum of neutrino masses, which
we know is nonzero from neutrino oscillation experi-

Parameter Symbol Prior

Baryon density Ωbh
2 0.005 → 0.1

Dark matter density Ωdmh2 0.01 → 0.99

Angular size of sound horizon θs 0.5 → 10

Optical depth to reionization τ 0.01 → 0.8

Scalar spectral index ns 0.5 → 1.5

Amplitude of scalar spectrum ln (1010As) 2.7 → 4

Effective number of neutrinos Neff 1.047 → 10

Sum of neutrino masses
∑

mν [eV] 0 → 5

Constant dark energy EOS w −3 → 0

Running of the spectral index dns

d lnk
−0.2 → 0.2

Curvature of the universe Ωk −0.4 → 0.4

Primordial helium abundance Yp 0 → 1

Present dark energy EOS w0 −3 → 0

Derivative of dark energy EOS wa −10 → 10

Early dark energy density Ωe 0 → 0.2

TABLE I. We impose uniform priors on the above cosmo-
logical parameters. In addition, we always consider the
Poisson point source power DPS

3000, the clustered power
DCL

3000, and the SZ power DSZ
3000 as nuisance parameters

constrained by the CMB data [11]. Moreover, we always
derive σ8, the amplitude of linear matter fluctuations on
scales of 8 Mpc/h at z = 0. Beyond a constant dark energy
equation of state (EOS), we also consider a time-varying
expansion w(a) = w0 + (1 − a)wa, and an early dark en-
ergy model described in Sec. IIID. In this table, the first
6 parameters are defined as ”vanilla” parameters.

ments [28–31].

Constraining Neff with cosmology is mainly
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TABLE II. Constraints on Cosmological Parameters using SPT+WMAP+H0+BAO.

ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM

+ Neff +
∑

mν +Neff+
∑

mν +Neff+Yp +Neff+
∑

mν+Yp

Primary ns 0.9648 ± 0.0092 0.981± 0.013 0.9661± 0.0096 0.987± 0.013 0.983 ± 0.013 0.987± 0.013

Extended Neff — 3.87± 0.42 — 4.00± 0.43 3.70± 0.54 3.99± 0.59
∑

mν [eV] — — < 0.45 < 0.67 — < 0.73

Yp — — — — 0.277 ± 0.037 0.261± 0.039

Derived σ8 0.811± 0.018 0.862± 0.033 0.758± 0.042 0.798± 0.053 0.860 ± 0.034 0.796± 0.055

Mean of the posterior distribution of cosmological parameters along with the symmetric 68% confidence interval about the
mean. We report the 95% upper limit on the sum of neutrino masses

∑
mν . The primordial helium mass fraction Yp is enforced

consistent with standard BBN unless we allow it to vary as a free parameter.

achieved through tight CMBmeasurements of the red-
shift to matter-radiation equality zeq, the baryon den-
sity Ωbh2, the angular size of the sound horizon θs, and
the angular scale of photon diffusion θd [14]. Keeping
zeq and Ωbh2 fixed as Neff increases can be achieved
by increasing the dark matter density Ωch2 (assum-
ing massless neutrinos), which manifests in a large
correlation with Neff (shown in Fig. 2). Meanwhile,
an increase in Neff and Yp both yield an enhanced
Silk damping effect [14, 32–34], and by fixing θs it
can be shown that θd ∝ (1 + fν)0.22/

√

1 + Yp [14],
where fν ≡ ρν/ργ is proportional to Neff . As a conse-
quence, the suppression of the CMB damping tail can
be picked out as a signature of extra relativistic species
when Yp is known, while the constraints on Neff are
relaxed when allowing for Yp as a free parameter.

An increase in Neff further shifts the acoustic peak
locations [34], but this has been shown to be a small
effect [14]. Instead, the constraint on Neff can be im-
proved by the inclusion of low-redshift distances and
a prior on the Hubble constant, H0, as these are use-
ful in constraining Ωch2 and by extension Neff . How-
ever, when allowing for evolving dark energy, the abil-
ity to improve constraints on Neff from observations
of the expansion history becomes diminished, as il-
lustrated by the error ellipses for

{

Neff ,Ωch2, w
}

in
Fig. 2. Therefore, the inclusion of SN data becomes
critical to a precise determination of the effective num-
ber of neutrinos.

The dark energy equation of state (EOS) is
moreover anti-correlated with the sum of neutrino
masses [3, 4, 35, 36]. In the CMB temperature power
spectrum, the sum of neutrino masses shifts the first
peak position to lower multipoles by changing the frac-
tion of matter to radiation at decoupling, which can
be compensated by a reduction in the Hubble con-
stant (similar to the case for positive universal curva-
ture) [3, 36, 37]. BAO distances and an H0 prior can
therefore be used to reduce correlations between the
sum of neutrino masses and the dark energy EOS, but
also with the curvature density.

The strongest limits on the sum of neutrino masses
from the CMB combined with probes of the expansion
history and matter power spectrum place it at sub-eV

level [1–4, 37–53]. We take the conservative approach
in only combining CMB data with low-redshift mea-
surements of the expansion history. While SN ob-
servations play an important role in constraining the
dark energy EOS and thereby reduce the correlation
between

∑

mν and w, these observations are not pow-
erful in constraining the curvature of the universe and
therefore less helpful in reducing the correlation be-
tween

∑

mν and Ωk.

Beyond the vanilla parameters and the three addi-
tional parameters {Neff ,

∑

mν , w}, we relax the com-
monly employed strong inflation prior on the univer-
sal curvature Ωk and running of the spectral index
dns/d lnk. Given that most popular models of infla-
tion predict |dns/d ln k| ∼< 10−3 [54, 55] and |Ωk| ∼<

10−4 (e.g. [54, 56, 57]), at the level of precision of
present CMB data it is generally justified to fix these
two parameters to their fiducial values of zero. How-
ever, given the mild preference for Neff > 3 [4, 10, 11],
we allow for the possible existence of inflationary mod-
els with large curvature or running. In particular,
|Ωk| ∼ 10−2 may be generated in models of open infla-
tion in the context of string cosmology [54, 58], while a
large negative running may be produced by multiple
fields, temporary breakdown of slow-roll, or several
distinct stages of inflation [54, 59–61].

Among alternatives to the cosmological constant
with w = −1, the most popular are scalar field models
with potentials tailored to give rise to late-time ac-
celeration and current equation of state for the dark
energy, w, close to -1 [62–69]. Like a cosmological con-
stant, these models are fine-tuned to have dark energy
dominate today. However, the requirement w ! −1
currently, does not imply that dark energy was sub-
dominant at earlier times, specifically redshift z ! 2,
where we have no direct constraints. Given the degen-
eracy between dark energy and the sum of neutrino
masses, we further consider a model that describes
dark energy as non-negligible in the early universe in
Sec. III D.

We describe our analysis method in Section 2. In
Section 3, we provide constraints on a ΛCDM model
with three massive neutrinos and additional light de-
grees of freedom, then follow up with successive addi-
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Mean of the posterior distribution of cosmological parameters along with the symmetric 68% confidence interval about the
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∑
mν . The primordial helium mass fraction Yp is enforced

consistent with standard BBN unless we allow it to vary as a free parameter.
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shift to matter-radiation equality zeq, the baryon den-
sity Ωbh2, the angular size of the sound horizon θs, and
the angular scale of photon diffusion θd [14]. Keeping
zeq and Ωbh2 fixed as Neff increases can be achieved
by increasing the dark matter density Ωch2 (assum-
ing massless neutrinos), which manifests in a large
correlation with Neff (shown in Fig. 2). Meanwhile,
an increase in Neff and Yp both yield an enhanced
Silk damping effect [14, 32–34], and by fixing θs it
can be shown that θd ∝ (1 + fν)0.22/

√

1 + Yp [14],
where fν ≡ ρν/ργ is proportional to Neff . As a conse-
quence, the suppression of the CMB damping tail can
be picked out as a signature of extra relativistic species
when Yp is known, while the constraints on Neff are
relaxed when allowing for Yp as a free parameter.

An increase in Neff further shifts the acoustic peak
locations [34], but this has been shown to be a small
effect [14]. Instead, the constraint on Neff can be im-
proved by the inclusion of low-redshift distances and
a prior on the Hubble constant, H0, as these are use-
ful in constraining Ωch2 and by extension Neff . How-
ever, when allowing for evolving dark energy, the abil-
ity to improve constraints on Neff from observations
of the expansion history becomes diminished, as il-
lustrated by the error ellipses for

{

Neff ,Ωch2, w
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in
Fig. 2. Therefore, the inclusion of SN data becomes
critical to a precise determination of the effective num-
ber of neutrinos.

The dark energy equation of state (EOS) is
moreover anti-correlated with the sum of neutrino
masses [3, 4, 35, 36]. In the CMB temperature power
spectrum, the sum of neutrino masses shifts the first
peak position to lower multipoles by changing the frac-
tion of matter to radiation at decoupling, which can
be compensated by a reduction in the Hubble con-
stant (similar to the case for positive universal curva-
ture) [3, 36, 37]. BAO distances and an H0 prior can
therefore be used to reduce correlations between the
sum of neutrino masses and the dark energy EOS, but
also with the curvature density.

The strongest limits on the sum of neutrino masses
from the CMB combined with probes of the expansion
history and matter power spectrum place it at sub-eV

level [1–4, 37–53]. We take the conservative approach
in only combining CMB data with low-redshift mea-
surements of the expansion history. While SN ob-
servations play an important role in constraining the
dark energy EOS and thereby reduce the correlation
between
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mν and w, these observations are not pow-
erful in constraining the curvature of the universe and
therefore less helpful in reducing the correlation be-
tween
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mν and Ωk.

Beyond the vanilla parameters and the three addi-
tional parameters {Neff ,
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mν , w}, we relax the com-
monly employed strong inflation prior on the univer-
sal curvature Ωk and running of the spectral index
dns/d lnk. Given that most popular models of infla-
tion predict |dns/d ln k| ∼< 10−3 [54, 55] and |Ωk| ∼<

10−4 (e.g. [54, 56, 57]), at the level of precision of
present CMB data it is generally justified to fix these
two parameters to their fiducial values of zero. How-
ever, given the mild preference for Neff > 3 [4, 10, 11],
we allow for the possible existence of inflationary mod-
els with large curvature or running. In particular,
|Ωk| ∼ 10−2 may be generated in models of open infla-
tion in the context of string cosmology [54, 58], while a
large negative running may be produced by multiple
fields, temporary breakdown of slow-roll, or several
distinct stages of inflation [54, 59–61].

Among alternatives to the cosmological constant
with w = −1, the most popular are scalar field models
with potentials tailored to give rise to late-time ac-
celeration and current equation of state for the dark
energy, w, close to -1 [62–69]. Like a cosmological con-
stant, these models are fine-tuned to have dark energy
dominate today. However, the requirement w ! −1
currently, does not imply that dark energy was sub-
dominant at earlier times, specifically redshift z ! 2,
where we have no direct constraints. Given the degen-
eracy between dark energy and the sum of neutrino
masses, we further consider a model that describes
dark energy as non-negligible in the early universe in
Sec. III D.

We describe our analysis method in Section 2. In
Section 3, we provide constraints on a ΛCDM model
with three massive neutrinos and additional light de-
grees of freedom, then follow up with successive addi-
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achieved through tight CMBmeasurements of the red-
shift to matter-radiation equality zeq, the baryon den-
sity Ωbh2, the angular size of the sound horizon θs, and
the angular scale of photon diffusion θd [14]. Keeping
zeq and Ωbh2 fixed as Neff increases can be achieved
by increasing the dark matter density Ωch2 (assum-
ing massless neutrinos), which manifests in a large
correlation with Neff (shown in Fig. 2). Meanwhile,
an increase in Neff and Yp both yield an enhanced
Silk damping effect [14, 32–34], and by fixing θs it
can be shown that θd ∝ (1 + fν)0.22/

√

1 + Yp [14],
where fν ≡ ρν/ργ is proportional to Neff . As a conse-
quence, the suppression of the CMB damping tail can
be picked out as a signature of extra relativistic species
when Yp is known, while the constraints on Neff are
relaxed when allowing for Yp as a free parameter.

An increase in Neff further shifts the acoustic peak
locations [34], but this has been shown to be a small
effect [14]. Instead, the constraint on Neff can be im-
proved by the inclusion of low-redshift distances and
a prior on the Hubble constant, H0, as these are use-
ful in constraining Ωch2 and by extension Neff . How-
ever, when allowing for evolving dark energy, the abil-
ity to improve constraints on Neff from observations
of the expansion history becomes diminished, as il-
lustrated by the error ellipses for
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in
Fig. 2. Therefore, the inclusion of SN data becomes
critical to a precise determination of the effective num-
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The dark energy equation of state (EOS) is
moreover anti-correlated with the sum of neutrino
masses [3, 4, 35, 36]. In the CMB temperature power
spectrum, the sum of neutrino masses shifts the first
peak position to lower multipoles by changing the frac-
tion of matter to radiation at decoupling, which can
be compensated by a reduction in the Hubble con-
stant (similar to the case for positive universal curva-
ture) [3, 36, 37]. BAO distances and an H0 prior can
therefore be used to reduce correlations between the
sum of neutrino masses and the dark energy EOS, but
also with the curvature density.

The strongest limits on the sum of neutrino masses
from the CMB combined with probes of the expansion
history and matter power spectrum place it at sub-eV

level [1–4, 37–53]. We take the conservative approach
in only combining CMB data with low-redshift mea-
surements of the expansion history. While SN ob-
servations play an important role in constraining the
dark energy EOS and thereby reduce the correlation
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monly employed strong inflation prior on the univer-
sal curvature Ωk and running of the spectral index
dns/d lnk. Given that most popular models of infla-
tion predict |dns/d ln k| ∼< 10−3 [54, 55] and |Ωk| ∼<

10−4 (e.g. [54, 56, 57]), at the level of precision of
present CMB data it is generally justified to fix these
two parameters to their fiducial values of zero. How-
ever, given the mild preference for Neff > 3 [4, 10, 11],
we allow for the possible existence of inflationary mod-
els with large curvature or running. In particular,
|Ωk| ∼ 10−2 may be generated in models of open infla-
tion in the context of string cosmology [54, 58], while a
large negative running may be produced by multiple
fields, temporary breakdown of slow-roll, or several
distinct stages of inflation [54, 59–61].

Among alternatives to the cosmological constant
with w = −1, the most popular are scalar field models
with potentials tailored to give rise to late-time ac-
celeration and current equation of state for the dark
energy, w, close to -1 [62–69]. Like a cosmological con-
stant, these models are fine-tuned to have dark energy
dominate today. However, the requirement w ! −1
currently, does not imply that dark energy was sub-
dominant at earlier times, specifically redshift z ! 2,
where we have no direct constraints. Given the degen-
eracy between dark energy and the sum of neutrino
masses, we further consider a model that describes
dark energy as non-negligible in the early universe in
Sec. III D.

We describe our analysis method in Section 2. In
Section 3, we provide constraints on a ΛCDM model
with three massive neutrinos and additional light de-
grees of freedom, then follow up with successive addi-
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shift to matter-radiation equality zeq, the baryon den-
sity Ωbh2, the angular size of the sound horizon θs, and
the angular scale of photon diffusion θd [14]. Keeping
zeq and Ωbh2 fixed as Neff increases can be achieved
by increasing the dark matter density Ωch2 (assum-
ing massless neutrinos), which manifests in a large
correlation with Neff (shown in Fig. 2). Meanwhile,
an increase in Neff and Yp both yield an enhanced
Silk damping effect [14, 32–34], and by fixing θs it
can be shown that θd ∝ (1 + fν)0.22/
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1 + Yp [14],
where fν ≡ ρν/ργ is proportional to Neff . As a conse-
quence, the suppression of the CMB damping tail can
be picked out as a signature of extra relativistic species
when Yp is known, while the constraints on Neff are
relaxed when allowing for Yp as a free parameter.

An increase in Neff further shifts the acoustic peak
locations [34], but this has been shown to be a small
effect [14]. Instead, the constraint on Neff can be im-
proved by the inclusion of low-redshift distances and
a prior on the Hubble constant, H0, as these are use-
ful in constraining Ωch2 and by extension Neff . How-
ever, when allowing for evolving dark energy, the abil-
ity to improve constraints on Neff from observations
of the expansion history becomes diminished, as il-
lustrated by the error ellipses for
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in
Fig. 2. Therefore, the inclusion of SN data becomes
critical to a precise determination of the effective num-
ber of neutrinos.

The dark energy equation of state (EOS) is
moreover anti-correlated with the sum of neutrino
masses [3, 4, 35, 36]. In the CMB temperature power
spectrum, the sum of neutrino masses shifts the first
peak position to lower multipoles by changing the frac-
tion of matter to radiation at decoupling, which can
be compensated by a reduction in the Hubble con-
stant (similar to the case for positive universal curva-
ture) [3, 36, 37]. BAO distances and an H0 prior can
therefore be used to reduce correlations between the
sum of neutrino masses and the dark energy EOS, but
also with the curvature density.

The strongest limits on the sum of neutrino masses
from the CMB combined with probes of the expansion
history and matter power spectrum place it at sub-eV

level [1–4, 37–53]. We take the conservative approach
in only combining CMB data with low-redshift mea-
surements of the expansion history. While SN ob-
servations play an important role in constraining the
dark energy EOS and thereby reduce the correlation
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therefore less helpful in reducing the correlation be-
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mν , w}, we relax the com-
monly employed strong inflation prior on the univer-
sal curvature Ωk and running of the spectral index
dns/d lnk. Given that most popular models of infla-
tion predict |dns/d ln k| ∼< 10−3 [54, 55] and |Ωk| ∼<

10−4 (e.g. [54, 56, 57]), at the level of precision of
present CMB data it is generally justified to fix these
two parameters to their fiducial values of zero. How-
ever, given the mild preference for Neff > 3 [4, 10, 11],
we allow for the possible existence of inflationary mod-
els with large curvature or running. In particular,
|Ωk| ∼ 10−2 may be generated in models of open infla-
tion in the context of string cosmology [54, 58], while a
large negative running may be produced by multiple
fields, temporary breakdown of slow-roll, or several
distinct stages of inflation [54, 59–61].

Among alternatives to the cosmological constant
with w = −1, the most popular are scalar field models
with potentials tailored to give rise to late-time ac-
celeration and current equation of state for the dark
energy, w, close to -1 [62–69]. Like a cosmological con-
stant, these models are fine-tuned to have dark energy
dominate today. However, the requirement w ! −1
currently, does not imply that dark energy was sub-
dominant at earlier times, specifically redshift z ! 2,
where we have no direct constraints. Given the degen-
eracy between dark energy and the sum of neutrino
masses, we further consider a model that describes
dark energy as non-negligible in the early universe in
Sec. III D.

We describe our analysis method in Section 2. In
Section 3, we provide constraints on a ΛCDM model
with three massive neutrinos and additional light de-
grees of freedom, then follow up with successive addi-
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TABLE II. Constraints on Cosmological Parameters using SPT+WMAP+H0+BAO.

ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM

+ Neff +
∑

mν +Neff+
∑

mν +Neff+Yp +Neff+
∑

mν+Yp

Primary ns 0.9648 ± 0.0092 0.981± 0.013 0.9661± 0.0096 0.987± 0.013 0.983 ± 0.013 0.987± 0.013

Extended Neff — 3.87± 0.42 — 4.00± 0.43 3.70± 0.54 3.99± 0.59
∑

mν [eV] — — < 0.45 < 0.67 — < 0.73

Yp — — — — 0.277 ± 0.037 0.261± 0.039

Derived σ8 0.811± 0.018 0.862± 0.033 0.758± 0.042 0.798± 0.053 0.860 ± 0.034 0.796± 0.055

Mean of the posterior distribution of cosmological parameters along with the symmetric 68% confidence interval about the
mean. We report the 95% upper limit on the sum of neutrino masses

∑
mν . The primordial helium mass fraction Yp is enforced

consistent with standard BBN unless we allow it to vary as a free parameter.

achieved through tight CMBmeasurements of the red-
shift to matter-radiation equality zeq, the baryon den-
sity Ωbh2, the angular size of the sound horizon θs, and
the angular scale of photon diffusion θd [14]. Keeping
zeq and Ωbh2 fixed as Neff increases can be achieved
by increasing the dark matter density Ωch2 (assum-
ing massless neutrinos), which manifests in a large
correlation with Neff (shown in Fig. 2). Meanwhile,
an increase in Neff and Yp both yield an enhanced
Silk damping effect [14, 32–34], and by fixing θs it
can be shown that θd ∝ (1 + fν)0.22/

√

1 + Yp [14],
where fν ≡ ρν/ργ is proportional to Neff . As a conse-
quence, the suppression of the CMB damping tail can
be picked out as a signature of extra relativistic species
when Yp is known, while the constraints on Neff are
relaxed when allowing for Yp as a free parameter.

An increase in Neff further shifts the acoustic peak
locations [34], but this has been shown to be a small
effect [14]. Instead, the constraint on Neff can be im-
proved by the inclusion of low-redshift distances and
a prior on the Hubble constant, H0, as these are use-
ful in constraining Ωch2 and by extension Neff . How-
ever, when allowing for evolving dark energy, the abil-
ity to improve constraints on Neff from observations
of the expansion history becomes diminished, as il-
lustrated by the error ellipses for

{

Neff ,Ωch2, w
}

in
Fig. 2. Therefore, the inclusion of SN data becomes
critical to a precise determination of the effective num-
ber of neutrinos.

The dark energy equation of state (EOS) is
moreover anti-correlated with the sum of neutrino
masses [3, 4, 35, 36]. In the CMB temperature power
spectrum, the sum of neutrino masses shifts the first
peak position to lower multipoles by changing the frac-
tion of matter to radiation at decoupling, which can
be compensated by a reduction in the Hubble con-
stant (similar to the case for positive universal curva-
ture) [3, 36, 37]. BAO distances and an H0 prior can
therefore be used to reduce correlations between the
sum of neutrino masses and the dark energy EOS, but
also with the curvature density.

The strongest limits on the sum of neutrino masses
from the CMB combined with probes of the expansion
history and matter power spectrum place it at sub-eV

level [1–4, 37–53]. We take the conservative approach
in only combining CMB data with low-redshift mea-
surements of the expansion history. While SN ob-
servations play an important role in constraining the
dark energy EOS and thereby reduce the correlation
between

∑

mν and w, these observations are not pow-
erful in constraining the curvature of the universe and
therefore less helpful in reducing the correlation be-
tween

∑

mν and Ωk.

Beyond the vanilla parameters and the three addi-
tional parameters {Neff ,

∑

mν , w}, we relax the com-
monly employed strong inflation prior on the univer-
sal curvature Ωk and running of the spectral index
dns/d lnk. Given that most popular models of infla-
tion predict |dns/d ln k| ∼< 10−3 [54, 55] and |Ωk| ∼<

10−4 (e.g. [54, 56, 57]), at the level of precision of
present CMB data it is generally justified to fix these
two parameters to their fiducial values of zero. How-
ever, given the mild preference for Neff > 3 [4, 10, 11],
we allow for the possible existence of inflationary mod-
els with large curvature or running. In particular,
|Ωk| ∼ 10−2 may be generated in models of open infla-
tion in the context of string cosmology [54, 58], while a
large negative running may be produced by multiple
fields, temporary breakdown of slow-roll, or several
distinct stages of inflation [54, 59–61].

Among alternatives to the cosmological constant
with w = −1, the most popular are scalar field models
with potentials tailored to give rise to late-time ac-
celeration and current equation of state for the dark
energy, w, close to -1 [62–69]. Like a cosmological con-
stant, these models are fine-tuned to have dark energy
dominate today. However, the requirement w ! −1
currently, does not imply that dark energy was sub-
dominant at earlier times, specifically redshift z ! 2,
where we have no direct constraints. Given the degen-
eracy between dark energy and the sum of neutrino
masses, we further consider a model that describes
dark energy as non-negligible in the early universe in
Sec. III D.

We describe our analysis method in Section 2. In
Section 3, we provide constraints on a ΛCDM model
with three massive neutrinos and additional light de-
grees of freedom, then follow up with successive addi-
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TABLE III. Constraints on Cosmological Parameters using SPT+WMAP+H0+BAO.

wCDM ΛCDM wCDM ΛCDM wCDM wCDM

+Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν+Yp

+ dns

d ln k
+ Ωk + dns

d ln k
+Ωk + dns

d ln k
+Ωk

Primary ns 0.958± 0.011 0.987 ± 0.013 0.968± 0.022 0.978± 0.015 0.955 ± 0.025 0.949 ± 0.027

Extended w −1.10± 0.11 — −1.31± 0.30 — −1.46± 0.39 −1.35± 0.41

Neff — 4.00± 0.43 3.59± 0.57 3.74± 0.58 3.10 ± 0.74 3.38± 0.86
∑

mν [eV] — < 0.67 < 1.2 < 1.2 < 1.2 < 1.4

Yp — — — — — 0.196 ± 0.084

Derived σ8 0.848± 0.049 0.798 ± 0.053 0.775± 0.063 0.768± 0.070 0.803 ± 0.085 0.779 ± 0.091

Same as Table II but with the addition of {w, dns/d ln k,Ωk}. Due to the large correlation between ns and dns/d ln k at our
pivot scale k0 = 0.002/Mpc, we quote values for ns at a less correlated scale k0 = 0.015/Mpc. For the ”wCDM+Neff +

∑
mν +

dns/d ln k + Ωk” case where Neff is closest to to the boundary at 3, we also considered a run where we impose a hard prior

of Neff > 3. Here, we find Neff = 3.65 3.82, 4.62
3.00, 3.00, where the two sets of upper and lower boundaries denote 68% and 95% CLs,

respectively. The changes to the sum of neutrino masses and other parameters that weakly correlate withNeff are small (< 10%).
While all within 1σ, the largest changes are seen in 100Ωch2 = 13.17±0.97 (compared to 100Ωch2 = 12.4±1.2), w = −1.25±0.30
(compared to w = −1.46±0.39), ns = 0.971±0.019 (compared to ns = 0.955±0.025), dns/d ln k = −0.0088±0.0168 (compared
to dns/d ln k = −0.018 ± 0.019), and 100Ωk = 0.2 ± 1.1 (compared to 100Ωk = 0.13 ± 0.99). This particular configuration of
parameter space and datasets shows the largest extent to which parameters may change with an Neff > 3 prior as compared to
our other runs. The changes to the parameters are more modest when including SNe because of the preference for larger values
of Neff , as seen in Table IV.

tions of a constant dark energy equation of state, uni-
versal curvature, running of the spectral index, and
primordial helium abundance (all parameters defined
in Table I). We also explore the constraints for a time-
varying dark energy equation of state, including an
early dark energy model. Lastly, we compare the con-
straints from present data to that expected for Planck.
Section 4 concludes with a discussion of our findings.

II. METHODOLOGY

We employed a modified version of CosmoMC [70,
71] in performing Markov Chain Monte Carlo
(MCMC) analyses of extended parameter spaces with
CMB data from WMAP7 [4] and SPT [11], BAO dis-
tance measurements from SDSS+2dFGRS [72], the
Hubble constant from HST [12], and SN distances
from the SCP Union2 compilation [73]. All param-
eters are defined in Table I. In determining the con-
vergence of our chains, we used the Gelman and Rubin
R statistic [74], where R is defined as the variance of
chain means divided by the mean of chain variances.
To stop the runs, we generally required the conserva-
tive limit (R − 1) < 10−2, and checked that further
exploration of the tails does not change our results.
The CMB temperature and E-mode polarization

power spectra were obtained from a modified version
of the Boltzmann code CAMB [75, 76]. We approx-
imated the effect of a dark energy component with
a time-varying EOS by incorporating the PPF mod-
ule by Fang, Hu, & Lewis (2008) [77] into CosmoMC.
Given that the small scale CMBmeasurements of SPT
come with much smaller error bars than ACT [10, 11],
the further inclusion of the ACT dataset would not
lead to significant improvements in our constraints,

as we explicitly checked.
When allowing for nonzero neutrino rest mass,

we distribute the sum of neutrino masses (
∑

mν =
94 eV Ωνh2) equally among 3 active neutrinos. We
treat additional contributions toNeff as massless, such
that Neff = (3+Nml), where Nml denotes the massless
degrees of freedom. Since we impose 1.047 < Neff <
10, the number of relativistic species is always posi-
tive at early times. At late times, our prior on Neff

implies that the number of relativistic species can be
negative (−1.953 < Nml < 7). However, the total ra-
diation energy density (∝ 1 + 0.227Nml at late times)
is always positive. We chose this particular prior on
Neff in order for the data itself to rule out a given
part of parameter space. In Figs 2-4, we find that the
marginalized contours on Neff close before the lower
end of our prior, such that the data itself is constrain-
ing the radiation content from below. For complete-
ness, we also considered several conventional runs with
the prior Neff > 3, such that Nml > 0, and we find
no qualitative changes in our results. For complete
details, see the captions of Tables III, IV, VI.
As part of our analysis of extended parameter

spaces, we consider cases with the primordial frac-
tion of baryonic mass in helium Yp as an unknown
parameter to be determined by the data. However,
when we do not allow Yp to vary freely, it is deter-
mined in a BBN-consistent manner within CAMB via
the PArthENoPE code [78], which enforces

Yp = 0.2485+0.0016
[

(273.9Ωbh
2 − 6) + 100(S − 1)

]

.
(1)

Here S =
√

1 + (7/43)∆Nν encapsulates deviations
from standard BBN [79–81], and we let∆Nν = (Neff−
3.046) in agreement with the SPT analysis. Aside
from the derived limits on Yp, we explicitly checked

With w: Neff consistent with 3 to 1σ (down from 2.2σ)
∑mν < 1.2 eV - factor of 2 worse

constraint on w degrades by factor of 3 b/c neutrinos
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relaxing the strong inflation prior
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TABLE III. Constraints on Cosmological Parameters using SPT+WMAP+H0+BAO.

wCDM ΛCDM wCDM ΛCDM wCDM wCDM

+Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν+Yp

+ dns

d ln k
+Ωk + dns

d ln k
+ Ωk + dns

d ln k
+ Ωk

Primary ns 0.958 ± 0.011 0.987± 0.013 0.968 ± 0.022 0.978 ± 0.015 0.955± 0.025 0.949± 0.027

Extended w −1.10± 0.11 — −1.31± 0.30 — −1.46± 0.39 −1.35± 0.41

Neff — 4.00± 0.43 3.59 ± 0.57 3.74 ± 0.58 3.10± 0.74 3.38± 0.86
∑

mν [eV] — < 0.67 < 1.2 < 1.2 < 1.2 < 1.4
dns

d ln k
— — — −0.011± 0.019 −0.018± 0.019 −0.033± 0.031

100Ωk — — — 0.75 ± 0.93 0.13± 0.99 0.76± 1.5

Yp — — — — — 0.196± 0.084

Derived σ8 0.848 ± 0.049 0.798± 0.053 0.775 ± 0.063 0.768 ± 0.070 0.803± 0.085 0.779± 0.091

Same as Table II but with the addition of {w, dns/d ln k,Ωk}. Due to the large correlation between ns and dns/d ln k at our
pivot scale k0 = 0.002/Mpc, we quote values for ns at a less correlated scale k0 = 0.015/Mpc. For the ”wCDM+Neff +

∑
mν +

dns/d ln k + Ωk” case where Neff is closest to to the boundary at 3, we also considered a run where we impose a hard prior

of Neff > 3. Here, we find Neff = 3.65 3.82, 4.62
3.00, 3.00, where the two sets of upper and lower boundaries denote 68% and 95% CLs,

respectively. The changes to the sum of neutrino masses and other parameters that weakly correlate withNeff are small (< 10%).
While all within 1σ, the largest changes are seen in 100Ωch2 = 13.17±0.97 (compared to 100Ωch2 = 12.4±1.2), w = −1.25±0.30
(compared to w = −1.46±0.39), ns = 0.971±0.019 (compared to ns = 0.955±0.025), dns/d ln k = −0.0088±0.0168 (compared
to dns/d ln k = −0.018 ± 0.019), and 100Ωk = 0.2 ± 1.1 (compared to 100Ωk = 0.13 ± 0.99). This particular configuration of
parameter space and datasets shows the largest extent to which parameters may change with an Neff > 3 prior as compared to
our other runs. The changes to the parameters are more modest when including SNe because of the preference for larger values
of Neff , as seen in Table IV.

tions of a constant dark energy equation of state, uni-
versal curvature, running of the spectral index, and
primordial helium abundance (all parameters defined
in Table I). We also explore the constraints for a time-
varying dark energy equation of state, including an
early dark energy model. Lastly, we compare the con-
straints from present data to that expected for Planck.
Section 4 concludes with a discussion of our findings.

II. METHODOLOGY

We employed a modified version of CosmoMC [70,
71] in performing Markov Chain Monte Carlo
(MCMC) analyses of extended parameter spaces with
CMB data from WMAP7 [4] and SPT [11], BAO dis-
tance measurements from SDSS+2dFGRS [72], the
Hubble constant from HST [12], and SN distances
from the SCP Union2 compilation [73]. All param-
eters are defined in Table I. In determining the con-
vergence of our chains, we used the Gelman and Rubin
R statistic [74], where R is defined as the variance of
chain means divided by the mean of chain variances.
To stop the runs, we generally required the conserva-
tive limit (R − 1) < 10−2, and checked that further
exploration of the tails does not change our results.
The CMB temperature and E-mode polarization

power spectra were obtained from a modified version
of the Boltzmann code CAMB [75, 76]. We approx-
imated the effect of a dark energy component with
a time-varying EOS by incorporating the PPF mod-
ule by Fang, Hu, & Lewis (2008) [77] into CosmoMC.
Given that the small scale CMBmeasurements of SPT
come with much smaller error bars than ACT [10, 11],

the further inclusion of the ACT dataset would not
lead to significant improvements in our constraints,
as we explicitly checked.
When allowing for nonzero neutrino rest mass,

we distribute the sum of neutrino masses (
∑

mν =
94 eV Ωνh2) equally among 3 active neutrinos. We
treat additional contributions toNeff as massless, such
that Neff = (3+Nml), where Nml denotes the massless
degrees of freedom. Since we impose 1.047 < Neff <
10, the number of relativistic species is always posi-
tive at early times. At late times, our prior on Neff

implies that the number of relativistic species can be
negative (−1.953 < Nml < 7). However, the total ra-
diation energy density (∝ 1 + 0.227Nml at late times)
is always positive. We chose this particular prior on
Neff in order for the data itself to rule out a given
part of parameter space. In Figs 2-4, we find that the
marginalized contours on Neff close before the lower
end of our prior, such that the data itself is constrain-
ing the radiation content from below. For complete-
ness, we also considered several conventional runs with
the prior Neff > 3, such that Nml > 0, and we find
no qualitative changes in our results. For complete
details, see the captions of Tables III, IV, VI.
As part of our analysis of extended parameter

spaces, we consider cases with the primordial frac-
tion of baryonic mass in helium Yp as an unknown
parameter to be determined by the data. However,
when we do not allow Yp to vary freely, it is deter-
mined in a BBN-consistent manner within CAMB via
the PArthENoPE code [78], which enforces

Yp = 0.2485+0.0016
[

(273.9Ωbh
2 − 6) + 100(S − 1)

]

.
(1)
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TABLE III. Constraints on Cosmological Parameters using SPT+WMAP+H0+BAO.

wCDM ΛCDM wCDM ΛCDM wCDM wCDM

+Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν+Yp

+ dns

d ln k
+Ωk + dns

d ln k
+ Ωk + dns

d ln k
+ Ωk

Primary ns 0.958 ± 0.011 0.987± 0.013 0.968 ± 0.022 0.978 ± 0.015 0.955± 0.025 0.949± 0.027

Extended w −1.10± 0.11 — −1.31± 0.30 — −1.46± 0.39 −1.35± 0.41

Neff — 4.00± 0.43 3.59 ± 0.57 3.74 ± 0.58 3.10± 0.74 3.38± 0.86
∑

mν [eV] — < 0.67 < 1.2 < 1.2 < 1.2 < 1.4
dns

d ln k
— — — −0.011± 0.019 −0.018± 0.019 −0.033± 0.031

100Ωk — — — 0.75 ± 0.93 0.13± 0.99 0.76± 1.5

Yp — — — — — 0.196± 0.084

Derived σ8 0.848 ± 0.049 0.798± 0.053 0.775 ± 0.063 0.768 ± 0.070 0.803± 0.085 0.779± 0.091

Same as Table II but with the addition of {w, dns/d ln k,Ωk}. Due to the large correlation between ns and dns/d ln k at our
pivot scale k0 = 0.002/Mpc, we quote values for ns at a less correlated scale k0 = 0.015/Mpc. For the ”wCDM+Neff +

∑
mν +

dns/d ln k + Ωk” case where Neff is closest to to the boundary at 3, we also considered a run where we impose a hard prior

of Neff > 3. Here, we find Neff = 3.65 3.82, 4.62
3.00, 3.00, where the two sets of upper and lower boundaries denote 68% and 95% CLs,

respectively. The changes to the sum of neutrino masses and other parameters that weakly correlate withNeff are small (< 10%).
While all within 1σ, the largest changes are seen in 100Ωch2 = 13.17±0.97 (compared to 100Ωch2 = 12.4±1.2), w = −1.25±0.30
(compared to w = −1.46±0.39), ns = 0.971±0.019 (compared to ns = 0.955±0.025), dns/d ln k = −0.0088±0.0168 (compared
to dns/d ln k = −0.018 ± 0.019), and 100Ωk = 0.2 ± 1.1 (compared to 100Ωk = 0.13 ± 0.99). This particular configuration of
parameter space and datasets shows the largest extent to which parameters may change with an Neff > 3 prior as compared to
our other runs. The changes to the parameters are more modest when including SNe because of the preference for larger values
of Neff , as seen in Table IV.

tions of a constant dark energy equation of state, uni-
versal curvature, running of the spectral index, and
primordial helium abundance (all parameters defined
in Table I). We also explore the constraints for a time-
varying dark energy equation of state, including an
early dark energy model. Lastly, we compare the con-
straints from present data to that expected for Planck.
Section 4 concludes with a discussion of our findings.

II. METHODOLOGY

We employed a modified version of CosmoMC [70,
71] in performing Markov Chain Monte Carlo
(MCMC) analyses of extended parameter spaces with
CMB data from WMAP7 [4] and SPT [11], BAO dis-
tance measurements from SDSS+2dFGRS [72], the
Hubble constant from HST [12], and SN distances
from the SCP Union2 compilation [73]. All param-
eters are defined in Table I. In determining the con-
vergence of our chains, we used the Gelman and Rubin
R statistic [74], where R is defined as the variance of
chain means divided by the mean of chain variances.
To stop the runs, we generally required the conserva-
tive limit (R − 1) < 10−2, and checked that further
exploration of the tails does not change our results.
The CMB temperature and E-mode polarization

power spectra were obtained from a modified version
of the Boltzmann code CAMB [75, 76]. We approx-
imated the effect of a dark energy component with
a time-varying EOS by incorporating the PPF mod-
ule by Fang, Hu, & Lewis (2008) [77] into CosmoMC.
Given that the small scale CMBmeasurements of SPT
come with much smaller error bars than ACT [10, 11],

the further inclusion of the ACT dataset would not
lead to significant improvements in our constraints,
as we explicitly checked.
When allowing for nonzero neutrino rest mass,

we distribute the sum of neutrino masses (
∑

mν =
94 eV Ωνh2) equally among 3 active neutrinos. We
treat additional contributions toNeff as massless, such
that Neff = (3+Nml), where Nml denotes the massless
degrees of freedom. Since we impose 1.047 < Neff <
10, the number of relativistic species is always posi-
tive at early times. At late times, our prior on Neff

implies that the number of relativistic species can be
negative (−1.953 < Nml < 7). However, the total ra-
diation energy density (∝ 1 + 0.227Nml at late times)
is always positive. We chose this particular prior on
Neff in order for the data itself to rule out a given
part of parameter space. In Figs 2-4, we find that the
marginalized contours on Neff close before the lower
end of our prior, such that the data itself is constrain-
ing the radiation content from below. For complete-
ness, we also considered several conventional runs with
the prior Neff > 3, such that Nml > 0, and we find
no qualitative changes in our results. For complete
details, see the captions of Tables III, IV, VI.
As part of our analysis of extended parameter

spaces, we consider cases with the primordial frac-
tion of baryonic mass in helium Yp as an unknown
parameter to be determined by the data. However,
when we do not allow Yp to vary freely, it is deter-
mined in a BBN-consistent manner within CAMB via
the PArthENoPE code [78], which enforces

Yp = 0.2485+0.0016
[

(273.9Ωbh
2 − 6) + 100(S − 1)

]

.
(1)

2

TABLE II. Constraints on Cosmological Parameters using SPT+WMAP+H0+BAO.

ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM

+ Neff +
∑

mν +Neff+
∑

mν +Neff+Yp +Neff+
∑

mν+Yp

Primary ns 0.9648 ± 0.0092 0.981± 0.013 0.9661± 0.0096 0.987± 0.013 0.983 ± 0.013 0.987± 0.013

Extended Neff — 3.87± 0.42 — 4.00± 0.43 3.70± 0.54 3.99± 0.59
∑

mν [eV] — — < 0.45 < 0.67 — < 0.73

Yp — — — — 0.277 ± 0.037 0.261± 0.039

Derived σ8 0.811± 0.018 0.862± 0.033 0.758± 0.042 0.798± 0.053 0.860 ± 0.034 0.796± 0.055

Mean of the posterior distribution of cosmological parameters along with the symmetric 68% confidence interval about the
mean. We report the 95% upper limit on the sum of neutrino masses

∑
mν . The primordial helium mass fraction Yp is enforced

consistent with standard BBN unless we allow it to vary as a free parameter.

achieved through tight CMBmeasurements of the red-
shift to matter-radiation equality zeq, the baryon den-
sity Ωbh2, the angular size of the sound horizon θs, and
the angular scale of photon diffusion θd [14]. Keeping
zeq and Ωbh2 fixed as Neff increases can be achieved
by increasing the dark matter density Ωch2 (assum-
ing massless neutrinos), which manifests in a large
correlation with Neff (shown in Fig. 2). Meanwhile,
an increase in Neff and Yp both yield an enhanced
Silk damping effect [14, 32–34], and by fixing θs it
can be shown that θd ∝ (1 + fν)0.22/

√

1 + Yp [14],
where fν ≡ ρν/ργ is proportional to Neff . As a conse-
quence, the suppression of the CMB damping tail can
be picked out as a signature of extra relativistic species
when Yp is known, while the constraints on Neff are
relaxed when allowing for Yp as a free parameter.

An increase in Neff further shifts the acoustic peak
locations [34], but this has been shown to be a small
effect [14]. Instead, the constraint on Neff can be im-
proved by the inclusion of low-redshift distances and
a prior on the Hubble constant, H0, as these are use-
ful in constraining Ωch2 and by extension Neff . How-
ever, when allowing for evolving dark energy, the abil-
ity to improve constraints on Neff from observations
of the expansion history becomes diminished, as il-
lustrated by the error ellipses for

{

Neff ,Ωch2, w
}

in
Fig. 2. Therefore, the inclusion of SN data becomes
critical to a precise determination of the effective num-
ber of neutrinos.

The dark energy equation of state (EOS) is
moreover anti-correlated with the sum of neutrino
masses [3, 4, 35, 36]. In the CMB temperature power
spectrum, the sum of neutrino masses shifts the first
peak position to lower multipoles by changing the frac-
tion of matter to radiation at decoupling, which can
be compensated by a reduction in the Hubble con-
stant (similar to the case for positive universal curva-
ture) [3, 36, 37]. BAO distances and an H0 prior can
therefore be used to reduce correlations between the
sum of neutrino masses and the dark energy EOS, but
also with the curvature density.

The strongest limits on the sum of neutrino masses
from the CMB combined with probes of the expansion
history and matter power spectrum place it at sub-eV

level [1–4, 37–53]. We take the conservative approach
in only combining CMB data with low-redshift mea-
surements of the expansion history. While SN ob-
servations play an important role in constraining the
dark energy EOS and thereby reduce the correlation
between

∑

mν and w, these observations are not pow-
erful in constraining the curvature of the universe and
therefore less helpful in reducing the correlation be-
tween

∑

mν and Ωk.

Beyond the vanilla parameters and the three addi-
tional parameters {Neff ,

∑

mν , w}, we relax the com-
monly employed strong inflation prior on the univer-
sal curvature Ωk and running of the spectral index
dns/d lnk. Given that most popular models of infla-
tion predict |dns/d ln k| ∼< 10−3 [54, 55] and |Ωk| ∼<

10−4 (e.g. [54, 56, 57]), at the level of precision of
present CMB data it is generally justified to fix these
two parameters to their fiducial values of zero. How-
ever, given the mild preference for Neff > 3 [4, 10, 11],
we allow for the possible existence of inflationary mod-
els with large curvature or running. In particular,
|Ωk| ∼ 10−2 may be generated in models of open infla-
tion in the context of string cosmology [54, 58], while a
large negative running may be produced by multiple
fields, temporary breakdown of slow-roll, or several
distinct stages of inflation [54, 59–61].

Among alternatives to the cosmological constant
with w = −1, the most popular are scalar field models
with potentials tailored to give rise to late-time ac-
celeration and current equation of state for the dark
energy, w, close to -1 [62–69]. Like a cosmological con-
stant, these models are fine-tuned to have dark energy
dominate today. However, the requirement w ! −1
currently, does not imply that dark energy was sub-
dominant at earlier times, specifically redshift z ! 2,
where we have no direct constraints. Given the degen-
eracy between dark energy and the sum of neutrino
masses, we further consider a model that describes
dark energy as non-negligible in the early universe in
Sec. III D.

We describe our analysis method in Section 2. In
Section 3, we provide constraints on a ΛCDM model
with three massive neutrinos and additional light de-
grees of freedom, then follow up with successive addi-

Neff 1.2σ instead of 2.2σ (mainly b/c running)
∑mν < 1.2 eV - factor of 2 worse (mainly b/c curvature)

σ8 decreases (from 0.80) as ∑mν increases.

Large error bars. curv, w, run within 1σ of null values.

(mass bound at 1.2 eV even when w+curvature)

Further agreement with neff=3 when w and Yp included.
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TABLE IV. Constraints on Cosmological Parameters using SPT+WMAP+H0+BAO+SNe.

wCDM wCDM wCDM wCDM

+Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν+Yp

+ dns

d ln k
+Ωk + dns

d ln k
+Ωk

Primary ns 0.960 ± 0.010 0.981 ± 0.015 0.970 ± 0.019 0.953 ± 0.026

Extended w −1.049± 0.072 −1.09± 0.11 −1.10± 0.11 −1.13± 0.12

Neff — 3.88± 0.44 3.58± 0.60 3.78± 0.61
∑

mν [eV] — < 0.92 < 1.2 < 1.7
dns

d ln k
— — −0.013± 0.019 −0.035± 0.030

100Ωk — — 0.64± 0.95 1.2± 1.1

Yp — — — 0.176 ± 0.079

Derived σ8 0.830 ± 0.038 0.790 ± 0.060 0.774 ± 0.072 0.751 ± 0.081

Same as Table III but with the addition of supernova distance measurements from the Union2 compilation. For the case
”wCDM+Neff+

∑
mν+dns/d ln k+Ωk,” we also considered a run where we impose a hard prior of Neff > 3. Here, we find

Neff = 3.74 3.92, 4.68
3.00, 3.00, where the two sets of upper and lower boundaries denote 68% and 95% CLs, respectively. The largest

changes this prior induces in other parameters are in ns = 0.974 ± 0.017 (compared to ns = 0.970 ± 0.019), dns/d lnk =
−0.010 ± 0.017 (compared to dns/d lnk = −0.013 ± 0.019), and 100Ωk = 0.52 ± 0.92 (compared to 100Ωk = 0.64 ± 0.95). All
other parameters are modestly affected by our choice of prior (< 10%).

Here S =
√

1 + (7/43)∆Nν encapsulates deviations
from standard BBN [79–81], and we let∆Nν = (Neff−
3.046) in agreement with the SPT analysis. Aside
from the derived limits on Yp, we explicitly checked
that our results do not significantly change (< 10%)
when passing ∆Nν = 0 to PArthENoPE instead.
Furthermore, in our analysis we either consider ”en-

forcing the strong inflation prior” on the curvature
and running, by which {Ωk ≡ 0, dns/d lnk ≡ 0},
or ”relaxing the strong inflation prior” such that
{Ωk, dns/d ln k} are allowed to vary as free parame-
ters to be constrained by the data. We define the run-
ning of the spectral index via the dimensionless power
spectrum of primordial curvature perturbations:

∆2
R(k) = ∆2

R(k0)

(

k

k0

)ns−1+ 1

2
ln(k/k0)dns/d ln k

, (2)

where the pivot scale k0 = 0.002/Mpc. Due to the
large correlation between ns and dns/d ln k at this
scale, we always quote our values for ns at a scale
k0 = 0.015/Mpc, where the tilt and running are
less correlated, such that ns(k0 = 0.015/Mpc) =
ns(k0 = 0.002/Mpc) + ln(0.015/0.002)dns/d lnk [82].
An example of the remaining correlation between the
spectral index and its running is shown in Fig. 3.

III. RESULTS

We now explore the constraints on extended pa-
rameter spaces with the CMB (WMAP7+SPT), BAO
distances (SDSS+2dFGRS), and an HST prior on the
Hubble constant. Beginning with Sec. III C we al-
ways also consider SN distance measurements from
the Union2 compilation. In Sec. III E we discuss the
expected constraints from the Planck experiment.

A. ΛCDM with Massive Neutrinos

1. Enforcing the inflation prior on {Ωk, dns/d ln k}

In Table II, we begin by allowing the effective num-
ber of neutrinos, sum of neutrino masses, and pri-
mordial helium abundance to vary as free parameters,
both separately and jointly, in a ΛCDM universe.
For ΛCDM alone, then with Neff and Yp added sep-

arately, we reproduce the results in Ref. [11]. In par-
ticular, with Neff = 3.87± 0.42 in the space given by
”vanilla+Neff,” we recover the reported 2σ deviation
from canonical Neff = 3.046 [10, 11]. Given the well
known degeneracy between Neff and Yp [10, 11, 14]
(also see discussion in Sec. I), we find Neff = 3.70 ±
0.54 when further allowing Yp to vary as a free param-
eter irrespectively of the BBN expectation. Allowing
for three active neutrinos to have mass, and treat-
ing additional contributions to Neff as massless, we
find an even larger deviation with the standard value
as Neff = 4.00 ± 0.43 for the parameter combination
”vanilla+Neff+

∑

mν” (consistent with [11]). Here,
the upper bound on the sum of neutrino masses is
0.67 eV (95% CL) and we find the spectral index to
be consistent with unity at 1σ (ns = 0.987 ± 0.013).
The neutrino mass constraint is to be compared with
0.45 eV at 95% CL in ”vanilla+

∑

mν” (consistent
with [12] and competitive with the robust upper
bound at 0.36 eV when including CMASS [40]).
When we consider ”vanilla+Neff+

∑

mν+Yp,” the
statistical significance of the Neff deviation is reduced
from 2.2σ to 1.6σ, and the upper bound on the sum
of neutrino masses moderately weakens to 0.73 eV
(95% CL). While the primordial helium abundance
from the CMB+BAO+H0 has been found mildly
in tension (∼ 2σ) [10, 11] with that from observa-
tions of metal-poor extragalactic H II regions [83–
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TABLE IV. Constraints on Cosmological Parameters using SPT+WMAP+H0+BAO+SNe.

wCDM wCDM wCDM wCDM

+Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν+Yp

+ dns

d ln k
+Ωk + dns

d ln k
+Ωk

Primary ns 0.960 ± 0.010 0.981 ± 0.015 0.970 ± 0.019 0.953 ± 0.026

Extended w −1.049± 0.072 −1.09± 0.11 −1.10± 0.11 −1.13± 0.12

Neff — 3.88± 0.44 3.58± 0.60 3.78± 0.61
∑

mν [eV] — < 0.92 < 1.2 < 1.7
dns

d ln k
— — −0.013± 0.019 −0.035± 0.030

100Ωk — — 0.64± 0.95 1.2± 1.1

Yp — — — 0.176 ± 0.079

Derived σ8 0.830 ± 0.038 0.790 ± 0.060 0.774 ± 0.072 0.751 ± 0.081

Same as Table III but with the addition of supernova distance measurements from the Union2 compilation. For the case
”wCDM+Neff+

∑
mν+dns/d ln k+Ωk,” we also considered a run where we impose a hard prior of Neff > 3. Here, we find

Neff = 3.74 3.92, 4.68
3.00, 3.00, where the two sets of upper and lower boundaries denote 68% and 95% CLs, respectively. The largest

changes this prior induces in other parameters are in ns = 0.974 ± 0.017 (compared to ns = 0.970 ± 0.019), dns/d lnk =
−0.010 ± 0.017 (compared to dns/d lnk = −0.013 ± 0.019), and 100Ωk = 0.52 ± 0.92 (compared to 100Ωk = 0.64 ± 0.95). All
other parameters are modestly affected by our choice of prior (< 10%).

Here S =
√

1 + (7/43)∆Nν encapsulates deviations
from standard BBN [79–81], and we let∆Nν = (Neff−
3.046) in agreement with the SPT analysis. Aside
from the derived limits on Yp, we explicitly checked
that our results do not significantly change (< 10%)
when passing ∆Nν = 0 to PArthENoPE instead.
Furthermore, in our analysis we either consider ”en-

forcing the strong inflation prior” on the curvature
and running, by which {Ωk ≡ 0, dns/d lnk ≡ 0},
or ”relaxing the strong inflation prior” such that
{Ωk, dns/d ln k} are allowed to vary as free parame-
ters to be constrained by the data. We define the run-
ning of the spectral index via the dimensionless power
spectrum of primordial curvature perturbations:

∆2
R(k) = ∆2

R(k0)

(

k

k0

)ns−1+ 1

2
ln(k/k0)dns/d ln k

, (2)

where the pivot scale k0 = 0.002/Mpc. Due to the
large correlation between ns and dns/d ln k at this
scale, we always quote our values for ns at a scale
k0 = 0.015/Mpc, where the tilt and running are
less correlated, such that ns(k0 = 0.015/Mpc) =
ns(k0 = 0.002/Mpc) + ln(0.015/0.002)dns/d lnk [82].
An example of the remaining correlation between the
spectral index and its running is shown in Fig. 3.

III. RESULTS

We now explore the constraints on extended pa-
rameter spaces with the CMB (WMAP7+SPT), BAO
distances (SDSS+2dFGRS), and an HST prior on the
Hubble constant. Beginning with Sec. III C we al-
ways also consider SN distance measurements from
the Union2 compilation. In Sec. III E we discuss the
expected constraints from the Planck experiment.

A. ΛCDM with Massive Neutrinos

1. Enforcing the inflation prior on {Ωk, dns/d ln k}

In Table II, we begin by allowing the effective num-
ber of neutrinos, sum of neutrino masses, and pri-
mordial helium abundance to vary as free parameters,
both separately and jointly, in a ΛCDM universe.
For ΛCDM alone, then with Neff and Yp added sep-

arately, we reproduce the results in Ref. [11]. In par-
ticular, with Neff = 3.87± 0.42 in the space given by
”vanilla+Neff,” we recover the reported 2σ deviation
from canonical Neff = 3.046 [10, 11]. Given the well
known degeneracy between Neff and Yp [10, 11, 14]
(also see discussion in Sec. I), we find Neff = 3.70 ±
0.54 when further allowing Yp to vary as a free param-
eter irrespectively of the BBN expectation. Allowing
for three active neutrinos to have mass, and treat-
ing additional contributions to Neff as massless, we
find an even larger deviation with the standard value
as Neff = 4.00 ± 0.43 for the parameter combination
”vanilla+Neff+

∑

mν” (consistent with [11]). Here,
the upper bound on the sum of neutrino masses is
0.67 eV (95% CL) and we find the spectral index to
be consistent with unity at 1σ (ns = 0.987 ± 0.013).
The neutrino mass constraint is to be compared with
0.45 eV at 95% CL in ”vanilla+

∑

mν” (consistent
with [12] and competitive with the robust upper
bound at 0.36 eV when including CMASS [40]).
When we consider ”vanilla+Neff+

∑

mν+Yp,” the
statistical significance of the Neff deviation is reduced
from 2.2σ to 1.6σ, and the upper bound on the sum
of neutrino masses moderately weakens to 0.73 eV
(95% CL). While the primordial helium abundance
from the CMB+BAO+H0 has been found mildly
in tension (∼ 2σ) [10, 11] with that from observa-
tions of metal-poor extragalactic H II regions [83–

Including Union2 SNe

SNe constrain w: 35% reduction for single parameter 
extension, and factor 4 in full extension. 
This helps break correlation with Neff - back to 2σ. 
But relaxing strong inflation prior - again 1σ.
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w0 ~ -1.1 +/- 0.2
wa ~ -0.4 +/- 1
ede < 0.05

Alternative dark energy parameterizations
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TABLE V. Constraints on Cosmological Parameters using SPT+WMAP+H0+BAO+SNe.

w(a)CDM w(a)CDM w(a)CDM w(a)CDM

+Neff+
∑

mν +Neff+
∑

mν +Neff+
∑

mν+Yp

+ dns

d lnk
+ Ωk + dns

d lnk
+ Ωk

Primary 100Ωbh2 2.226± 0.042 2.249 ± 0.047 2.224 ± 0.057 2.163 ± 0.078

100Ωch2 11.37 ± 0.46 13.3 ± 1.1 13.3 ± 1.1 14.1 ± 1.4

104θs 104.11 ± 0.15 103.96 ± 0.18 103.99 ± 0.18 103.66 ± 0.36

τ 0.083± 0.014 0.088 ± 0.015 0.089 ± 0.016 0.090 ± 0.016

ns 0.963± 0.011 0.978 ± 0.015 0.970 ± 0.019 0.950 ± 0.026

ln (1010As) 3.203± 0.041 3.194 ± 0.044 3.194 ± 0.054 3.200 ± 0.055

Extended w0 −1.10± 0.17 −1.05± 0.19 −1.08± 0.21 −1.12± 0.21

wa 0.20± 0.64 −0.4± 1.0 −0.3± 1.2 −0.3± 1.2

Neff — 3.84± 0.45 3.57± 0.59 3.75± 0.68
∑

mν [eV] — < 1.2 < 1.4 < 1.8
dns

d ln k
— — −0.012± 0.020 −0.038± 0.030

100Ωk — — 0.7± 1.1 1.3± 1.2

Yp — — — 0.168 ± 0.079

Derived σ8 0.827± 0.046 0.779 ± 0.062 0.763 ± 0.076 0.736 ± 0.084

Same as Table IV but for a time-dependent parameterization of the dark energy equation of state, of the form w(a) = w0 +
(1− a)wa (as opposed to time-independent w).

Expanding the parameter space to allow Yp to
vary as an independent parameter (i.e. consider-
ing ”vanilla+Neff+

∑

mν+w+Ωk+dns/d ln k+Yp”),
we find a mild shift in Neff = 3.78 ± 0.61 (as com-
pared to Neff = 3.58 ± 0.60), and a stronger shift in
∑

mν < 1.7 eV (as compared to
∑

mν < 1.2 eV at
95% CL). Meanwhile, Yp = 0.176±0.079 shows a pref-
erence for lower values but is still consistent with mea-
surements of Yp from low-metallicity H II regions [83–
88]. For all of the non-minimal cases considered in
Table IV, ns is consistent with unity to at least 95%
CL, and σ8 mildly prefers values less than 0.8 but is
still greatly consistent with cluster abundance mea-
surements as shown in Fig. 1. Moreover, we find that
larger values of the dark matter density are preferred,
as Ωch2 generally lives around 0.13± 0.01.

For the particular parameter combination that
shifts Neff the closest to a value of 3 from above
(i.e. ”vanilla+Neff+

∑

mν+w+Ωk+dns/d ln k”), we
also considered a run with the prior Neff > 3 imposed.
Here, we continue to find the effective number of neu-
trino species to be consistent with the standard value,
as Neff = 3.74 3.92, 4.68

3.00, 3.00, where the two sets of upper
and lower boundaries denote 68% and 95% CLs, re-
spectively. The constraints on other parameters such
as w and

∑

mν change by less than 10% with this
alternative choice of prior.

Next, we move on to other parameterizations of the
dark energy, such as the popular expansion w(a) =
w0 + (1 − a)wa and an early dark energy model in
which the EOS of the dark energy tracks the EOS of
the dominant component in the universe.

D. Alternative Dark Energy Parameterizations

Given our ignorance of the nature of dark energy,
once we move away from a cosmological constant,
there is no adequate reason to restrict our analyses
to a constant EOS from the point of view of parti-
cle physics, in particular if we wish to describe the
dark energy as a scalar field or modification of grav-
ity (e.g. [62, 63, 97–99]). Thus, as an extension of
the previous section, we now consider models of the
dark energy in which the EOS varies with time. While
SN measurements proved useful in breaking parameter
degeneracies with a constant EOS, we aim to under-
stand how well these degeneracies are broken for less
constrained dark energy models.

1. Late-Time Dark Energy with Evolving
Equation of State

The first of our alternative parameterizations for
the dark energy is given by the two-parameter
model [99–101] advocated in the report of the Dark
Energy Task Force [102]:

w(a) = w0 + (1 − a)wa, (3)

where w0 is the EOS at present, while conventionally
wa = −2dw/d lna|a=1/2 [99, 100]. Eqn. 3 may also be
viewed as a first order Taylor expansion of the EOS,
where wa = −dw/da|a=1.
As compared to the case with a constant dark en-

ergy EOS, we find that the new parameterization for
late-time dark energy doesn’t significantly change our
constraints on other cosmological parameters. Ex-
pectedly, the two most sensitive parameters are Ωk

Inflation prior enforced: ∑mν < 1.2 eV (from 0.9 eV)
Inflation prior relaxed: ∑mν < 1.4 eV (from 1.2 eV) 3

FIG. 1. Energy density (top) and equation of state (bot-
tom) of early dark energy and a cosmological constant. At
low redshifts the EDE mimics a dark energy component
with the same density and EOS at present, and decouples
after redshifts of a few, the exact redshift depending on
the size of the EDE fraction Ωe.

power spectrum, SN distances, and the CMB. In Sec-
tion 3, we provide prospective early dark energy and
sum of neutrino mass constraints (and potential bi-
ases) obtained from a joint analysis of these probes,
based on a Fisher matrix prescription. Section 4 con-
cludes with a discussion of our findings.

II. METHODOLOGY

We begin with an overview of our calculation. We
briefly describe the EDE cosmological model, and
then discuss the relevant observational variables.

A. Early Dark Energy

Early dark energy changes the expansion rate and
hence cosmological distances. It also changes the
growth of density fluctuations in the universe and
hence the matter power spectrum [16].
We begin by expressing the expansion rate of the

universe in terms of the dark energy density Ωd(z) (in
units of the critical density) as

H(z) = H0

√

Ωr(1 + z)4 + Ωm(1 + z)3 + Ωk(1 + z)2

1− Ωd(z)
,

(1)
where H0 = 100 h km s−1 Mpc−1 is the Hubble
constant, and {Ωr,Ωm,Ωk} are the present radiation,
matter, and curvature densities in units of the critical
density. The present matter density is further com-
posed of the densities of the cold dark matter, baryons,
and massive neutrinos (Ωm = Ωc+Ωb+Ων). The evo-
lution of dark energy is conventionally expressed as a

function of its equation of state (EOS), w(z),

Ωd(z) =
Ωd0H2

0

H2(z)
exp

(

3

∫ z

0
dz

1 + w(z)

1 + z

)

, (2)

where Ωd0 = Ωd(0) is the present density of the dark
energy. We use Ωd0 and ΩΛ interchangeably in our
notation.
A uniform and constant vacuum density (w = −1)

is simple but suffers from the well-known coincidence
problem. The value of the dark energy density has to
be fine-tuned so that it only affects the dynamics of
the universe at present. This coincidence problem mo-
tivates the exploration of solutions other than ΛCDM
(e.g. [10, 39]). Among the possibilities that allow for
w > −1 are models in which the evolution of the dark
energy density is such that it is large enough to affect
the universal dynamics even at z > 2. They may even
alleviate the coincidence problem [16, 40].
A realization of early dark energy is given by

the ”tracker” parameterization of Doran & Robbers
(2006) [18], where the dark energy tracks the domi-
nant component in the universe. For this case, it is
simpler to parameterize the dark energy density evo-
lution directly, rather than express it in terms of an
evolving equation of state. We use a modified form
of the Doran and Robbers (2006) [18] parameteriza-
tion that tracks the equation of state of the dominant
energy, as shown in Fig. 1,

Ωd(z) = Ωd0
(1 + z)3+3w0

h2
w(z)

+ Ωev(z)

(

1−
(1 + z)3+3w0

h2
w(z)

)

, (3)

h2
w(z) = Ωd0(1 + z)3+3w0 + Ωm(1 + z)3

+ Ωr(1 + z)4 + Ωk(1 + z)2,

where w0 = w(0). The function v(z) should have the
properties that it asymptotes to unity at large redshift
and v(0) = 0, thus ensuring that Ωd(z) asymptotes to
Ωe at large redshift and Ωd(0) = Ωd0. We use v(z) =
1−(1+z)3w0 [18], but any other parameterization such
that d ln(v)/d ln(z) = O(1) will give similar results.
Note that the first term proportional to Ωd0 is dark
energy density as a function of redshift for a model
with present density of dark energy Ωd0 and constant
EOS w0. Thus, in this parameterization with early
dark energy, the effect at low redshift is the same as a
model with constant EOS model w0 and density Ωd0.
Quantitatively, the Ωe term (“early dark energy”) in
Eqn. 3 constitutes [0, 2.1, 8.0, 17.7]% at redshifts z =
[0, 1, 2, 3] respectively of the overall amount of dark
energy Ωd(z) for w = −1 and Ωe = 0.01.
We may compute the EOS using the expression

w(z) = −1 + (1+z)
z

d ln[Ωd(z)H
2(z)]

3 d ln z . At z=0, w(z) = w0

and increases with z, tending to 0 if the dominant com-
ponent of energy density is due to pressureless matter
and an example of this behavior is shown in Fig. 1.
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FIG. 4. Joint two-dimensional marginalized constraints on the early dark energy density Ωe against {Neff ,
∑

mν} for the
extended parameter combination ”vanilla+Neff+

∑
mν+w0+Ωe+Ωk+dns/d ln k.” The black confidence regions (inner

68%, outer 95%) are for ”WMAP+SPT+H0+BAO+SNe,” while the forecasted 1σ error ellipses for Planck temperature,
E-mode polarization, and lensing potential power spectra (T, E, φ) are shown in dashed red. Although the Fisher matrix
constraints on the parameters {

∑
mν ,Ωe} were evaluated at {0.17 eV, 0.01}, they have been shifted down to {0, 0} for

simpler visual comparison with the upper bounds from present data.

By approximating the effect of a dark energy com-
ponent with time-varying EOS using the PPF module
of Ref. [77], we allow w0 to freely vary above and be-
low the w = −1 boundary, unlike the treatments in
Refs. [24, 106]. We compute the equation of state us-

ing the expression w(z) = −1 + (1+z)
z

d ln[Ωd(z)H
2(z)]

3 d ln z ,
where H(z) is the Hubble parameter in a universe
with radiation, matter, curvature, and dark energy
(with nonzero Ωe term) [105]. At z=0, w(z) = w0 and
increases with z, tending to 0 when the dominant com-
ponent of energy density is due to pressureless matter,
and to 1/3 when the universe is dominated by radi-
ation. Quantitatively, the Ωe term (“early dark en-
ergy”) in Eqn. 4 constitutes [0, 2.1, 8.0, 17.7]%, at red-
shifts z = [0, 1, 2, 3] respectively, of the overall amount
of dark energy Ωd(z) for w = −1 and Ωe = 0.01.

The impact of early dark energy on the consid-
ered observables mainly comes through increasing the
expansion rate and in shifting the matter-radiation
equality to a later epoch [24, 104–106]. We can use
the CMB to constrain an EDE model via its effects
on {zeq, θs, θd}, while the improvement from BAO and
SN distance measurements are modest, as the expan-
sion rate in a model with EDE is designed to mas-
querade that of models with late-time (z ! 1) dark
energy [104, 105]. For our EDEmodel we fix the sound
speed cs = 1, while other choices have been explored
in Refs. [106, 107].

For the ”vanilla+w0+Ωe” case, we find Ωe < 0.030
(95% CL). We also considered a run with a hard prior
w > −1, for which we find Ωe < 0.023 at 95% CL
(as compared to Ωe < 0.019 in Ref. [106]). When ex-
panding the parameter space to include the neutrino
sector, we find a 20% reduction in the upper bound
on Ωe, due to its correlation with another one-tailed
distribution

∑

mν . As compared to the case where
the EOS is described by a simple constant, we find

modest changes in the constraints on all other param-
eters. However, as a result of the correlations between
Ωe and {Ωk, dns/d ln k}, we find Neff = 3.24 ± 0.63,
∑

mν < 1.6 eV, and σ8 = 0.703± 0.095 when relax-
ing the strong inflation prior (as compared to Neff =
3.58 ± 0.60,

∑

mν < 1.2 eV, and σ8 = 0.774± 0.072
when w is a constant). The upper bound on the early
dark energy density itself degrades by a factor of 2
to Ωe < 0.049 (95% CL). To obtain these shifts, the
curvature and running show weak (1σ) preferences for
nonzero values.

For the same parameter space, we also carried
out a run with an explicit Neff > 3 prior, finding
Neff = 3.60 3.74, 4.47

3.00, 3.00, where the two sets of upper
and lower boundaries denote 68% and 95% CLs, re-
spectively. This prior lowers the upper bound on the
EDE density to Ωe < 0.042 at 95% CL (as compared
to Ωe < 0.049), while the constraints on other pa-
rameters such as w and

∑

mν change by less than
10%. When further including Yp as a free parame-
ter, we find qualitatively modest changes in our con-
straints, similar in nature to those discussed in sec-
tions III B and III C.

E. Parameter Forecasts for Planck

Having discussed the present status of constraints
on expanded parameter spaces with CMB, H0, BAO,
and SN measurements, we next explore the constraints
from CMB temperature, E-mode polarization, and
lensing potential power spectrum measurements with
Planck [108, 109]. To this end, we employed a Fisher
matrix formalism [110, 111], such that the parameter
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z

d ln[Ωd(z)H
2(z)]

3 d ln z ,
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∑
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3.00, 3.00, where the two sets of upper
and lower boundaries denote 68% and 95% CLs, re-
spectively. This prior lowers the upper bound on the
EDE density to Ωe < 0.042 at 95% CL (as compared
to Ωe < 0.049), while the constraints on other pa-
rameters such as w and
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mν change by less than
10%. When further including Yp as a free parame-
ter, we find qualitatively modest changes in our con-
straints, similar in nature to those discussed in sec-
tions III B and III C.
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Having discussed the present status of constraints
on expanded parameter spaces with CMB, H0, BAO,
and SN measurements, we next explore the constraints
from CMB temperature, E-mode polarization, and
lensing potential power spectrum measurements with
Planck [108, 109]. To this end, we employed a Fisher
matrix formalism [110, 111], such that the parameter

(compared to: 
Neff  = 3.58 +/- 0.60)
∑mν < 1.2 eV)
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Is there a tension with clusters?3

FIG. 1. Top panel: WMAP, ACBAR and ACT power spec-
trum measurements, and theoretical power spectra normal-
ized at � = 200 for Neff varying from 2 to 5 with ρb, θs, and
zEQ held fixed. Bottom panel: The same as above except
we vary YP to keep θd fixed and we replace the ACBAR and
ACT data with simulated SPT data, of the quality expected
in [34]. The lack of scatter in these spectra compared to those
in the top panel demonstrates that the effect of Neff is largely
captured by its impact on the damping scale.

Since rs ∝ 1/H, it responds even more rapidly than rd

to changes in H. To keep θs fixed at the observed value,
DA must also decrease as 1/H. Since DA decreases more
rapidly with H than rd, θd increases which means the
damping is increased.

Note that if we knew DA perfectly, we could use θs to
infer rs and thereby determine H prior to recombination.
But we do not know DA, largely because we do not know
the value of the cosmological constant, or more generally
the density of the dark energy as a function of the scale
factor. With both angular scales we can form θd/θs =
rd/rs ∝ H

0.5, with no dependence on DA.
Does this explanation hold together quantitatively? To

demonstrate that what we are seeing in the power spec-
trum actually is increased Silk damping (at fixed θs) we
experiment with also fixing θd as Neff increases. The
bottom panel of Fig. 1 shows how the angular power
spectrum responds to the same variations in Neff , only
now taken at constant θd as well. When we remove the
θd variation, the impact of the Neff variation almost en-
tirely disappears. We conclude that the variations we
are seeing in the top panel are indeed due to the impact
of Neff on the amount of Silk damping. A very similar
demonstration was provided by [16].

To keep θd fixed as Neff varies, we vary a parameter

FIG. 2. 1 and 2-σ contours of constant probability for Neff

and the cluster abundance parameter σ8(Ωm/0.25)0.47 for dif-
ferent data sets as described in the text.

whose sole impact is on the number density of electrons:
the primordial fraction of baryonic mass in Helium, YP.
Even as early as times when 99% of the photons have
yet to last scatter, Helium, with its greater binding en-
ergy than Hydrogen, is almost entirely neutral. Thus
ne = Xe(np +nH) = Xenb(1−YP) where the first equal-
ity defines Xe. The limit of integration in the above
equations for rs and rd is only slightly affected by chang-
ing YP and thus rs is largely unaffected. However, the
damping length scales with YP as rd ∝ (1− YP)−0.5.
From our analysis one finds that rd/rs ∝ (1 +

fν)0.25/
√
1− YP where fν ≡ ρν/ργ is proportional to

Neff . The first factor arises because increasing H at fixed
zEQ meansH2 ∝ (1+fν). Thus asNeff is varied, we know
how to change YP to keep rd/rs (and hence θd/θs) fixed.
Our analysis requires a small correction. Increased ex-

pansion, even if we keep ne(a) fixed, decreases a∗ because
we follow [35] and define it such that the optical depth
to Thomson scattering from here to a∗ is unity. Further,
recombination is not a process that occurs in chemical
equilibrium. As emphasized in [36], increased H leads to
increased ne(a). By numerically studying these (partially
cancelling) effects we find rd/rs ∝ (1 + fν)m/

√
1− YP

with m = 0.22 rather than 0.25.
The curves in the lower panel do show some variation.

In particular, one can see a shifting of the peak locations
due to the difference in acoustic oscillation phase shift
that one gets for neutrinos, relative to the same energy
density in photons [16]. These phase shifts will be de-
tectable at high significance in future polarization data.
Current Constraints on Neff . In this section we assume

YP is a function of ρb and Neff as in standard BBN [37].
This assumption effectively breaks the YP, Neff degener-
acy we quantified above. We then constrain Neff using

Hou et al (2011)
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models using SPT+WMAP+H0+BAO+Clusters are given in
Table 6.

We also note that lower values of σ8 are obtained if neutrinos
are allowed to have mass. For example, for a model in which Neff
and

∑
mν are allowed to be free, we find Neff = 3.98 ± 0.43,

σ8 = 0.803 ± 0.056, and
∑

mν < 0.69 eV (95% U.L.) using
SPT+WMAP+H0+BAO (compared to Neff = 3.86 ± 0.42 and
σ8 = 0.871 ± 0.033 if neutrinos are forced to be massless).

5. CONCLUSION

We have presented a new measurement of the damping tail
of the CMB power spectrum using data from the SPT. This
measurement builds upon earlier measurements of the damping
tail by ACBAR (Reichardt et al. 2009), QUaD (Brown et al.
2009; Friedman et al. 2009), and ACT (Das et al. 2011a). The
SPT power spectrum uses 150 GHz data and spans the multipole
range 650 < # < 3000, where it is dominated by primary CMB
anisotropy. We combine this spectrum with data from WMAP7
to constrain cosmological models. We find that the SPT and
WMAP7 spectra are consistent with each other, and that when
combined they are well fit by a spatially flat, ΛCDM cosmology.

The addition of the SPT data provides modest improve-
ments to the constraints on the standard six-parameter
model relative to using WMAP alone. One notable improve-
ment is that SPT+WMAP7 measure the scalar spectral in-
dex to be ns = 0.9663 ± 0.0112, which disfavors the
Harrison–Zel’dovich–Peebles index (ns = 1) at 3.0σ using
only CMB data. When low-redshift measurements of the Hub-
ble constant (Riess et al. 2011) and the BAO feature (Percival
et al. 2010) are included, the constraint on the scalar spectral
index improves to ns = 0.9668 ± 0.0093, a 3.6σ rejection of
ns = 1.

We consider a number of extensions beyond this baseline
model. First we consider a model in which the amplitude of
gravitational lensing on the CMB is allowed to vary freely
and find that the SPT+WMAP data detect, at ∼5σ , the effect
of gravitational lensing, and that the amplitude is consistent
with the ΛCDM cosmological model. Parameterized in terms
of a rescaling of the lensing potential power spectrum (Cφφ

# →
ALC

φφ
# ), the lensing amplitude is A0.65

L = 0.94 ± 0.15.
We consider a model in which the power from tensor

fluctuations is allowed to vary freely. We constrain the tensor-
to-scalar ratio to be r < 0.21 (95% CL) using SPT+WMAP7
and r < 0.17 (95% CL) using SPT+WMAP7+H0+BAO.

We consider a model in which the scalar spectral index ns
is allowed to vary or “run” as function of wavenumber. We
constrain the spectral running to be dns/d ln k = −0.024 ±
0.013 using SPT+WMAP7.

We consider a model in which the primordial helium abun-
dance, typically a function of standard BBN theory, is allowed to
vary freely. That is, we measure the effect of helium due solely
to its effect on the CMB damping tail. We strongly detect the
effect of helium on the CMB; a model with no helium is rejected
at 7.7σ . When the primordial helium abundance is allowed to
vary freely, we find Yp = 0.296 ± 0.030 using SPT+WMAP7.

Finally, we consider a model in which the effective number of
relativistic species in the early universe is allowed to vary freely.
Normally this is the number of neutrinos, three, plus a small
correction due to electron–positron energy injection, resulting
in N standard

eff = 3.046. Using SPT+WMAP7 we strongly detect
the effect of neutrinos on the CMB; a model with no neutrinos
is rejected at 7.5σ . When Neff is allowed to vary freely, we find

Neff = 3.85 ± 0.62, while using SPT+WMAP7+H0+BAO we
find Neff = 3.86 ± 0.42.

Three of these model extensions—spectral running, free he-
lium, and free Neff—show a mild, ∼1.7σ preference for non-
standard models. We find that such models are disfavored by the
value of σ8 inferred from the abundance of low-redshift galaxy
clusters (Vikhlinin et al. 2009). The constraints on these parame-
ters move closer to their standard values when the cluster infor-
mation is included. Using SPT+WMAP7+H0+BAO+Clusters,
the constraints are dns/d ln k = −0.017 ± 0.012, Yp =
0.288 ± 0.029, and Neff = 3.42 ± 0.32.

The SPT data presented here cover 790 deg2. The full SPT–SZ
survey, which is expected to be completed by the end of 2011,
will cover approximately 2500 deg2. With 150 GHz data of the
quality used here and with additional data at 90 and 220 GHz,
a power spectrum analysis of the full SPT survey should be at
least 1.7 times more sensitive than that presented here.
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models using SPT+WMAP+H0+BAO+Clusters are given in
Table 6.

We also note that lower values of σ8 are obtained if neutrinos
are allowed to have mass. For example, for a model in which Neff
and

∑
mν are allowed to be free, we find Neff = 3.98 ± 0.43,

σ8 = 0.803 ± 0.056, and
∑

mν < 0.69 eV (95% U.L.) using
SPT+WMAP+H0+BAO (compared to Neff = 3.86 ± 0.42 and
σ8 = 0.871 ± 0.033 if neutrinos are forced to be massless).

5. CONCLUSION

We have presented a new measurement of the damping tail
of the CMB power spectrum using data from the SPT. This
measurement builds upon earlier measurements of the damping
tail by ACBAR (Reichardt et al. 2009), QUaD (Brown et al.
2009; Friedman et al. 2009), and ACT (Das et al. 2011a). The
SPT power spectrum uses 150 GHz data and spans the multipole
range 650 < # < 3000, where it is dominated by primary CMB
anisotropy. We combine this spectrum with data from WMAP7
to constrain cosmological models. We find that the SPT and
WMAP7 spectra are consistent with each other, and that when
combined they are well fit by a spatially flat, ΛCDM cosmology.

The addition of the SPT data provides modest improve-
ments to the constraints on the standard six-parameter
model relative to using WMAP alone. One notable improve-
ment is that SPT+WMAP7 measure the scalar spectral in-
dex to be ns = 0.9663 ± 0.0112, which disfavors the
Harrison–Zel’dovich–Peebles index (ns = 1) at 3.0σ using
only CMB data. When low-redshift measurements of the Hub-
ble constant (Riess et al. 2011) and the BAO feature (Percival
et al. 2010) are included, the constraint on the scalar spectral
index improves to ns = 0.9668 ± 0.0093, a 3.6σ rejection of
ns = 1.

We consider a number of extensions beyond this baseline
model. First we consider a model in which the amplitude of
gravitational lensing on the CMB is allowed to vary freely
and find that the SPT+WMAP data detect, at ∼5σ , the effect
of gravitational lensing, and that the amplitude is consistent
with the ΛCDM cosmological model. Parameterized in terms
of a rescaling of the lensing potential power spectrum (Cφφ

# →
ALC

φφ
# ), the lensing amplitude is A0.65

L = 0.94 ± 0.15.
We consider a model in which the power from tensor

fluctuations is allowed to vary freely. We constrain the tensor-
to-scalar ratio to be r < 0.21 (95% CL) using SPT+WMAP7
and r < 0.17 (95% CL) using SPT+WMAP7+H0+BAO.

We consider a model in which the scalar spectral index ns
is allowed to vary or “run” as function of wavenumber. We
constrain the spectral running to be dns/d ln k = −0.024 ±
0.013 using SPT+WMAP7.

We consider a model in which the primordial helium abun-
dance, typically a function of standard BBN theory, is allowed to
vary freely. That is, we measure the effect of helium due solely
to its effect on the CMB damping tail. We strongly detect the
effect of helium on the CMB; a model with no helium is rejected
at 7.7σ . When the primordial helium abundance is allowed to
vary freely, we find Yp = 0.296 ± 0.030 using SPT+WMAP7.

Finally, we consider a model in which the effective number of
relativistic species in the early universe is allowed to vary freely.
Normally this is the number of neutrinos, three, plus a small
correction due to electron–positron energy injection, resulting
in N standard

eff = 3.046. Using SPT+WMAP7 we strongly detect
the effect of neutrinos on the CMB; a model with no neutrinos
is rejected at 7.5σ . When Neff is allowed to vary freely, we find

Neff = 3.85 ± 0.62, while using SPT+WMAP7+H0+BAO we
find Neff = 3.86 ± 0.42.

Three of these model extensions—spectral running, free he-
lium, and free Neff—show a mild, ∼1.7σ preference for non-
standard models. We find that such models are disfavored by the
value of σ8 inferred from the abundance of low-redshift galaxy
clusters (Vikhlinin et al. 2009). The constraints on these parame-
ters move closer to their standard values when the cluster infor-
mation is included. Using SPT+WMAP7+H0+BAO+Clusters,
the constraints are dns/d ln k = −0.017 ± 0.012, Yp =
0.288 ± 0.029, and Neff = 3.42 ± 0.32.

The SPT data presented here cover 790 deg2. The full SPT–SZ
survey, which is expected to be completed by the end of 2011,
will cover approximately 2500 deg2. With 150 GHz data of the
quality used here and with additional data at 90 and 220 GHz,
a power spectrum analysis of the full SPT survey should be at
least 1.7 times more sensitive than that presented here.
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FIG. 1. Joint two-dimensional marginalized con-
straints on σ8(Ωm/0.25)0.47 against {Neff ,

∑
mν}.

The black confidence regions (inner 68%, outer
95%) are for the extended parameter combination
”vanilla+Neff+

∑
mν+w+Ωk+dns/d ln k” using the data

from ”WMAP7+SPT+H0+BAO+SNe,” while the ver-
tical red lines denote the 68% confidence interval about
the mean from the local (0.025 < z < 0.25) galaxy cluster
abundance measurement of Vikhlinin et al. (2009) [89].

mordial helium abundance to vary as free parameters,
both separately and jointly, in a ΛCDM universe.

For ΛCDM alone, then with Neff and Yp added sep-
arately, we reproduce the results in Ref. [11]. In par-
ticular, with Neff = 3.87± 0.42 in the space given by
”vanilla+Neff,” we recover the reported 2σ deviation
from canonical Neff = 3.046 [10, 11]. Given the well
known degeneracy between Neff and Yp [10, 11, 14]
(also see discussion in Sec. I), we findNeff = 3.70±0.54
when further allowing Yp to vary as a free parame-
ter irrespectively of the BBN expectation. Allowing
for three active neutrinos to have mass, and treat-
ing additional contributions to Neff as massless, we
find an even larger deviation with the standard value
as Neff = 4.00 ± 0.43 for the parameter combination
”vanilla+Neff+

∑

mν” (consistent with [11]). Here,

the upper bound on the sum of neutrino masses is
0.67 eV (95% CL) and we find the spectral index to
be consistent with unity at 1σ (ns = 0.987 ± 0.013).
The neutrino mass constraint is to be compared with
0.45 eV at 95% CL in ”vanilla+

∑

mν” (consistent
with [12] and competitive with the robust upper
bound at 0.36 eV when including CMASS [40]).
When we consider ”vanilla+Neff+

∑

mν+Yp,” the
statistical significance of the Neff deviation is reduced
from 2.2σ to 1.6σ, and the upper bound on the sum
of neutrino masses moderately weakens to 0.73 eV
(95% CL). While the primordial helium abundance
from the CMB+BAO+H0 has been found mildly
in tension (∼ 2σ) [10, 11] with that from observa-
tions of metal-poor extragalactic H II regions [83–
88], we find constraints on Yp consistent to within 1σ
with these observations. This is mainly due to the
strong negative correlation between Yp and Neff (as
reported in [10, 11, 14] and detailed in Sec. I). For
instance, Aver, Olive, & Skillman (2011) [83] deter-
mine Yp = 0.2534 ± 0.0083 via an MCMC analysis
that accounts for both statistical and systematic un-
certainties, which agrees with Yp = 0.277 ± 0.037 in
”vanilla+Neff+Yp” and with Yp = 0.261 ± 0.039 in
”vanilla+Neff+

∑

mν+Yp.”
Moreover, when Neff and

∑

mν are analyzed in a
joint setting, we find that the data is both consistent
with higher values of Ωch2 = 0.13 ± 0.01 and lower
values of σ8 = 0.80 ± 0.05, which perfectly agrees
with low-redshift measurements of σ8 from the abun-
dance of clusters [89–93] (as also noted in Ref. [11]).
This is because the amount of suppression in mat-
ter clustering by the free-streaming of light neutrinos
increases with mass [2, 94–96], which gives a large
anti-correlation between

∑

mν and σ8, an example of
which can be seen in Fig. 1.

2. Relaxing the inflation prior on {Ωk, dns/d ln k}

Let us now relax the strong inflation prior on the
curvature of the universe and running of the spec-
tral index by considering the parameter combination
”vanilla+Neff+

∑

mν+dns/d lnk+Ωk” in Table III.
Here, Neff becomes increasingly consistent with the

canonical value at 1.2σ (down from 2.2σ), mainly as
a result of the anti-correlation with dns/d ln k, which
also brings the tilt down to ns = 0.978± 0.015 (from
ns = 0.987±0.013). Further, we find that the correla-
tion between

∑

mν and Ωk degrades the upper bound
on the sum of neutrino masses by close to a factor of 2
to

∑

mν < 1.2 eV (95% CL). As a consequence of the
well known anti-correlation with the sum of neutrino
masses, which increases when relaxing the strong in-
flation prior, the amplitude of matter fluctuations is
seen to prefer smaller values at σ8 = 0.768± 0.070 (as
compared to σ8 = 0.798± 0.053 when dns/d lnk and
Ωk are held fixed).
However, as the strong inflation prior is relaxed,
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mν+w+Ωk+dns/d ln k” using the data
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abundance measurement of Vikhlinin et al. (2009) [89].
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ticular, with Neff = 3.87± 0.42 in the space given by
”vanilla+Neff,” we recover the reported 2σ deviation
from canonical Neff = 3.046 [10, 11]. Given the well
known degeneracy between Neff and Yp [10, 11, 14]
(also see discussion in Sec. I), we findNeff = 3.70±0.54
when further allowing Yp to vary as a free parame-
ter irrespectively of the BBN expectation. Allowing
for three active neutrinos to have mass, and treat-
ing additional contributions to Neff as massless, we
find an even larger deviation with the standard value
as Neff = 4.00 ± 0.43 for the parameter combination
”vanilla+Neff+
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mν” (consistent with [11]). Here,

the upper bound on the sum of neutrino masses is
0.67 eV (95% CL) and we find the spectral index to
be consistent with unity at 1σ (ns = 0.987 ± 0.013).
The neutrino mass constraint is to be compared with
0.45 eV at 95% CL in ”vanilla+
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mν” (consistent
with [12] and competitive with the robust upper
bound at 0.36 eV when including CMASS [40]).
When we consider ”vanilla+Neff+

∑

mν+Yp,” the
statistical significance of the Neff deviation is reduced
from 2.2σ to 1.6σ, and the upper bound on the sum
of neutrino masses moderately weakens to 0.73 eV
(95% CL). While the primordial helium abundance
from the CMB+BAO+H0 has been found mildly
in tension (∼ 2σ) [10, 11] with that from observa-
tions of metal-poor extragalactic H II regions [83–
88], we find constraints on Yp consistent to within 1σ
with these observations. This is mainly due to the
strong negative correlation between Yp and Neff (as
reported in [10, 11, 14] and detailed in Sec. I). For
instance, Aver, Olive, & Skillman (2011) [83] deter-
mine Yp = 0.2534 ± 0.0083 via an MCMC analysis
that accounts for both statistical and systematic un-
certainties, which agrees with Yp = 0.277 ± 0.037 in
”vanilla+Neff+Yp” and with Yp = 0.261 ± 0.039 in
”vanilla+Neff+

∑

mν+Yp.”
Moreover, when Neff and

∑

mν are analyzed in a
joint setting, we find that the data is both consistent
with higher values of Ωch2 = 0.13 ± 0.01 and lower
values of σ8 = 0.80 ± 0.05, which perfectly agrees
with low-redshift measurements of σ8 from the abun-
dance of clusters [89–93] (as also noted in Ref. [11]).
This is because the amount of suppression in mat-
ter clustering by the free-streaming of light neutrinos
increases with mass [2, 94–96], which gives a large
anti-correlation between

∑

mν and σ8, an example of
which can be seen in Fig. 1.

2. Relaxing the inflation prior on {Ωk, dns/d ln k}

Let us now relax the strong inflation prior on the
curvature of the universe and running of the spec-
tral index by considering the parameter combination
”vanilla+Neff+

∑

mν+dns/d lnk+Ωk” in Table III.
Here, Neff becomes increasingly consistent with the

canonical value at 1.2σ (down from 2.2σ), mainly as
a result of the anti-correlation with dns/d ln k, which
also brings the tilt down to ns = 0.978± 0.015 (from
ns = 0.987±0.013). Further, we find that the correla-
tion between

∑

mν and Ωk degrades the upper bound
on the sum of neutrino masses by close to a factor of 2
to

∑

mν < 1.2 eV (95% CL). As a consequence of the
well known anti-correlation with the sum of neutrino
masses, which increases when relaxing the strong in-
flation prior, the amplitude of matter fluctuations is
seen to prefer smaller values at σ8 = 0.768± 0.070 (as
compared to σ8 = 0.798± 0.053 when dns/d lnk and
Ωk are held fixed).
However, as the strong inflation prior is relaxed,
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FIG. 1. Joint two-dimensional marginalized con-
straints on σ8(Ωm/0.25)0.47 against {Neff ,

∑
mν}.

The black confidence regions (inner 68%, outer
95%) are for the extended parameter combination
”vanilla+Neff+

∑
mν+w+Ωk+dns/d ln k” using the data

from ”WMAP7+SPT+H0+BAO+SNe,” while the ver-
tical red lines denote the 68% confidence interval about
the mean from the local (0.025 < z < 0.25) galaxy cluster
abundance measurement of Vikhlinin et al. (2009) [89].

mordial helium abundance to vary as free parameters,
both separately and jointly, in a ΛCDM universe.

For ΛCDM alone, then with Neff and Yp added sep-
arately, we reproduce the results in Ref. [11]. In par-
ticular, with Neff = 3.87± 0.42 in the space given by
”vanilla+Neff,” we recover the reported 2σ deviation
from canonical Neff = 3.046 [10, 11]. Given the well
known degeneracy between Neff and Yp [10, 11, 14]
(also see discussion in Sec. I), we findNeff = 3.70±0.54
when further allowing Yp to vary as a free parame-
ter irrespectively of the BBN expectation. Allowing
for three active neutrinos to have mass, and treat-
ing additional contributions to Neff as massless, we
find an even larger deviation with the standard value
as Neff = 4.00 ± 0.43 for the parameter combination
”vanilla+Neff+

∑

mν” (consistent with [11]). Here,

the upper bound on the sum of neutrino masses is
0.67 eV (95% CL) and we find the spectral index to
be consistent with unity at 1σ (ns = 0.987 ± 0.013).
The neutrino mass constraint is to be compared with
0.45 eV at 95% CL in ”vanilla+

∑

mν” (consistent
with [12] and competitive with the robust upper
bound at 0.36 eV when including CMASS [40]).
When we consider ”vanilla+Neff+

∑

mν+Yp,” the
statistical significance of the Neff deviation is reduced
from 2.2σ to 1.6σ, and the upper bound on the sum
of neutrino masses moderately weakens to 0.73 eV
(95% CL). While the primordial helium abundance
from the CMB+BAO+H0 has been found mildly
in tension (∼ 2σ) [10, 11] with that from observa-
tions of metal-poor extragalactic H II regions [83–
88], we find constraints on Yp consistent to within 1σ
with these observations. This is mainly due to the
strong negative correlation between Yp and Neff (as
reported in [10, 11, 14] and detailed in Sec. I). For
instance, Aver, Olive, & Skillman (2011) [83] deter-
mine Yp = 0.2534 ± 0.0083 via an MCMC analysis
that accounts for both statistical and systematic un-
certainties, which agrees with Yp = 0.277 ± 0.037 in
”vanilla+Neff+Yp” and with Yp = 0.261 ± 0.039 in
”vanilla+Neff+

∑

mν+Yp.”
Moreover, when Neff and

∑

mν are analyzed in a
joint setting, we find that the data is both consistent
with higher values of Ωch2 = 0.13 ± 0.01 and lower
values of σ8 = 0.80 ± 0.05, which perfectly agrees
with low-redshift measurements of σ8 from the abun-
dance of clusters [89–93] (as also noted in Ref. [11]).
This is because the amount of suppression in mat-
ter clustering by the free-streaming of light neutrinos
increases with mass [2, 94–96], which gives a large
anti-correlation between

∑

mν and σ8, an example of
which can be seen in Fig. 1.

2. Relaxing the inflation prior on {Ωk, dns/d ln k}

Let us now relax the strong inflation prior on the
curvature of the universe and running of the spec-
tral index by considering the parameter combination
”vanilla+Neff+

∑

mν+dns/d lnk+Ωk” in Table III.
Here, Neff becomes increasingly consistent with the

canonical value at 1.2σ (down from 2.2σ), mainly as
a result of the anti-correlation with dns/d ln k, which
also brings the tilt down to ns = 0.978± 0.015 (from
ns = 0.987±0.013). Further, we find that the correla-
tion between

∑

mν and Ωk degrades the upper bound
on the sum of neutrino masses by close to a factor of 2
to

∑

mν < 1.2 eV (95% CL). As a consequence of the
well known anti-correlation with the sum of neutrino
masses, which increases when relaxing the strong in-
flation prior, the amplitude of matter fluctuations is
seen to prefer smaller values at σ8 = 0.768± 0.070 (as
compared to σ8 = 0.798± 0.053 when dns/d lnk and
Ωk are held fixed).
However, as the strong inflation prior is relaxed,
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FIG. 1. Joint two-dimensional marginalized con-
straints on σ8(Ωm/0.25)0.47 against {Neff ,

∑
mν}.

The black confidence regions (inner 68%, outer
95%) are for the extended parameter combination
”vanilla+Neff+

∑
mν+w+Ωk+dns/d ln k” using the data

from ”WMAP7+SPT+H0+BAO+SNe,” while the ver-
tical red lines denote the 68% confidence interval about
the mean from the local (0.025 < z < 0.25) galaxy cluster
abundance measurement of Vikhlinin et al. (2009) [89].

mordial helium abundance to vary as free parameters,
both separately and jointly, in a ΛCDM universe.

For ΛCDM alone, then with Neff and Yp added sep-
arately, we reproduce the results in Ref. [11]. In par-
ticular, with Neff = 3.87± 0.42 in the space given by
”vanilla+Neff,” we recover the reported 2σ deviation
from canonical Neff = 3.046 [10, 11]. Given the well
known degeneracy between Neff and Yp [10, 11, 14]
(also see discussion in Sec. I), we findNeff = 3.70±0.54
when further allowing Yp to vary as a free parame-
ter irrespectively of the BBN expectation. Allowing
for three active neutrinos to have mass, and treat-
ing additional contributions to Neff as massless, we
find an even larger deviation with the standard value
as Neff = 4.00 ± 0.43 for the parameter combination
”vanilla+Neff+

∑

mν” (consistent with [11]). Here,

the upper bound on the sum of neutrino masses is
0.67 eV (95% CL) and we find the spectral index to
be consistent with unity at 1σ (ns = 0.987 ± 0.013).
The neutrino mass constraint is to be compared with
0.45 eV at 95% CL in ”vanilla+

∑

mν” (consistent
with [12] and competitive with the robust upper
bound at 0.36 eV when including CMASS [40]).
When we consider ”vanilla+Neff+

∑

mν+Yp,” the
statistical significance of the Neff deviation is reduced
from 2.2σ to 1.6σ, and the upper bound on the sum
of neutrino masses moderately weakens to 0.73 eV
(95% CL). While the primordial helium abundance
from the CMB+BAO+H0 has been found mildly
in tension (∼ 2σ) [10, 11] with that from observa-
tions of metal-poor extragalactic H II regions [83–
88], we find constraints on Yp consistent to within 1σ
with these observations. This is mainly due to the
strong negative correlation between Yp and Neff (as
reported in [10, 11, 14] and detailed in Sec. I). For
instance, Aver, Olive, & Skillman (2011) [83] deter-
mine Yp = 0.2534 ± 0.0083 via an MCMC analysis
that accounts for both statistical and systematic un-
certainties, which agrees with Yp = 0.277 ± 0.037 in
”vanilla+Neff+Yp” and with Yp = 0.261 ± 0.039 in
”vanilla+Neff+

∑

mν+Yp.”
Moreover, when Neff and

∑

mν are analyzed in a
joint setting, we find that the data is both consistent
with higher values of Ωch2 = 0.13 ± 0.01 and lower
values of σ8 = 0.80 ± 0.05, which perfectly agrees
with low-redshift measurements of σ8 from the abun-
dance of clusters [89–93] (as also noted in Ref. [11]).
This is because the amount of suppression in mat-
ter clustering by the free-streaming of light neutrinos
increases with mass [2, 94–96], which gives a large
anti-correlation between

∑

mν and σ8, an example of
which can be seen in Fig. 1.

2. Relaxing the inflation prior on {Ωk, dns/d ln k}

Let us now relax the strong inflation prior on the
curvature of the universe and running of the spec-
tral index by considering the parameter combination
”vanilla+Neff+

∑

mν+dns/d lnk+Ωk” in Table III.
Here, Neff becomes increasingly consistent with the

canonical value at 1.2σ (down from 2.2σ), mainly as
a result of the anti-correlation with dns/d ln k, which
also brings the tilt down to ns = 0.978± 0.015 (from
ns = 0.987±0.013). Further, we find that the correla-
tion between

∑

mν and Ωk degrades the upper bound
on the sum of neutrino masses by close to a factor of 2
to

∑

mν < 1.2 eV (95% CL). As a consequence of the
well known anti-correlation with the sum of neutrino
masses, which increases when relaxing the strong in-
flation prior, the amplitude of matter fluctuations is
seen to prefer smaller values at σ8 = 0.768± 0.070 (as
compared to σ8 = 0.798± 0.053 when dns/d lnk and
Ωk are held fixed).
However, as the strong inflation prior is relaxed,
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FIG. 1. Joint two-dimensional marginalized con-
straints on σ8(Ωm/0.25)0.47 against {Neff ,

∑
mν}.

The black confidence regions (inner 68%, outer
95%) are for the extended parameter combination
”vanilla+Neff+

∑
mν+w+Ωk+dns/d ln k” using the data

from ”WMAP7+SPT+H0+BAO+SNe,” while the ver-
tical red lines denote the 68% confidence interval about
the mean from the local (0.025 < z < 0.25) galaxy cluster
abundance measurement of Vikhlinin et al. (2009) [89].

mordial helium abundance to vary as free parameters,
both separately and jointly, in a ΛCDM universe.

For ΛCDM alone, then with Neff and Yp added sep-
arately, we reproduce the results in Ref. [11]. In par-
ticular, with Neff = 3.87± 0.42 in the space given by
”vanilla+Neff,” we recover the reported 2σ deviation
from canonical Neff = 3.046 [10, 11]. Given the well
known degeneracy between Neff and Yp [10, 11, 14]
(also see discussion in Sec. I), we findNeff = 3.70±0.54
when further allowing Yp to vary as a free parame-
ter irrespectively of the BBN expectation. Allowing
for three active neutrinos to have mass, and treat-
ing additional contributions to Neff as massless, we
find an even larger deviation with the standard value
as Neff = 4.00 ± 0.43 for the parameter combination
”vanilla+Neff+

∑

mν” (consistent with [11]). Here,

the upper bound on the sum of neutrino masses is
0.67 eV (95% CL) and we find the spectral index to
be consistent with unity at 1σ (ns = 0.987 ± 0.013).
The neutrino mass constraint is to be compared with
0.45 eV at 95% CL in ”vanilla+

∑

mν” (consistent
with [12] and competitive with the robust upper
bound at 0.36 eV when including CMASS [40]).
When we consider ”vanilla+Neff+

∑

mν+Yp,” the
statistical significance of the Neff deviation is reduced
from 2.2σ to 1.6σ, and the upper bound on the sum
of neutrino masses moderately weakens to 0.73 eV
(95% CL). While the primordial helium abundance
from the CMB+BAO+H0 has been found mildly
in tension (∼ 2σ) [10, 11] with that from observa-
tions of metal-poor extragalactic H II regions [83–
88], we find constraints on Yp consistent to within 1σ
with these observations. This is mainly due to the
strong negative correlation between Yp and Neff (as
reported in [10, 11, 14] and detailed in Sec. I). For
instance, Aver, Olive, & Skillman (2011) [83] deter-
mine Yp = 0.2534 ± 0.0083 via an MCMC analysis
that accounts for both statistical and systematic un-
certainties, which agrees with Yp = 0.277 ± 0.037 in
”vanilla+Neff+Yp” and with Yp = 0.261 ± 0.039 in
”vanilla+Neff+

∑

mν+Yp.”
Moreover, when Neff and

∑

mν are analyzed in a
joint setting, we find that the data is both consistent
with higher values of Ωch2 = 0.13 ± 0.01 and lower
values of σ8 = 0.80 ± 0.05, which perfectly agrees
with low-redshift measurements of σ8 from the abun-
dance of clusters [89–93] (as also noted in Ref. [11]).
This is because the amount of suppression in mat-
ter clustering by the free-streaming of light neutrinos
increases with mass [2, 94–96], which gives a large
anti-correlation between

∑

mν and σ8, an example of
which can be seen in Fig. 1.

2. Relaxing the inflation prior on {Ωk, dns/d ln k}

Let us now relax the strong inflation prior on the
curvature of the universe and running of the spec-
tral index by considering the parameter combination
”vanilla+Neff+

∑

mν+dns/d lnk+Ωk” in Table III.
Here, Neff becomes increasingly consistent with the

canonical value at 1.2σ (down from 2.2σ), mainly as
a result of the anti-correlation with dns/d ln k, which
also brings the tilt down to ns = 0.978± 0.015 (from
ns = 0.987±0.013). Further, we find that the correla-
tion between

∑

mν and Ωk degrades the upper bound
on the sum of neutrino masses by close to a factor of 2
to

∑

mν < 1.2 eV (95% CL). As a consequence of the
well known anti-correlation with the sum of neutrino
masses, which increases when relaxing the strong in-
flation prior, the amplitude of matter fluctuations is
seen to prefer smaller values at σ8 = 0.768± 0.070 (as
compared to σ8 = 0.798± 0.053 when dns/d lnk and
Ωk are held fixed).
However, as the strong inflation prior is relaxed,



Summary

Given WMAP7+SPT+BAO+HST+SNe, explored dependence 
of constraints on Neff and ∑mν on underlying cosmology.

In combined analysis with the mass, Neff > 3 at 2.2σ. This 
becomes consistent with Neff = 3 at 1σ in extended spaces.

The neutrino mass bound degrades from 0.45 eV (95% CL) 
to 1.0 eV when curvature included, and down to 1.2 eV 
when DE, Neff, running also included. Further adding 
helium abundance and EDE degrades bound to 2.0 eV.

In extensions of cosmological model, σ8 consistent with 
cluster abundances at 1σ, Yp consistent with Hii regions 
at 1σ, and spectral index consistent with unity at 1-2 σ.



Agenda
Signatures of neutrinos

Neutrino constraints in extended spaces

Massive Sterile neutrinos

Neutrino forecast



Massive Sterile Neutrinos in the 
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FIG. 1: 2D marginalized 68%, 95% and 99% credible regions
for the neutrino mass and thermally excited number of degrees
of freedom Ns. Top: The 3 + Ns scheme, in which ordinary
neutrinos have mν = 0, while sterile states have a common
mass scale ms. Bottom: The Ns +3 scheme, where the sterile
states are taken to be massless ms = 0, and 3.046 species of
ordinary neutrinos have a common mass mν .

trino mixing and mass parameters. Another possibility
is the presence of a small lepton asymmetry, which can
reduce the thermalization efficiency [34, 35]. Yet another
option is that the oscillation data are explained by 1 ster-
ile state plus new interactions [28]. Still, for reference we
provide mass bounds in Table II for the cases of Ns = 1
or 2 exactly, besides the variable Ns.
Discussion.—Allowing for extra radiation as a cos-

mological fit parameter, current cosmological data favor
additional radiation compatible with recent hints from
BBN. Assuming ordinary neutrinos to have a common
mass mν and the extra radiation to be massless, evidence
for Ns > 0 exceeds 95%, whereas the most constraining
upper limit comes from BBN. With currently favored 4He
and D abundances, it would be difficult to accommodate
two fully thermalized additional neutrino states.
The usual degeneracy between extra radiation and the

ordinary neutrino mass (Figure 1) weakens the neutrino
mass limits, with 1D credible intervals given in Table II.
However, it is more interesting to assume essentially

massless standard neutrinos and attribute a possible

TABLE II: 1D marginalized bounds on Ns and neutrino
masses. In rows 3–6 we have used Ns = 1 or 2 exactly. Two-
tailed limits are minimal credible intervals.

Scenario Range for Ns Range for ms or mν

68% 95% 68% 95%

3 +Ns 0.39–2.21 < 3.10 0.01–0.34 eV < 0.66 eV

Ns + 3 0.83–2.77 0.05–3.75 < 0.22 eV < 0.42 eV

2+3 — — < 0.20 eV < 0.30 eV

3+2 — — < 0.29 eV < 0.45 eV

1+3 — — < 0.16 eV < 0.24 eV

3+1 — — < 0.35 eV < 0.48 eV

Including supernova data (mlcs2k2):

3 +Ns 1.24–3.36 0.26–4.31 0.17–0.47 eV 0.09–0.64 eV

Including supernova data (salt-ii):

3 +Ns 0.02–1.54 < 2.57 < 0.28 eV < 0.66 eV

TABLE III: BBN constraints on Ns, using Ns ≥ 0 as a prior.
Maximum of the marginalised posterior and minimal 95%
credible interval (C.I.).

Data Posterior max 95% C.I.

Y IT
p +(D/H)p 0.68 0.01–1.39

Y A
p +(D/H)p 0.69 < 2.42

(D/H)p+ωCMB
b 0.49 < 2.12

mass to sterile neutrinos (3+Ns scenario). If we assume
Ns = 1, the 95% allowed mass range is ms < 0.48 eV. For
Ns = 2 it is 0.45 eV (Table II), although this case would
be disfavored by BBN. For Ns < 1, the 2D marginalized
posterior probability distribution has a long tail so that
ms

>
∼ 1 eV is marginally allowed: the fewer sterile states

there are, the larger the mass they can possess.
The relatively small masses favored by cosmology are

not assured to provide good fits to the short-baseline ap-
pearance experiments—in principle a combined analysis
as in Ref. [31] is desirable but complicated because of
the many parameters involved. Moreover, the degree of
thermalization of the additional states would have to be
considered in detail. Two fully thermalized states, cor-
responding to Ns = 2, are difficult to accommodate in
BBN even with the new helium abundances.

Our main message is that on present evidence, cos-
mology does not exclude sterile neutrinos if they are not
too heavy and thus do not contribute excessive amounts
of hot dark matter. Quite on the contrary, both BBN
and precision observations would happily welcome some
amount of additional radiation corresponding to around
one new thermal degree of freedom. Low-mass sterile
neutrinos are one natural possibility.
Low-mass sterile neutrinos mixed with active ones can

strongly modify the neutrino signal from a core-collapse
SN and r-process nucleosynthesis in the neutrino-driven
wind [21, 45–48]. These effects should be studied in the

Hamann et al 2010

WMAP7+acbar
+quad+bicep
+P(k)+HST

cosmology does not exclude sterile 
neutrinos if they are not too massive.

Hamann et al 2011

Extended with w and Neff - 
Potentially larger masses allowed.

Let extra contributions to neff be 
massive instead of massless.



Are there sterile neutrinos at 
the eV scale?

4

LSND+MB(ν̄) vs rest appearance vs disapp.

old new old new

χ2
PG,3+2/dof 25.1/5 19.9/5 19.9/4 14.7/4

PG3+2 10−4 0.13% 5× 10−4 0.53%

χ2
PG,1+3+1/dof 19.6/5 16.0/5 14.4/4 10.6/4

PG1+3+1 0.14% 0.7% 0.6% 3%

Table III: Compatibility of data sets [23] for 3+2 and 1+3+1
oscillations using old and new reactor fluxes.

data, although in this case the fit is slightly worse than
a fit to appearance data only (dashed histograms). Note
that MiniBooNE observes an event excess in the lower
part of the spectrum. This excess can be explained if only
appearance data are considered, but not in the global
analysis including disappearance searches [8]. Therefore,
we follow [19] and assume an alternative explanation for
this excess, e.g. [25]. In Tab. III we show the compat-
ibility of the LSND/MiniBooNE(ν̄) signal with the rest
of the data, as well as the compatibility of appearance
and disappearance searches using the PG test from [23].
Although the compatibility improves drastically when
changing from old to new reactor fluxes, the PG is still
below 1% for 3+2. This indicates that some tension be-
tween data sets remains. We considered also a “1+3+1”
scenario, in which one of the sterile mass eigenstates is
lighter than the three active ones and the other is heav-
ier [26]. As can be seen from Tabs. II and III the fit
of 1+3+1 is slightly better than 3+2, with ∆χ2 = 15.2
between 3+1 and 1+3+1 (99.6% CL for 4 dof). How-
ever, due to the larger total mass in neutrinos, a 1+3+1
ordering might be in more tension with cosmology than
a 3+2 scheme [27–29]. Fig. 5 shows the allowed regions
for the two eV-scale mass-squared differences for the 3+2
and 1+3+1 schemes.
Discussion. Let us comment briefly on other signatures

of eV sterile neutrinos. We have checked the fit of solar
neutrino data and the KamLAND reactor experiment,
and found excellent agreement. The effect of non-zero
values of Ue4 and Ue5 for these data are similar to the
one of Ue3 in the standard three-active neutrino case, and
hence the 3+2 best fit point mimics a non-zero Ue3 close
to the preferred value of these data, see [1, 2, 30]. The
MINOS long-baseline experiment has performed a search
for sterile neutrinos via neutral current (NC) measure-
ments [31]. We have estimated that the best fit points
reported in Tab. II lead to an increase of the χ2 of MINOS
NC data as well as χ2

PG
by a few units [30]. Radioactive

source measurements in Gallium solar neutrino experi-
ments report an event deficit which could be a manifes-
tation of electron neutrino disappearance due to eV-scale
sterile neutrinos [32]. Our best fit points fall in the range
of parameter values found in [32] capable to explain these
data. Finally, eV-scale sterile neutrinos may manifest
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Figure 5: The globally preferred regions for the neutrino
mass squared differences ∆m2

41 and ∆m2
51 in the 3+2 (upper

left) and 1+3+1 (lower right) scenarios.

themselves in cosmology. Recent studies [27–29] indicate
a slight preference for extra radiation content in the uni-
verse (mainly from CMB measurements) and one or two
sterile neutrino species with masses in the sub-eV range
might be acceptable. Big-Bang nucleosynthesis leads to
an upper bound on the number of extra neutrino species
of 1.2 at 95% CL [33], which may be a challenge for two-
sterile neutrino schemes, or indicate a deviation from the
standard cosmological picture.

In conclusion, we have shown that a global fit to short-
baseline oscillation searches assuming two sterile neutri-
nos improves significantly when new predictions for the
reactor neutrino flux are taken into account, although
some tension remains in the fit. We are thus facing an
intriguing accumulation of hints for the existence of ster-
ile neutrinos at the eV scale, and a confirmation of these
hints in the future would certainly be considered a major
discovery.
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New predictions for the anti-neutrino flux emitted by nuclear reactors suggest that reactor ex-
periments may have measured a deficit in the anti-neutrino flux, which can be interpreted in terms
of oscillations between the known active neutrinos and new sterile states. Motivated by this obser-
vation, we perform a re-analysis of global short-baseline neutrino oscillation data in a framework
with one or two sterile neutrinos. While one sterile neutrino is still not sufficient to reconcile the
signals suggested by reactor experiments and by the LSND and MiniBooNE experiments with null
results from other searches, we find that, with the new reactor flux prediction, the global fit improves
considerably when the existence of two sterile neutrinos is assumed.
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Introduction. By now a standard paradigm of neutrino
physics has emerged. A beautiful series of experiments
has established the phenomenon of neutrino oscillations.
Results from solar, atmospheric, reactor, and accelerator
neutrino experiments can be accommodated nicely by os-
cillations of the three neutrinos of the Standard Model,
the so-called “active” neutrinos, with mass-squared dif-
ferences of order 10−4 and 10−3 eV2, see [1, 2] for recent
fits and references. There are, however, a few exper-
imental results which cannot be explained within this
framework and seem to require additional neutrinos with
masses at the eV scale [3, 4]. Such neutrinos cannot
participate in the weak interactions due to collider con-
straints, and are therefore called “sterile” neutrinos.

Recently another hint for sterile neutrinos has emerged
from a re-evaluation of the expected anti-neutrino flux
emitted from nuclear reactors [5]. The new prediction is
about 3% higher than what was previously assumed [6].
If confirmed, this result would imply that all existing
neutrino oscillation searches at nuclear reactors have ob-
served a deficit of electron anti-neutrinos (ν̄e), which can
be interpreted in terms of oscillations at baselines of or-
der 10–100 m [7]. At typical reactor anti-neutrino ener-
gies of few MeV, standard oscillations of the three active
neutrinos require baselines of a least 1 km. Hence, the
“reactor anomaly” can only be accommodated if at least
one sterile neutrino with mass at the eV-scale or higher is
introduced. This is particularly intriguing because also
the long-standing “LSND anomaly” [3], as well as the
more recent MiniBooNE anti-neutrino results [4] suggest
the existence of a sterile neutrino in that mass range.

Previous phenomenological studies [8–10] have been
performed in a framework in which the standard three ac-
tive neutrino scenario is amended by adding one (“3+1”)
or two (“3+2”) sterile neutrinos with masses at the eV
scale. These studies came to the conclusion that an ex-
planation of the aforementioned anomalies within these
sterile neutrino scenarios is in conflict with various con-

∆m2
41 [eV2] |Ue4| ∆m2

51 [eV2] |Ue5| χ2/dof

3+1 1.78 0.151 50.1/67

3+2 0.46 0.108 0.89 0.124 46.5/65

Table I: Best fit points for the 3+1 and 3+2 scenarios from
reactor anti-neutrino data. The total number of data points
is 69 (Bugey3 spectra plus 9 SBL rate measurements; we have
omitted data from Chooz and Palo Verde, which are not very
sensitive to the model parameters, but would dilute the χ2 by
introducing 15 additional data points). For no oscillations we
have χ2/dof = 59.0/69.

straints from other neutrino oscillation searches at short
baselines (SBL), including also data from reactor exper-
iments. In this note we revisit 3+1 and 3+2 sterile neu-
trino oscillation schemes in the light of the new reactor
neutrino fluxes. We argue that one sterile neutrino is still
not sufficient to describe all data, whereas a 3+2 frame-
work is now in much better agreement with the data.

New reactor fluxes and fit of SBL reactors. Let us
first discuss the implications of the new reactor anti-
neutrino flux prediction for reactor data alone by an-
alyzing a set of SBL reactor experiments at baselines
L ! 100 m [7]. We include full spectral data from the
Bugey3 experiment [11] at 15, 40 and 95 m and take into
account the Bugey4 [12], ROVNO [13], Krasnoyarsk [14],
ILL [15], and Gösgen [16] experiments via the rate mea-
surements summarized in Table II of [7]. Furthermore
we include the Chooz [17] and Palo Verde [18] experi-
ments at L ! 1 km. We use the neutrino fluxes from the
isotopes 235U, 239Pu, 238U, 241Pu obtained in [5] and we
include the uncertainty on the integrated flux for each
isotope given in Table I of [7], correlated between all ex-
periments. For further technical details see [1].

We perform a fit to these data within the 3+1 and
3+2 sterile neutrino frameworks, where neutrino oscil-
lations for SBL reactor experiments depend on 2 and 4

= 0.47 eV2
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periments may have measured a deficit in the anti-neutrino flux, which can be interpreted in terms
of oscillations between the known active neutrinos and new sterile states. Motivated by this obser-
vation, we perform a re-analysis of global short-baseline neutrino oscillation data in a framework
with one or two sterile neutrinos. While one sterile neutrino is still not sufficient to reconcile the
signals suggested by reactor experiments and by the LSND and MiniBooNE experiments with null
results from other searches, we find that, with the new reactor flux prediction, the global fit improves
considerably when the existence of two sterile neutrinos is assumed.
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Introduction. By now a standard paradigm of neutrino
physics has emerged. A beautiful series of experiments
has established the phenomenon of neutrino oscillations.
Results from solar, atmospheric, reactor, and accelerator
neutrino experiments can be accommodated nicely by os-
cillations of the three neutrinos of the Standard Model,
the so-called “active” neutrinos, with mass-squared dif-
ferences of order 10−4 and 10−3 eV2, see [1, 2] for recent
fits and references. There are, however, a few exper-
imental results which cannot be explained within this
framework and seem to require additional neutrinos with
masses at the eV scale [3, 4]. Such neutrinos cannot
participate in the weak interactions due to collider con-
straints, and are therefore called “sterile” neutrinos.

Recently another hint for sterile neutrinos has emerged
from a re-evaluation of the expected anti-neutrino flux
emitted from nuclear reactors [5]. The new prediction is
about 3% higher than what was previously assumed [6].
If confirmed, this result would imply that all existing
neutrino oscillation searches at nuclear reactors have ob-
served a deficit of electron anti-neutrinos (ν̄e), which can
be interpreted in terms of oscillations at baselines of or-
der 10–100 m [7]. At typical reactor anti-neutrino ener-
gies of few MeV, standard oscillations of the three active
neutrinos require baselines of a least 1 km. Hence, the
“reactor anomaly” can only be accommodated if at least
one sterile neutrino with mass at the eV-scale or higher is
introduced. This is particularly intriguing because also
the long-standing “LSND anomaly” [3], as well as the
more recent MiniBooNE anti-neutrino results [4] suggest
the existence of a sterile neutrino in that mass range.

Previous phenomenological studies [8–10] have been
performed in a framework in which the standard three ac-
tive neutrino scenario is amended by adding one (“3+1”)
or two (“3+2”) sterile neutrinos with masses at the eV
scale. These studies came to the conclusion that an ex-
planation of the aforementioned anomalies within these
sterile neutrino scenarios is in conflict with various con-

∆m2
41 [eV2] |Ue4| ∆m2

51 [eV2] |Ue5| χ2/dof

3+1 1.78 0.151 50.1/67

3+2 0.46 0.108 0.89 0.124 46.5/65

Table I: Best fit points for the 3+1 and 3+2 scenarios from
reactor anti-neutrino data. The total number of data points
is 69 (Bugey3 spectra plus 9 SBL rate measurements; we have
omitted data from Chooz and Palo Verde, which are not very
sensitive to the model parameters, but would dilute the χ2 by
introducing 15 additional data points). For no oscillations we
have χ2/dof = 59.0/69.

straints from other neutrino oscillation searches at short
baselines (SBL), including also data from reactor exper-
iments. In this note we revisit 3+1 and 3+2 sterile neu-
trino oscillation schemes in the light of the new reactor
neutrino fluxes. We argue that one sterile neutrino is still
not sufficient to describe all data, whereas a 3+2 frame-
work is now in much better agreement with the data.

New reactor fluxes and fit of SBL reactors. Let us
first discuss the implications of the new reactor anti-
neutrino flux prediction for reactor data alone by an-
alyzing a set of SBL reactor experiments at baselines
L ! 100 m [7]. We include full spectral data from the
Bugey3 experiment [11] at 15, 40 and 95 m and take into
account the Bugey4 [12], ROVNO [13], Krasnoyarsk [14],
ILL [15], and Gösgen [16] experiments via the rate mea-
surements summarized in Table II of [7]. Furthermore
we include the Chooz [17] and Palo Verde [18] experi-
ments at L ! 1 km. We use the neutrino fluxes from the
isotopes 235U, 239Pu, 238U, 241Pu obtained in [5] and we
include the uncertainty on the integrated flux for each
isotope given in Table I of [7], correlated between all ex-
periments. For further technical details see [1].

We perform a fit to these data within the 3+1 and
3+2 sterile neutrino frameworks, where neutrino oscil-
lations for SBL reactor experiments depend on 2 and 4

= 0.87 eV2
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New predictions for the anti-neutrino flux emitted by nuclear reactors suggest that reactor ex-
periments may have measured a deficit in the anti-neutrino flux, which can be interpreted in terms
of oscillations between the known active neutrinos and new sterile states. Motivated by this obser-
vation, we perform a re-analysis of global short-baseline neutrino oscillation data in a framework
with one or two sterile neutrinos. While one sterile neutrino is still not sufficient to reconcile the
signals suggested by reactor experiments and by the LSND and MiniBooNE experiments with null
results from other searches, we find that, with the new reactor flux prediction, the global fit improves
considerably when the existence of two sterile neutrinos is assumed.
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Introduction. By now a standard paradigm of neutrino
physics has emerged. A beautiful series of experiments
has established the phenomenon of neutrino oscillations.
Results from solar, atmospheric, reactor, and accelerator
neutrino experiments can be accommodated nicely by os-
cillations of the three neutrinos of the Standard Model,
the so-called “active” neutrinos, with mass-squared dif-
ferences of order 10−4 and 10−3 eV2, see [1, 2] for recent
fits and references. There are, however, a few exper-
imental results which cannot be explained within this
framework and seem to require additional neutrinos with
masses at the eV scale [3, 4]. Such neutrinos cannot
participate in the weak interactions due to collider con-
straints, and are therefore called “sterile” neutrinos.

Recently another hint for sterile neutrinos has emerged
from a re-evaluation of the expected anti-neutrino flux
emitted from nuclear reactors [5]. The new prediction is
about 3% higher than what was previously assumed [6].
If confirmed, this result would imply that all existing
neutrino oscillation searches at nuclear reactors have ob-
served a deficit of electron anti-neutrinos (ν̄e), which can
be interpreted in terms of oscillations at baselines of or-
der 10–100 m [7]. At typical reactor anti-neutrino ener-
gies of few MeV, standard oscillations of the three active
neutrinos require baselines of a least 1 km. Hence, the
“reactor anomaly” can only be accommodated if at least
one sterile neutrino with mass at the eV-scale or higher is
introduced. This is particularly intriguing because also
the long-standing “LSND anomaly” [3], as well as the
more recent MiniBooNE anti-neutrino results [4] suggest
the existence of a sterile neutrino in that mass range.

Previous phenomenological studies [8–10] have been
performed in a framework in which the standard three ac-
tive neutrino scenario is amended by adding one (“3+1”)
or two (“3+2”) sterile neutrinos with masses at the eV
scale. These studies came to the conclusion that an ex-
planation of the aforementioned anomalies within these
sterile neutrino scenarios is in conflict with various con-

∆m2
41 [eV2] |Ue4| ∆m2

51 [eV2] |Ue5| χ2/dof

3+1 1.78 0.151 50.1/67

3+2 0.46 0.108 0.89 0.124 46.5/65

Table I: Best fit points for the 3+1 and 3+2 scenarios from
reactor anti-neutrino data. The total number of data points
is 69 (Bugey3 spectra plus 9 SBL rate measurements; we have
omitted data from Chooz and Palo Verde, which are not very
sensitive to the model parameters, but would dilute the χ2 by
introducing 15 additional data points). For no oscillations we
have χ2/dof = 59.0/69.

straints from other neutrino oscillation searches at short
baselines (SBL), including also data from reactor exper-
iments. In this note we revisit 3+1 and 3+2 sterile neu-
trino oscillation schemes in the light of the new reactor
neutrino fluxes. We argue that one sterile neutrino is still
not sufficient to describe all data, whereas a 3+2 frame-
work is now in much better agreement with the data.

New reactor fluxes and fit of SBL reactors. Let us
first discuss the implications of the new reactor anti-
neutrino flux prediction for reactor data alone by an-
alyzing a set of SBL reactor experiments at baselines
L ! 100 m [7]. We include full spectral data from the
Bugey3 experiment [11] at 15, 40 and 95 m and take into
account the Bugey4 [12], ROVNO [13], Krasnoyarsk [14],
ILL [15], and Gösgen [16] experiments via the rate mea-
surements summarized in Table II of [7]. Furthermore
we include the Chooz [17] and Palo Verde [18] experi-
ments at L ! 1 km. We use the neutrino fluxes from the
isotopes 235U, 239Pu, 238U, 241Pu obtained in [5] and we
include the uncertainty on the integrated flux for each
isotope given in Table I of [7], correlated between all ex-
periments. For further technical details see [1].

We perform a fit to these data within the 3+1 and
3+2 sterile neutrino frameworks, where neutrino oscil-
lations for SBL reactor experiments depend on 2 and 4

= 0.47 eV2
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Introduction. By now a standard paradigm of neutrino
physics has emerged. A beautiful series of experiments
has established the phenomenon of neutrino oscillations.
Results from solar, atmospheric, reactor, and accelerator
neutrino experiments can be accommodated nicely by os-
cillations of the three neutrinos of the Standard Model,
the so-called “active” neutrinos, with mass-squared dif-
ferences of order 10−4 and 10−3 eV2, see [1, 2] for recent
fits and references. There are, however, a few exper-
imental results which cannot be explained within this
framework and seem to require additional neutrinos with
masses at the eV scale [3, 4]. Such neutrinos cannot
participate in the weak interactions due to collider con-
straints, and are therefore called “sterile” neutrinos.

Recently another hint for sterile neutrinos has emerged
from a re-evaluation of the expected anti-neutrino flux
emitted from nuclear reactors [5]. The new prediction is
about 3% higher than what was previously assumed [6].
If confirmed, this result would imply that all existing
neutrino oscillation searches at nuclear reactors have ob-
served a deficit of electron anti-neutrinos (ν̄e), which can
be interpreted in terms of oscillations at baselines of or-
der 10–100 m [7]. At typical reactor anti-neutrino ener-
gies of few MeV, standard oscillations of the three active
neutrinos require baselines of a least 1 km. Hence, the
“reactor anomaly” can only be accommodated if at least
one sterile neutrino with mass at the eV-scale or higher is
introduced. This is particularly intriguing because also
the long-standing “LSND anomaly” [3], as well as the
more recent MiniBooNE anti-neutrino results [4] suggest
the existence of a sterile neutrino in that mass range.

Previous phenomenological studies [8–10] have been
performed in a framework in which the standard three ac-
tive neutrino scenario is amended by adding one (“3+1”)
or two (“3+2”) sterile neutrinos with masses at the eV
scale. These studies came to the conclusion that an ex-
planation of the aforementioned anomalies within these
sterile neutrino scenarios is in conflict with various con-

∆m2
41 [eV2] |Ue4| ∆m2

51 [eV2] |Ue5| χ2/dof

3+1 1.78 0.151 50.1/67

3+2 0.46 0.108 0.89 0.124 46.5/65

Table I: Best fit points for the 3+1 and 3+2 scenarios from
reactor anti-neutrino data. The total number of data points
is 69 (Bugey3 spectra plus 9 SBL rate measurements; we have
omitted data from Chooz and Palo Verde, which are not very
sensitive to the model parameters, but would dilute the χ2 by
introducing 15 additional data points). For no oscillations we
have χ2/dof = 59.0/69.

straints from other neutrino oscillation searches at short
baselines (SBL), including also data from reactor exper-
iments. In this note we revisit 3+1 and 3+2 sterile neu-
trino oscillation schemes in the light of the new reactor
neutrino fluxes. We argue that one sterile neutrino is still
not sufficient to describe all data, whereas a 3+2 frame-
work is now in much better agreement with the data.

New reactor fluxes and fit of SBL reactors. Let us
first discuss the implications of the new reactor anti-
neutrino flux prediction for reactor data alone by an-
alyzing a set of SBL reactor experiments at baselines
L ! 100 m [7]. We include full spectral data from the
Bugey3 experiment [11] at 15, 40 and 95 m and take into
account the Bugey4 [12], ROVNO [13], Krasnoyarsk [14],
ILL [15], and Gösgen [16] experiments via the rate mea-
surements summarized in Table II of [7]. Furthermore
we include the Chooz [17] and Palo Verde [18] experi-
ments at L ! 1 km. We use the neutrino fluxes from the
isotopes 235U, 239Pu, 238U, 241Pu obtained in [5] and we
include the uncertainty on the integrated flux for each
isotope given in Table I of [7], correlated between all ex-
periments. For further technical details see [1].

We perform a fit to these data within the 3+1 and
3+2 sterile neutrino frameworks, where neutrino oscil-
lations for SBL reactor experiments depend on 2 and 4

= 0.87 eV2
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Introduction. By now a standard paradigm of neutrino
physics has emerged. A beautiful series of experiments
has established the phenomenon of neutrino oscillations.
Results from solar, atmospheric, reactor, and accelerator
neutrino experiments can be accommodated nicely by os-
cillations of the three neutrinos of the Standard Model,
the so-called “active” neutrinos, with mass-squared dif-
ferences of order 10−4 and 10−3 eV2, see [1, 2] for recent
fits and references. There are, however, a few exper-
imental results which cannot be explained within this
framework and seem to require additional neutrinos with
masses at the eV scale [3, 4]. Such neutrinos cannot
participate in the weak interactions due to collider con-
straints, and are therefore called “sterile” neutrinos.

Recently another hint for sterile neutrinos has emerged
from a re-evaluation of the expected anti-neutrino flux
emitted from nuclear reactors [5]. The new prediction is
about 3% higher than what was previously assumed [6].
If confirmed, this result would imply that all existing
neutrino oscillation searches at nuclear reactors have ob-
served a deficit of electron anti-neutrinos (ν̄e), which can
be interpreted in terms of oscillations at baselines of or-
der 10–100 m [7]. At typical reactor anti-neutrino ener-
gies of few MeV, standard oscillations of the three active
neutrinos require baselines of a least 1 km. Hence, the
“reactor anomaly” can only be accommodated if at least
one sterile neutrino with mass at the eV-scale or higher is
introduced. This is particularly intriguing because also
the long-standing “LSND anomaly” [3], as well as the
more recent MiniBooNE anti-neutrino results [4] suggest
the existence of a sterile neutrino in that mass range.

Previous phenomenological studies [8–10] have been
performed in a framework in which the standard three ac-
tive neutrino scenario is amended by adding one (“3+1”)
or two (“3+2”) sterile neutrinos with masses at the eV
scale. These studies came to the conclusion that an ex-
planation of the aforementioned anomalies within these
sterile neutrino scenarios is in conflict with various con-

∆m2
41 [eV2] |Ue4| ∆m2

51 [eV2] |Ue5| χ2/dof

3+1 1.78 0.151 50.1/67

3+2 0.46 0.108 0.89 0.124 46.5/65

Table I: Best fit points for the 3+1 and 3+2 scenarios from
reactor anti-neutrino data. The total number of data points
is 69 (Bugey3 spectra plus 9 SBL rate measurements; we have
omitted data from Chooz and Palo Verde, which are not very
sensitive to the model parameters, but would dilute the χ2 by
introducing 15 additional data points). For no oscillations we
have χ2/dof = 59.0/69.

straints from other neutrino oscillation searches at short
baselines (SBL), including also data from reactor exper-
iments. In this note we revisit 3+1 and 3+2 sterile neu-
trino oscillation schemes in the light of the new reactor
neutrino fluxes. We argue that one sterile neutrino is still
not sufficient to describe all data, whereas a 3+2 frame-
work is now in much better agreement with the data.

New reactor fluxes and fit of SBL reactors. Let us
first discuss the implications of the new reactor anti-
neutrino flux prediction for reactor data alone by an-
alyzing a set of SBL reactor experiments at baselines
L ! 100 m [7]. We include full spectral data from the
Bugey3 experiment [11] at 15, 40 and 95 m and take into
account the Bugey4 [12], ROVNO [13], Krasnoyarsk [14],
ILL [15], and Gösgen [16] experiments via the rate mea-
surements summarized in Table II of [7]. Furthermore
we include the Chooz [17] and Palo Verde [18] experi-
ments at L ! 1 km. We use the neutrino fluxes from the
isotopes 235U, 239Pu, 238U, 241Pu obtained in [5] and we
include the uncertainty on the integrated flux for each
isotope given in Table I of [7], correlated between all ex-
periments. For further technical details see [1].

We perform a fit to these data within the 3+1 and
3+2 sterile neutrino frameworks, where neutrino oscil-
lations for SBL reactor experiments depend on 2 and 4

= 1.78 eV2

Minimal ΛCDM:
Δχ2 = 24.7 Δχ2 = 22.6 

curved wCDM:

Δχ2 = 12.0 Δχ2 = 9.3 

Minimal ΛCDM:

curved wCDM:



Use Kopp et al 2011 as prior: CMB 2

FIG. 1. Left: CMB temperature power spectrum measurements with WMAP7 (orange) and SPT (blue). The ΛCDM
model without sterile neutrinos is shown with the solid (black) line, and the ΛCDM model with 2 sterile neutrinos is
shown in dashed (red). Right: Assuming the ΛCDM model is centered on the DR7 data, with error bars given by the
shaded band (in blue), we show the absolute difference with our sterile neutrino model in solid (red).

in a vanilla ΛCDM model, along with the dark energy
equation of state and curvature density in extended
parameter spaces.
We describe our analysis method in Section 2. In

Section 3, we provide constraints on a ΛCDM model
with three massless active neutrinos and two massive
sterile neutrinos, then follow up with successive addi-
tions of a constant dark energy equation of state, uni-
versal curvature, running of the spectral index, and
primordial helium abundance (all parameters defined
in Table I). Section 4 concludes with a discussion of
our findings.

II. METHODOLOGY

We employed a modified version of CosmoMC [82,
83] in performing Markov Chain Monte Carlo
(MCMC) analyses of parameter spaces with sterile
neutrinos, using CMB data from WMAP7 [16] and
SPT [23], luminous red galaxy power spectrum mea-
surements from SDSS DR7 [53], the Hubble constant
from HST [24], and SN distances from either the
Union2 compilation [85] or the SDSS compilation [3].
The Union2 compilation consists of 557 SNe, which

includes large samples from SCP, SNLS, ESSENCE,
HST, and older data sets [85], while the SDSS
compilation consists of 288 SNe from SDSS, SNLS,
ESSENCE, HST, and a set of low-redshift SNe [3].
For the Union2 compilation, we considered the SALT2
light curve fitter [4], while for the SDSS compilation,
we considered both the MLCS [3, 5] and SALT2 fit-
ting methods. The two fitting methods make different
assumptions about the nature of color variations in
type Ia SNe and employ different ways in determining
model parameters (for further details, see Ref. [3]). At
present, there seems to be no consensus on which light
curve fitter is the most preferred (e.g. [6]), though ar-
guments have been presented in favor of SALT2 [85].

All parameters are defined in Table I. The CMB
temperature and E-mode polarization power spectra
were obtained from a modified version of the Boltz-
mann code CAMB [87, 88]. In determining the con-
vergence of our chains, we used the Gelman and Rubin
R statistic [86], where R is defined as the variance of
chain means divided by the mean of chain variances.
To stop the runs, we generally required the conserva-
tive limit (R − 1) < 10−2, and checked that further
exploration of the tails does not change our results.

In our baseline ΛCDM model, we include 3 mass-
less neutrinos. In this model, when allowing for
∑

mν > 0, we distribute the mass equally among
the three active neutrinos and treat additional con-
tributions to Neff as massless. We also consider an
expanded ΛCDM model that contains two sterile neu-
trinos in addition to the three active neutrinos of the
baseline model. The sterile neutrino masses are given
by the mass splittings with the lightest neutrino mass,
where m41 = 0.68 eV and m51 = 0.68 eV [1]. Gen-
erally, we keep the 3 active neutrinos massless, such
that m4 = m41 and m5 = m51. However, we also
consider the case where the lightest neutrino mass is
nonzero and degenerate with the other active neutri-
nos, such that m1 = m2 = m3 > 0. Here, we pre-
serve the mass splittings between the sterile neutrinos
and active neutrinos, such that m1 = m2 = m3 =
(
∑

mν −m41 −m51) /5, along with m4 = m41 +m1

and m5 = m51+m1. Additional contributions to Neff

are assumed massless.

As part of our analysis of extended parameter
spaces, we consider cases with the primordial fraction
of baryonic mass in helium Yp as an unknown param-
eter to be determined by the data. However, when we
do not allow the helium abundance to vary freely, we
fix it to the SPT preferred value of Yp = 0.2468 [2, 23].
We define the running of the spectral index via the di-
mensionless power spectrum of primordial curvature
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New predictions for the anti-neutrino flux emitted by nuclear reactors suggest that reactor ex-
periments may have measured a deficit in the anti-neutrino flux, which can be interpreted in terms
of oscillations between the known active neutrinos and new sterile states. Motivated by this obser-
vation, we perform a re-analysis of global short-baseline neutrino oscillation data in a framework
with one or two sterile neutrinos. While one sterile neutrino is still not sufficient to reconcile the
signals suggested by reactor experiments and by the LSND and MiniBooNE experiments with null
results from other searches, we find that, with the new reactor flux prediction, the global fit improves
considerably when the existence of two sterile neutrinos is assumed.

PACS numbers: 14.60.Pq, 14.60.St

Introduction. By now a standard paradigm of neutrino
physics has emerged. A beautiful series of experiments
has established the phenomenon of neutrino oscillations.
Results from solar, atmospheric, reactor, and accelerator
neutrino experiments can be accommodated nicely by os-
cillations of the three neutrinos of the Standard Model,
the so-called “active” neutrinos, with mass-squared dif-
ferences of order 10−4 and 10−3 eV2, see [1, 2] for recent
fits and references. There are, however, a few exper-
imental results which cannot be explained within this
framework and seem to require additional neutrinos with
masses at the eV scale [3, 4]. Such neutrinos cannot
participate in the weak interactions due to collider con-
straints, and are therefore called “sterile” neutrinos.

Recently another hint for sterile neutrinos has emerged
from a re-evaluation of the expected anti-neutrino flux
emitted from nuclear reactors [5]. The new prediction is
about 3% higher than what was previously assumed [6].
If confirmed, this result would imply that all existing
neutrino oscillation searches at nuclear reactors have ob-
served a deficit of electron anti-neutrinos (ν̄e), which can
be interpreted in terms of oscillations at baselines of or-
der 10–100 m [7]. At typical reactor anti-neutrino ener-
gies of few MeV, standard oscillations of the three active
neutrinos require baselines of a least 1 km. Hence, the
“reactor anomaly” can only be accommodated if at least
one sterile neutrino with mass at the eV-scale or higher is
introduced. This is particularly intriguing because also
the long-standing “LSND anomaly” [3], as well as the
more recent MiniBooNE anti-neutrino results [4] suggest
the existence of a sterile neutrino in that mass range.

Previous phenomenological studies [8–10] have been
performed in a framework in which the standard three ac-
tive neutrino scenario is amended by adding one (“3+1”)
or two (“3+2”) sterile neutrinos with masses at the eV
scale. These studies came to the conclusion that an ex-
planation of the aforementioned anomalies within these
sterile neutrino scenarios is in conflict with various con-

∆m2
41 [eV2] |Ue4| ∆m2

51 [eV2] |Ue5| χ2/dof

3+1 1.78 0.151 50.1/67

3+2 0.46 0.108 0.89 0.124 46.5/65

Table I: Best fit points for the 3+1 and 3+2 scenarios from
reactor anti-neutrino data. The total number of data points
is 69 (Bugey3 spectra plus 9 SBL rate measurements; we have
omitted data from Chooz and Palo Verde, which are not very
sensitive to the model parameters, but would dilute the χ2 by
introducing 15 additional data points). For no oscillations we
have χ2/dof = 59.0/69.

straints from other neutrino oscillation searches at short
baselines (SBL), including also data from reactor exper-
iments. In this note we revisit 3+1 and 3+2 sterile neu-
trino oscillation schemes in the light of the new reactor
neutrino fluxes. We argue that one sterile neutrino is still
not sufficient to describe all data, whereas a 3+2 frame-
work is now in much better agreement with the data.

New reactor fluxes and fit of SBL reactors. Let us
first discuss the implications of the new reactor anti-
neutrino flux prediction for reactor data alone by an-
alyzing a set of SBL reactor experiments at baselines
L ! 100 m [7]. We include full spectral data from the
Bugey3 experiment [11] at 15, 40 and 95 m and take into
account the Bugey4 [12], ROVNO [13], Krasnoyarsk [14],
ILL [15], and Gösgen [16] experiments via the rate mea-
surements summarized in Table II of [7]. Furthermore
we include the Chooz [17] and Palo Verde [18] experi-
ments at L ! 1 km. We use the neutrino fluxes from the
isotopes 235U, 239Pu, 238U, 241Pu obtained in [5] and we
include the uncertainty on the integrated flux for each
isotope given in Table I of [7], correlated between all ex-
periments. For further technical details see [1].

We perform a fit to these data within the 3+1 and
3+2 sterile neutrino frameworks, where neutrino oscil-
lations for SBL reactor experiments depend on 2 and 4

= 0.47 eV2
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New predictions for the anti-neutrino flux emitted by nuclear reactors suggest that reactor ex-
periments may have measured a deficit in the anti-neutrino flux, which can be interpreted in terms
of oscillations between the known active neutrinos and new sterile states. Motivated by this obser-
vation, we perform a re-analysis of global short-baseline neutrino oscillation data in a framework
with one or two sterile neutrinos. While one sterile neutrino is still not sufficient to reconcile the
signals suggested by reactor experiments and by the LSND and MiniBooNE experiments with null
results from other searches, we find that, with the new reactor flux prediction, the global fit improves
considerably when the existence of two sterile neutrinos is assumed.

PACS numbers: 14.60.Pq, 14.60.St

Introduction. By now a standard paradigm of neutrino
physics has emerged. A beautiful series of experiments
has established the phenomenon of neutrino oscillations.
Results from solar, atmospheric, reactor, and accelerator
neutrino experiments can be accommodated nicely by os-
cillations of the three neutrinos of the Standard Model,
the so-called “active” neutrinos, with mass-squared dif-
ferences of order 10−4 and 10−3 eV2, see [1, 2] for recent
fits and references. There are, however, a few exper-
imental results which cannot be explained within this
framework and seem to require additional neutrinos with
masses at the eV scale [3, 4]. Such neutrinos cannot
participate in the weak interactions due to collider con-
straints, and are therefore called “sterile” neutrinos.

Recently another hint for sterile neutrinos has emerged
from a re-evaluation of the expected anti-neutrino flux
emitted from nuclear reactors [5]. The new prediction is
about 3% higher than what was previously assumed [6].
If confirmed, this result would imply that all existing
neutrino oscillation searches at nuclear reactors have ob-
served a deficit of electron anti-neutrinos (ν̄e), which can
be interpreted in terms of oscillations at baselines of or-
der 10–100 m [7]. At typical reactor anti-neutrino ener-
gies of few MeV, standard oscillations of the three active
neutrinos require baselines of a least 1 km. Hence, the
“reactor anomaly” can only be accommodated if at least
one sterile neutrino with mass at the eV-scale or higher is
introduced. This is particularly intriguing because also
the long-standing “LSND anomaly” [3], as well as the
more recent MiniBooNE anti-neutrino results [4] suggest
the existence of a sterile neutrino in that mass range.

Previous phenomenological studies [8–10] have been
performed in a framework in which the standard three ac-
tive neutrino scenario is amended by adding one (“3+1”)
or two (“3+2”) sterile neutrinos with masses at the eV
scale. These studies came to the conclusion that an ex-
planation of the aforementioned anomalies within these
sterile neutrino scenarios is in conflict with various con-

∆m2
41 [eV2] |Ue4| ∆m2

51 [eV2] |Ue5| χ2/dof

3+1 1.78 0.151 50.1/67

3+2 0.46 0.108 0.89 0.124 46.5/65

Table I: Best fit points for the 3+1 and 3+2 scenarios from
reactor anti-neutrino data. The total number of data points
is 69 (Bugey3 spectra plus 9 SBL rate measurements; we have
omitted data from Chooz and Palo Verde, which are not very
sensitive to the model parameters, but would dilute the χ2 by
introducing 15 additional data points). For no oscillations we
have χ2/dof = 59.0/69.

straints from other neutrino oscillation searches at short
baselines (SBL), including also data from reactor exper-
iments. In this note we revisit 3+1 and 3+2 sterile neu-
trino oscillation schemes in the light of the new reactor
neutrino fluxes. We argue that one sterile neutrino is still
not sufficient to describe all data, whereas a 3+2 frame-
work is now in much better agreement with the data.

New reactor fluxes and fit of SBL reactors. Let us
first discuss the implications of the new reactor anti-
neutrino flux prediction for reactor data alone by an-
alyzing a set of SBL reactor experiments at baselines
L ! 100 m [7]. We include full spectral data from the
Bugey3 experiment [11] at 15, 40 and 95 m and take into
account the Bugey4 [12], ROVNO [13], Krasnoyarsk [14],
ILL [15], and Gösgen [16] experiments via the rate mea-
surements summarized in Table II of [7]. Furthermore
we include the Chooz [17] and Palo Verde [18] experi-
ments at L ! 1 km. We use the neutrino fluxes from the
isotopes 235U, 239Pu, 238U, 241Pu obtained in [5] and we
include the uncertainty on the integrated flux for each
isotope given in Table I of [7], correlated between all ex-
periments. For further technical details see [1].

We perform a fit to these data within the 3+1 and
3+2 sterile neutrino frameworks, where neutrino oscil-
lations for SBL reactor experiments depend on 2 and 4

= 0.87 eV2

Joudaki et al 2012 
(in prep)
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FIG. 1. Left: CMB temperature power spectrum measurements with WMAP7 (orange) and SPT (blue). The ΛCDM
model without sterile neutrinos is shown with the solid (black) line, and the ΛCDM model with 2 sterile neutrinos is
shown in dashed (red). Right: Assuming the ΛCDM model is centered on the DR7 data, with error bars given by the
shaded band (in blue), we show the absolute difference with our sterile neutrino model in solid (red).

in a vanilla ΛCDM model, along with the dark energy
equation of state and curvature density in extended
parameter spaces.
We describe our analysis method in Section 2. In

Section 3, we provide constraints on a ΛCDM model
with three massless active neutrinos and two massive
sterile neutrinos, then follow up with successive addi-
tions of a constant dark energy equation of state, uni-
versal curvature, running of the spectral index, and
primordial helium abundance (all parameters defined
in Table I). Section 4 concludes with a discussion of
our findings.

II. METHODOLOGY

We employed a modified version of CosmoMC [82,
83] in performing Markov Chain Monte Carlo
(MCMC) analyses of parameter spaces with sterile
neutrinos, using CMB data from WMAP7 [16] and
SPT [23], luminous red galaxy power spectrum mea-
surements from SDSS DR7 [53], the Hubble constant
from HST [24], and SN distances from either the
Union2 compilation [85] or the SDSS compilation [3].
The Union2 compilation consists of 557 SNe, which

includes large samples from SCP, SNLS, ESSENCE,
HST, and older data sets [85], while the SDSS
compilation consists of 288 SNe from SDSS, SNLS,
ESSENCE, HST, and a set of low-redshift SNe [3].
For the Union2 compilation, we considered the SALT2
light curve fitter [4], while for the SDSS compilation,
we considered both the MLCS [3, 5] and SALT2 fit-
ting methods. The two fitting methods make different
assumptions about the nature of color variations in
type Ia SNe and employ different ways in determining
model parameters (for further details, see Ref. [3]). At
present, there seems to be no consensus on which light
curve fitter is the most preferred (e.g. [6]), though ar-
guments have been presented in favor of SALT2 [85].

All parameters are defined in Table I. The CMB
temperature and E-mode polarization power spectra
were obtained from a modified version of the Boltz-
mann code CAMB [87, 88]. In determining the con-
vergence of our chains, we used the Gelman and Rubin
R statistic [86], where R is defined as the variance of
chain means divided by the mean of chain variances.
To stop the runs, we generally required the conserva-
tive limit (R − 1) < 10−2, and checked that further
exploration of the tails does not change our results.

In our baseline ΛCDM model, we include 3 mass-
less neutrinos. In this model, when allowing for
∑

mν > 0, we distribute the mass equally among
the three active neutrinos and treat additional con-
tributions to Neff as massless. We also consider an
expanded ΛCDM model that contains two sterile neu-
trinos in addition to the three active neutrinos of the
baseline model. The sterile neutrino masses are given
by the mass splittings with the lightest neutrino mass,
where m41 = 0.68 eV and m51 = 0.68 eV [1]. Gen-
erally, we keep the 3 active neutrinos massless, such
that m4 = m41 and m5 = m51. However, we also
consider the case where the lightest neutrino mass is
nonzero and degenerate with the other active neutri-
nos, such that m1 = m2 = m3 > 0. Here, we pre-
serve the mass splittings between the sterile neutrinos
and active neutrinos, such that m1 = m2 = m3 =
(
∑

mν −m41 −m51) /5, along with m4 = m41 +m1

and m5 = m51+m1. Additional contributions to Neff

are assumed massless.

As part of our analysis of extended parameter
spaces, we consider cases with the primordial fraction
of baryonic mass in helium Yp as an unknown param-
eter to be determined by the data. However, when we
do not allow the helium abundance to vary freely, we
fix it to the SPT preferred value of Yp = 0.2468 [2, 23].
We define the running of the spectral index via the di-
mensionless power spectrum of primordial curvature
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New predictions for the anti-neutrino flux emitted by nuclear reactors suggest that reactor ex-
periments may have measured a deficit in the anti-neutrino flux, which can be interpreted in terms
of oscillations between the known active neutrinos and new sterile states. Motivated by this obser-
vation, we perform a re-analysis of global short-baseline neutrino oscillation data in a framework
with one or two sterile neutrinos. While one sterile neutrino is still not sufficient to reconcile the
signals suggested by reactor experiments and by the LSND and MiniBooNE experiments with null
results from other searches, we find that, with the new reactor flux prediction, the global fit improves
considerably when the existence of two sterile neutrinos is assumed.

PACS numbers: 14.60.Pq, 14.60.St

Introduction. By now a standard paradigm of neutrino
physics has emerged. A beautiful series of experiments
has established the phenomenon of neutrino oscillations.
Results from solar, atmospheric, reactor, and accelerator
neutrino experiments can be accommodated nicely by os-
cillations of the three neutrinos of the Standard Model,
the so-called “active” neutrinos, with mass-squared dif-
ferences of order 10−4 and 10−3 eV2, see [1, 2] for recent
fits and references. There are, however, a few exper-
imental results which cannot be explained within this
framework and seem to require additional neutrinos with
masses at the eV scale [3, 4]. Such neutrinos cannot
participate in the weak interactions due to collider con-
straints, and are therefore called “sterile” neutrinos.

Recently another hint for sterile neutrinos has emerged
from a re-evaluation of the expected anti-neutrino flux
emitted from nuclear reactors [5]. The new prediction is
about 3% higher than what was previously assumed [6].
If confirmed, this result would imply that all existing
neutrino oscillation searches at nuclear reactors have ob-
served a deficit of electron anti-neutrinos (ν̄e), which can
be interpreted in terms of oscillations at baselines of or-
der 10–100 m [7]. At typical reactor anti-neutrino ener-
gies of few MeV, standard oscillations of the three active
neutrinos require baselines of a least 1 km. Hence, the
“reactor anomaly” can only be accommodated if at least
one sterile neutrino with mass at the eV-scale or higher is
introduced. This is particularly intriguing because also
the long-standing “LSND anomaly” [3], as well as the
more recent MiniBooNE anti-neutrino results [4] suggest
the existence of a sterile neutrino in that mass range.

Previous phenomenological studies [8–10] have been
performed in a framework in which the standard three ac-
tive neutrino scenario is amended by adding one (“3+1”)
or two (“3+2”) sterile neutrinos with masses at the eV
scale. These studies came to the conclusion that an ex-
planation of the aforementioned anomalies within these
sterile neutrino scenarios is in conflict with various con-

∆m2
41 [eV2] |Ue4| ∆m2

51 [eV2] |Ue5| χ2/dof

3+1 1.78 0.151 50.1/67

3+2 0.46 0.108 0.89 0.124 46.5/65

Table I: Best fit points for the 3+1 and 3+2 scenarios from
reactor anti-neutrino data. The total number of data points
is 69 (Bugey3 spectra plus 9 SBL rate measurements; we have
omitted data from Chooz and Palo Verde, which are not very
sensitive to the model parameters, but would dilute the χ2 by
introducing 15 additional data points). For no oscillations we
have χ2/dof = 59.0/69.

straints from other neutrino oscillation searches at short
baselines (SBL), including also data from reactor exper-
iments. In this note we revisit 3+1 and 3+2 sterile neu-
trino oscillation schemes in the light of the new reactor
neutrino fluxes. We argue that one sterile neutrino is still
not sufficient to describe all data, whereas a 3+2 frame-
work is now in much better agreement with the data.

New reactor fluxes and fit of SBL reactors. Let us
first discuss the implications of the new reactor anti-
neutrino flux prediction for reactor data alone by an-
alyzing a set of SBL reactor experiments at baselines
L ! 100 m [7]. We include full spectral data from the
Bugey3 experiment [11] at 15, 40 and 95 m and take into
account the Bugey4 [12], ROVNO [13], Krasnoyarsk [14],
ILL [15], and Gösgen [16] experiments via the rate mea-
surements summarized in Table II of [7]. Furthermore
we include the Chooz [17] and Palo Verde [18] experi-
ments at L ! 1 km. We use the neutrino fluxes from the
isotopes 235U, 239Pu, 238U, 241Pu obtained in [5] and we
include the uncertainty on the integrated flux for each
isotope given in Table I of [7], correlated between all ex-
periments. For further technical details see [1].

We perform a fit to these data within the 3+1 and
3+2 sterile neutrino frameworks, where neutrino oscil-
lations for SBL reactor experiments depend on 2 and 4

= 0.47 eV2
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New predictions for the anti-neutrino flux emitted by nuclear reactors suggest that reactor ex-
periments may have measured a deficit in the anti-neutrino flux, which can be interpreted in terms
of oscillations between the known active neutrinos and new sterile states. Motivated by this obser-
vation, we perform a re-analysis of global short-baseline neutrino oscillation data in a framework
with one or two sterile neutrinos. While one sterile neutrino is still not sufficient to reconcile the
signals suggested by reactor experiments and by the LSND and MiniBooNE experiments with null
results from other searches, we find that, with the new reactor flux prediction, the global fit improves
considerably when the existence of two sterile neutrinos is assumed.

PACS numbers: 14.60.Pq, 14.60.St

Introduction. By now a standard paradigm of neutrino
physics has emerged. A beautiful series of experiments
has established the phenomenon of neutrino oscillations.
Results from solar, atmospheric, reactor, and accelerator
neutrino experiments can be accommodated nicely by os-
cillations of the three neutrinos of the Standard Model,
the so-called “active” neutrinos, with mass-squared dif-
ferences of order 10−4 and 10−3 eV2, see [1, 2] for recent
fits and references. There are, however, a few exper-
imental results which cannot be explained within this
framework and seem to require additional neutrinos with
masses at the eV scale [3, 4]. Such neutrinos cannot
participate in the weak interactions due to collider con-
straints, and are therefore called “sterile” neutrinos.

Recently another hint for sterile neutrinos has emerged
from a re-evaluation of the expected anti-neutrino flux
emitted from nuclear reactors [5]. The new prediction is
about 3% higher than what was previously assumed [6].
If confirmed, this result would imply that all existing
neutrino oscillation searches at nuclear reactors have ob-
served a deficit of electron anti-neutrinos (ν̄e), which can
be interpreted in terms of oscillations at baselines of or-
der 10–100 m [7]. At typical reactor anti-neutrino ener-
gies of few MeV, standard oscillations of the three active
neutrinos require baselines of a least 1 km. Hence, the
“reactor anomaly” can only be accommodated if at least
one sterile neutrino with mass at the eV-scale or higher is
introduced. This is particularly intriguing because also
the long-standing “LSND anomaly” [3], as well as the
more recent MiniBooNE anti-neutrino results [4] suggest
the existence of a sterile neutrino in that mass range.

Previous phenomenological studies [8–10] have been
performed in a framework in which the standard three ac-
tive neutrino scenario is amended by adding one (“3+1”)
or two (“3+2”) sterile neutrinos with masses at the eV
scale. These studies came to the conclusion that an ex-
planation of the aforementioned anomalies within these
sterile neutrino scenarios is in conflict with various con-

∆m2
41 [eV2] |Ue4| ∆m2

51 [eV2] |Ue5| χ2/dof

3+1 1.78 0.151 50.1/67

3+2 0.46 0.108 0.89 0.124 46.5/65

Table I: Best fit points for the 3+1 and 3+2 scenarios from
reactor anti-neutrino data. The total number of data points
is 69 (Bugey3 spectra plus 9 SBL rate measurements; we have
omitted data from Chooz and Palo Verde, which are not very
sensitive to the model parameters, but would dilute the χ2 by
introducing 15 additional data points). For no oscillations we
have χ2/dof = 59.0/69.

straints from other neutrino oscillation searches at short
baselines (SBL), including also data from reactor exper-
iments. In this note we revisit 3+1 and 3+2 sterile neu-
trino oscillation schemes in the light of the new reactor
neutrino fluxes. We argue that one sterile neutrino is still
not sufficient to describe all data, whereas a 3+2 frame-
work is now in much better agreement with the data.

New reactor fluxes and fit of SBL reactors. Let us
first discuss the implications of the new reactor anti-
neutrino flux prediction for reactor data alone by an-
alyzing a set of SBL reactor experiments at baselines
L ! 100 m [7]. We include full spectral data from the
Bugey3 experiment [11] at 15, 40 and 95 m and take into
account the Bugey4 [12], ROVNO [13], Krasnoyarsk [14],
ILL [15], and Gösgen [16] experiments via the rate mea-
surements summarized in Table II of [7]. Furthermore
we include the Chooz [17] and Palo Verde [18] experi-
ments at L ! 1 km. We use the neutrino fluxes from the
isotopes 235U, 239Pu, 238U, 241Pu obtained in [5] and we
include the uncertainty on the integrated flux for each
isotope given in Table I of [7], correlated between all ex-
periments. For further technical details see [1].

We perform a fit to these data within the 3+1 and
3+2 sterile neutrino frameworks, where neutrino oscil-
lations for SBL reactor experiments depend on 2 and 4

= 0.87 eV2
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CMB: SPT for small scales
P(k): cutoff at 0.1 h/Mpc (+5 in Δχ2 if out to 0.2 h/Mpc)

Is 3+2 consistent with cosmology?
4

TABLE II. Constraints on Cosmological Parameters using SPT+WMAP+PLRG(k)+H0. In some columns, we further
add SNe from either the Union2 or SDSS compilations. The foreground priors on the SZ, poisson point sources, and
clustering point sources are encapsulated in ”FG.”

ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM ΛCDM

+2νs +SNeUnion2 +2νs+SNeUnion2 +SNeSDSS +2νs+SNeSDSS

χ2
eff

CMB 7512.4 7517.2 7511.7 7517.9 7513.2 7516.7

P (k) 23.9 28.9 24.5 30.2 23.2 28.7

H0 1.5 2.9 1.2 1.5 4.6 3.5

SNe — — 530.8 536.0 245.9 237.9

FG 0.1 0.6 0.4 0.7 0.1 0.7

Total 7537.9 7549.5 8068.5 8086.2 7787.0 7787.4

DIC Total 7554.1 7566.1 8085.2 8103.0 7803.4 7804.1

∆χ2
eff

Total — 11.6 — 17.7 — 0.4

∆DIC Total — 12.0 — 17.8 — 0.7

Mean of the posterior distribution of cosmological parameters along with the symmetric 68% confidence interval about the
mean. Fiducially, we consider 3 massless neutrino species. We also consider adding 2 sterile neutrinos (denoted as ”2νs”) of
masses mνs1 = 0.68 and mνs2 = 0.94, such that the sum of neutrino masses is

∑
mν = 1.62 eV. We fix the primordial helium

mass fraction Yp = 0.2486. We define the Deviance Information Criterion as DIC = 2χ2
eff

(θ) − χ2
eff

(θ̂), where θ is the vector of
varied parameters, the bar denotes the mean over the posterior distribution, and hat denotes the maximum likelihood point.
For the SDSS SNe, we have used the MLCS light curve fitter. The corresponding total ∆χ2

eff
and ∆DIC values when using the

SALT2 fitter instead (same as for Union2) are ∆χ2
eff

= 20.1 and ∆DIC = 19.4.

viability of the sterile neutrino model. This seems to
mainly be a result of slight deviations in the inferred
matter density and Hubble constant, with larger val-
ues of the former and smaller values of the latter being
associated with the MLCS fitter. These discrepancies
may ultimately be traced back to differences between
the fitters in the rest-frame U-band region [3, 10, 85].
We note that our Union2 results are in agree-

ment with those in Ref. [11], which used SNe from
the Union2 compilation [12], extended the galaxy
power spectrum measurements out to k = 0.2 h/Mpc,
and excluded small-scale CMB data. When extend-
ing the power spectrum measurements from kmax =
0.1 h/Mpc out to kmax = 0.2 h/Mpc, ∆χ2

eff increases
by about 5 for the different SN cases.
In Fig. 1, we show the CMB temperature and galaxy

power spectra for a ΛCDM model without sterile neu-
trinos and one with 2 sterile neutrinos. While the in-
fluence of additional neutrinos is a systematic suppres-
sion in both spectra, the figures indicate that the level
of suppression may be compatible with the present
data. In Table III, we directly show from which probes
the largest differences in χ2

eff for our two models arise.
For the case without SNe, ∆χ2

eff receives an equal con-
tribution of about ∆χ2

eff = 5 from each of the CMB
and galaxy probes. For the case with SNe from the
Union2 compilation, ∆χ2

eff receives an equal contribu-
tion of about ∆χ2

eff = 6 from each of the CMB and
galaxy probes, along with roughly ∆χ2

eff = 5 from the
SNe measurements.
For the case with SNe from the SDSS compilation,

∆χ2
eff receives a contribution of ∆χ2

eff = 5.5 from
P (k), ∆χ2

eff = 3.5 from the CMB, but then a negative
contribution of ∆χ2

eff = 8.0 from the SNe measure-
ments (MLCS). Thus, the main differences between

our Union2 and SDSS SNe cases is that the former
disfavors sterile neutrinos, while the latter prefers ster-
ile neutrinos. We note that the individual χ2

eff values
in Table III are those associated with the maximum
likelihood point of the joint analysis of all considered
probes. When running an MCMC chain on each probe
separately, the best-fit ∆χ2

eff values for the different
neutrino models are less pessimistic.
In Table III, we further show the constraints on a

range of cosmological parameters. In particular, we
find that the sterile neutrino model prefers a larger
matter density and lower value of σ8, while preserving
the constraint on σ8(Ωm/0.25)0.47 near the 0.8-mark,
in agreement with the galaxy cluster abundance mea-
surement of Vikhlinin et al. (2009) [101]. In Fig. 2, we
show error ellipses in the plane of σ8(Ωm/0.25)0.47 and
Ωm for the case of WMAP+SPT+P (k)+HST+SNe.
Remarkably, for the case of the transparent ellipse
with solid (black) lines, which uses SNe from the SDSS
compilation, a much larger matter density is allowed
to constitute the energy content of our universe.
In Fig. 3, we show error ellipses for ns against Ωm

using different combinations of probes. We find that
these different probes constrain a portion of parameter
space in agreement with each other, even for the case
of sterile neutrinos. In other words, a universe con-
taining sterile neutrinos would not force any inconsis-
tencies in the parameter bounds that result from the
different probes.
As discussed, when SN distances are included we

obtain different results as for the viability of ster-
ile neutrinos depending on the choice of light curve
fitter. In an analysis without SNe, sterile neutrinos
are disfavored at ∆χ2

eff = 11.6 and ∆DIC = 12.0.
We examined to what extent these numbers could be
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WMAP7+SPT+P(k)+HST+SNE (Union2 or SDSS)

3

perturbations:

∆2
R(k) = ∆2

R(k0)

(

k

k0

)ns−1+ 1

2
ln(k/k0)dns/d ln k

, (1)

where the pivot scale k0 = 0.002/Mpc. Due to the
large correlation between ns and dns/d ln k at this
scale, we always quote our values for ns at a scale
k0 = 0.015/Mpc, where the tilt and running are
less correlated, such that ns(k0 = 0.015/Mpc) =
ns(k0 = 0.002/Mpc) + ln(0.015/0.002)dns/d lnk [94].
An example of the remaining correlation between the
spectral index and its running is shown in Ref. [2].
We define χ2

eff = −2 lnLmax, where Lmax is the
maximum likelihood of the data given the model. The
ratio of maximum likelihoods given two separate mod-
els is then Lmax,2/Lmax,1 = exp(−∆χ2

eff/2). For the
case where ∆χ2

eff > 0, we interpret model 2 to be as-
sociated with a lower probability of drawing the data
at the maximum likelihood point than model 1, by a
factor given by exp(−∆χ2

eff/2). For reference, a value
of ∆χ2

eff = 10 corresponds to odds of 1 in 148, which
we take as strong preference for model 1 as compared
to model 2. One may choose to interpret this as a
0.7% probability for model 2 as compared to model 1,
or as likely as a 2.7σ event.
We also consider the Deviance Information Crite-

rion (DIC) [7], given by DIC = χ2
eff(θ̂) + 2Cb, where

Cb = χ2
eff(θ) − χ2

eff(θ̂) is the so-called ”Bayesian com-
plexity,” such that θ is the vector of varied parame-
ters, the bar denotes the mean over the posterior dis-
tribution, and hat denotes the maximum likelihood
point [8]. The Bayesian complexity can be thought of
as the effective number of unconstrained parameters,
such that it penalizes more complex models with more
parameters, independently of how well the models fit
the data [9]. If the Bayesian complexity of two models
is the same, the difference in DIC between the models
matches their difference in χ2

eff values. We take a dif-
ference beyond 10 in DIC values between two models
to constitute a strong preference for one model as com-
pared to the second model, with the more preferred
model being the one with the smaller DIC value.

III. RESULTS

We now explore the cosmological constraints on
sterile neutrino models, and the relative goodness of
fit with respect to models without sterile neutrinos.
In Table III, we show the constraints on two sep-

arate ΛCDM models for three separate supernova
cases: 1) without SNe, 2) with Union2 SNe (SALT2 fit-
ter), and 3) with SDSS SNe (MLCS fitter). The model
denoted ”ΛCDM” consists of the 6 vanilla parameters
in Table I and does not contain sterile neutrinos, while
the model denoted ”ΛCDM+2νs” consists of the same
vanilla parameters but now contains two sterile neu-
trinos of fixed massesm4 = 0.68 eV and m5 = 0.94 eV
(as discussed in Sec. II).
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FIG. 2. Joint two-dimensional marginalized constraints
on σ8(Ωm/0.25)0.47 against Ωm from combining the mea-
surements of WMAP+SPT+P (k)+HST+SNe. The pur-
ple and pink shaded confidence regions (inner 68%, outer
95%) are obtained using SNe from the Union2 compila-
tion (SALT2), while the solid and dashed transparent el-
lipses are obtained using SNe from the SDSS compilation
(MLCS). The overlapping ellipses preferring a lower mat-
ter density (left) are for the ΛCDM model without sterile
neutrinos, while the overlapping ellipses preferring a larger
matter density (right) are for the ΛCDMmodel with sterile
neutrinos. The horizontal dashed lines (in brown) denote
the 68% confidence interval about the mean from the local
(0.025 < z < 0.25) galaxy cluster abundance measurement
of Vikhlinin et al. (2009) [101].

When excluding the incorporation of SN data, we
find that the model with sterile neutrinos is disfavored
at ∆χ2

eff = 11.6, which implies a factor of 330 larger
odds for the null model to draw the data than the
sterile neutrino model assuming the maximum like-
lihood parameters. Alternatively, one may think of
the sterile neutrino model as having a 0.3% proba-
bility, equivalent to that of a 3σ event, of drawing
the data as compared to the null model at the maxi-
mum likelihood point in parameter space. Moreover,
∆DIC = 12.0, which implies that there is a factor of
12.0 more log states (i.e. factor of 12 lower entropy)
that one can pick from in the sterile neutrino model
as compared to the null model. Since ∆DIC " ∆χ2

eff ,
this tells us that the two models have essentially the
same Bayesian complexity, and both statistical mea-
sures strongly favor the null model over the one with
two massive sterile neutrinos.
Allowing for SN data, the corresponding results

are ∆χ2
eff = 17.7 and ∆DIC = 17.8 for the Union2

compilation (SALT2 fitter), while ∆χ2
eff = 0.4 and

∆DIC = 0.7 for the SDSS compilation (MLCS fitter).
When using SDSS SN data with the SALT2 light curve
fitter, the corresponding results are ∆χ2

eff = 20.1 and
∆DIC = 19.4. In other words, the choice of light
curve fitter has a very large impact on the statistical
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R(k) = ∆2

R(k0)

(

k

k0

)ns−1+ 1

2
ln(k/k0)dns/d ln k

, (1)

where the pivot scale k0 = 0.002/Mpc. Due to the
large correlation between ns and dns/d ln k at this
scale, we always quote our values for ns at a scale
k0 = 0.015/Mpc, where the tilt and running are
less correlated, such that ns(k0 = 0.015/Mpc) =
ns(k0 = 0.002/Mpc) + ln(0.015/0.002)dns/d lnk [94].
An example of the remaining correlation between the
spectral index and its running is shown in Ref. [2].
We define χ2

eff = −2 lnLmax, where Lmax is the
maximum likelihood of the data given the model. The
ratio of maximum likelihoods given two separate mod-
els is then Lmax,2/Lmax,1 = exp(−∆χ2

eff/2). For the
case where ∆χ2

eff > 0, we interpret model 2 to be as-
sociated with a lower probability of drawing the data
at the maximum likelihood point than model 1, by a
factor given by exp(−∆χ2

eff/2). For reference, a value
of ∆χ2

eff = 10 corresponds to odds of 1 in 148, which
we take as strong preference for model 1 as compared
to model 2. One may choose to interpret this as a
0.7% probability for model 2 as compared to model 1,
or as likely as a 2.7σ event.
We also consider the Deviance Information Crite-

rion (DIC) [7], given by DIC = χ2
eff(θ̂) + 2Cb, where

Cb = χ2
eff(θ) − χ2

eff(θ̂) is the so-called ”Bayesian com-
plexity,” such that θ is the vector of varied parame-
ters, the bar denotes the mean over the posterior dis-
tribution, and hat denotes the maximum likelihood
point [8]. The Bayesian complexity can be thought of
as the effective number of unconstrained parameters,
such that it penalizes more complex models with more
parameters, independently of how well the models fit
the data [9]. If the Bayesian complexity of two models
is the same, the difference in DIC between the models
matches their difference in χ2

eff values. We take a dif-
ference beyond 10 in DIC values between two models
to constitute a strong preference for one model as com-
pared to the second model, with the more preferred
model being the one with the smaller DIC value.

III. RESULTS

We now explore the cosmological constraints on
sterile neutrino models, and the relative goodness of
fit with respect to models without sterile neutrinos.
In Table III, we show the constraints on two sep-

arate ΛCDM models for three separate supernova
cases: 1) without SNe, 2) with Union2 SNe (SALT2 fit-
ter), and 3) with SDSS SNe (MLCS fitter). The model
denoted ”ΛCDM” consists of the 6 vanilla parameters
in Table I and does not contain sterile neutrinos, while
the model denoted ”ΛCDM+2νs” consists of the same
vanilla parameters but now contains two sterile neu-
trinos of fixed massesm4 = 0.68 eV and m5 = 0.94 eV
(as discussed in Sec. II).
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FIG. 2. Joint two-dimensional marginalized constraints
on σ8(Ωm/0.25)0.47 against Ωm from combining the mea-
surements of WMAP+SPT+P (k)+HST+SNe. The pur-
ple and pink shaded confidence regions (inner 68%, outer
95%) are obtained using SNe from the Union2 compila-
tion (SALT2), while the solid and dashed transparent el-
lipses are obtained using SNe from the SDSS compilation
(MLCS). The overlapping ellipses preferring a lower mat-
ter density (left) are for the ΛCDM model without sterile
neutrinos, while the overlapping ellipses preferring a larger
matter density (right) are for the ΛCDMmodel with sterile
neutrinos. The horizontal dashed lines (in brown) denote
the 68% confidence interval about the mean from the local
(0.025 < z < 0.25) galaxy cluster abundance measurement
of Vikhlinin et al. (2009) [101].

When excluding the incorporation of SN data, we
find that the model with sterile neutrinos is disfavored
at ∆χ2

eff = 11.6, which implies a factor of 330 larger
odds for the null model to draw the data than the
sterile neutrino model assuming the maximum like-
lihood parameters. Alternatively, one may think of
the sterile neutrino model as having a 0.3% proba-
bility, equivalent to that of a 3σ event, of drawing
the data as compared to the null model at the maxi-
mum likelihood point in parameter space. Moreover,
∆DIC = 12.0, which implies that there is a factor of
12.0 more log states (i.e. factor of 12 lower entropy)
that one can pick from in the sterile neutrino model
as compared to the null model. Since ∆DIC " ∆χ2

eff ,
this tells us that the two models have essentially the
same Bayesian complexity, and both statistical mea-
sures strongly favor the null model over the one with
two massive sterile neutrinos.
Allowing for SN data, the corresponding results

are ∆χ2
eff = 17.7 and ∆DIC = 17.8 for the Union2

compilation (SALT2 fitter), while ∆χ2
eff = 0.4 and

∆DIC = 0.7 for the SDSS compilation (MLCS fitter).
When using SDSS SN data with the SALT2 light curve
fitter, the corresponding results are ∆χ2

eff = 20.1 and
∆DIC = 19.4. In other words, the choice of light
curve fitter has a very large impact on the statistical
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FIG. 3. Joint two-dimensional marginalized constraints on the spectral index ns and matter density Ωm (inner 68%,
outer 95%). The green shaded ellipses are for WMAP+HST, blue shaded ellipses are for WMAP+SPT+HST, the
solid transparent ellipses (in red) are for WMAP+P (k)+HST, and the dashed transparent ellipses (in black) are for
WMAP+HST+SNe, where the SNe are from the SDSS compilation (MLCS). The panel to the left are for the ΛCDM
model without sterile neutrinos, while the panel to the right includes two sterile neutrinos.

compilation, a much larger matter density is allowed
to constitute the energy content of our universe.
In Fig. 3, we show error ellipses for ns against Ωm

using different combinations of probes. We find that
these different probes constrain a portion of parameter
space in agreement with each other, even for the case
of sterile neutrinos. In other words, a universe con-
taining sterile neutrinos would not force any inconsis-
tencies in the parameter bounds that result from the
different probes.
As discussed, when SN distances are included we

obtain different results as for the viability of ster-
ile neutrinos depending on the choice of light curve
fitter. In an analysis without SNe, sterile neutrinos
are disfavored at ∆χ2

eff = 11.6 and ∆DIC = 12.0.
We examined to what extent these numbers could be
brought down via an expansion of parameter space.
In this regard, we allowed for variations in the curva-
ture, constant dark energy equation of state, running
of the spectral index, additional relativistic species,
and primordial helium abundance.
Excluding SN data, adding a single additional pa-

rameter to the sterile neutrino case does not bring
down χ2

eff by a significant amount. For the case of w
or Ωk, we find a decrease in χ2

eff by about 2, while
for dns/d lnk, Neff , or Yp we find a decrease in χ2

eff
by about 1. For the joint addition of all four of these
parameters in the model with sterile neutrinos, we
find χ2

eff decreases by 8.6, such that ∆χ2
eff = 3.0 with

respect to the ΛCDM model without sterile neutri-
nos and no additional parameters. However, due to
a nonzero Bayesian complexity (see Sec. II), we still
find a large∆DIC = 11.5. Hence, including additional
parameters to the sterile neutrino model brings down
∆χ2

eff to a reasonable level, but the fact that the addi-
tional parameters are not well constrained is reflected
in the pessimistic DIC estimates.
If ∆Cb = 0, then ∆DIC = ∆χ2

eff .

For the same parameter extension
(w,Ωk, Neff , dns/d lnk, Yp) for the case with SNe
from the Union2 compilation, we find a decrease to
∆χ2

eff = 6.4 (down from 17.7) and ∆DIC = 11.9
(down from 17.8). When replacing Union2 with
SDSS-SALT2, we find ∆χ2

eff = 7.4 (down from 20.1)
and ∆DIC = 13.8 (down from 19.4).
Given the discrepancies between HST and SDSS

on the best estimate of the Hubble constant, we
considered removing the HST prior on H0 from our
analysis. Excluding the H0 prior doesn’t signifi-
cantly change the constraints, mainly because the
HST prior only manages to shift up the preferred
value of H0 from the value favored by the other data
by about 1 km/s/Mpc. For instance, for the case
with WMAP+SPT+P (k)+SNe, where the SNe are
from the Union2 compilation, the H0 constraint lies
around 70 km/s/Mpc without an HST prior, and
71 km/s/Mpc when we impose the prior with cen-
tral value around 74 km/s/Mpc. The latter is be-
cause the data constrains H0 more strongly than
the prior (such that the error bars on H0 without
prior are about 1.4 km/s/Mpc, to be compared with
prior of 2.4 km/s/Mpc). For the particular case
WMAP+SPT+P (k), we find ∆χ2

eff = 10.0 (down
from 11.6) when excluding the HST prior.
When forcing the 2 sterile neutrinos to be massless,

∆χ2
eff = 5.9 and ∆DIC = 5.5. Hence, roughly half of

the degradation in χ2
eff and DIC comes from the rise

in Neff and the other half comes from assigning mass
to the sterile neutrinos.
We also considered replacing the P (k) mea-

surements with two BAO distances from
SDSS+2dFGRS [84]. Excluding SN data, ∆χ2

eff = 9.5
(down from 11.6).
To get a better feeling for the χ2

eff values we have
listed, we made a few comparisons of other parameter
configurations using the datasets WMAP + SPT +



Increased matter density
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where the pivot scale k0 = 0.002/Mpc. Due to the
large correlation between ns and dns/d ln k at this
scale, we always quote our values for ns at a scale
k0 = 0.015/Mpc, where the tilt and running are
less correlated, such that ns(k0 = 0.015/Mpc) =
ns(k0 = 0.002/Mpc) + ln(0.015/0.002)dns/d lnk [94].
An example of the remaining correlation between the
spectral index and its running is shown in Ref. [2].
We define χ2

eff = −2 lnLmax, where Lmax is the
maximum likelihood of the data given the model. The
ratio of maximum likelihoods given two separate mod-
els is then Lmax,2/Lmax,1 = exp(−∆χ2

eff/2). For the
case where ∆χ2

eff > 0, we interpret model 2 to be as-
sociated with a lower probability of drawing the data
at the maximum likelihood point than model 1, by a
factor given by exp(−∆χ2

eff/2). For reference, a value
of ∆χ2

eff = 10 corresponds to odds of 1 in 148, which
we take as strong preference for model 1 as compared
to model 2. One may choose to interpret this as a
0.7% probability for model 2 as compared to model 1,
or as likely as a 2.7σ event.
We also consider the Deviance Information Crite-

rion (DIC) [7], given by DIC = χ2
eff(θ̂) + 2Cb, where

Cb = χ2
eff(θ) − χ2

eff(θ̂) is the so-called ”Bayesian com-
plexity,” such that θ is the vector of varied parame-
ters, the bar denotes the mean over the posterior dis-
tribution, and hat denotes the maximum likelihood
point [8]. The Bayesian complexity can be thought of
as the effective number of unconstrained parameters,
such that it penalizes more complex models with more
parameters, independently of how well the models fit
the data [9]. If the Bayesian complexity of two models
is the same, the difference in DIC between the models
matches their difference in χ2

eff values. We take a dif-
ference beyond 10 in DIC values between two models
to constitute a strong preference for one model as com-
pared to the second model, with the more preferred
model being the one with the smaller DIC value.

III. RESULTS

We now explore the cosmological constraints on
sterile neutrino models, and the relative goodness of
fit with respect to models without sterile neutrinos.
In Table III, we show the constraints on two sep-

arate ΛCDM models for three separate supernova
cases: 1) without SNe, 2) with Union2 SNe (SALT2 fit-
ter), and 3) with SDSS SNe (MLCS fitter). The model
denoted ”ΛCDM” consists of the 6 vanilla parameters
in Table I and does not contain sterile neutrinos, while
the model denoted ”ΛCDM+2νs” consists of the same
vanilla parameters but now contains two sterile neu-
trinos of fixed massesm4 = 0.68 eV and m5 = 0.94 eV
(as discussed in Sec. II).
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FIG. 2. Joint two-dimensional marginalized constraints
on σ8(Ωm/0.25)0.47 against Ωm from combining the mea-
surements of WMAP+SPT+P (k)+HST+SNe. The pur-
ple and pink shaded confidence regions (inner 68%, outer
95%) are obtained using SNe from the Union2 compila-
tion (SALT2), while the solid and dashed transparent el-
lipses are obtained using SNe from the SDSS compilation
(MLCS). The overlapping ellipses preferring a lower mat-
ter density (left) are for the ΛCDM model without sterile
neutrinos, while the overlapping ellipses preferring a larger
matter density (right) are for the ΛCDMmodel with sterile
neutrinos. The horizontal dashed lines (in brown) denote
the 68% confidence interval about the mean from the local
(0.025 < z < 0.25) galaxy cluster abundance measurement
of Vikhlinin et al. (2009) [101].

When excluding the incorporation of SN data, we
find that the model with sterile neutrinos is disfavored
at ∆χ2

eff = 11.6, which implies a factor of 330 larger
odds for the null model to draw the data than the
sterile neutrino model assuming the maximum like-
lihood parameters. Alternatively, one may think of
the sterile neutrino model as having a 0.3% proba-
bility, equivalent to that of a 3σ event, of drawing
the data as compared to the null model at the maxi-
mum likelihood point in parameter space. Moreover,
∆DIC = 12.0, which implies that there is a factor of
12.0 more log states (i.e. factor of 12 lower entropy)
that one can pick from in the sterile neutrino model
as compared to the null model. Since ∆DIC " ∆χ2

eff ,
this tells us that the two models have essentially the
same Bayesian complexity, and both statistical mea-
sures strongly favor the null model over the one with
two massive sterile neutrinos.
Allowing for SN data, the corresponding results

are ∆χ2
eff = 17.7 and ∆DIC = 17.8 for the Union2

compilation (SALT2 fitter), while ∆χ2
eff = 0.4 and

∆DIC = 0.7 for the SDSS compilation (MLCS fitter).
When using SDSS SN data with the SALT2 light curve
fitter, the corresponding results are ∆χ2

eff = 20.1 and
∆DIC = 19.4. In other words, the choice of light
curve fitter has a very large impact on the statistical

Joudaki et al 2012 
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Filled: Union2
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FIG. 3. Joint two-dimensional marginalized constraints on the spectral index ns and matter density Ωm (inner 68%,
outer 95%). The green shaded ellipses are for WMAP+HST, blue shaded ellipses are for WMAP+SPT+HST, the
solid transparent ellipses (in red) are for WMAP+P (k)+HST, and the dashed transparent ellipses (in black) are for
WMAP+HST+SNe, where the SNe are from the SDSS compilation (MLCS). The panel to the left are for the ΛCDM
model without sterile neutrinos, while the panel to the right includes two sterile neutrinos.

brought down via an expansion of parameter space.
In this regard, we allowed for variations in the curva-
ture, constant dark energy equation of state, running
of the spectral index, additional relativistic species,
and primordial helium abundance.

Excluding SN data, adding a single additional pa-
rameter to the sterile neutrino case does not bring
down χ2

eff by a significant amount. For the case of w
or Ωk, we find a decrease in χ2

eff by about 2, while
for dns/d lnk, Neff , or Yp we find a decrease in χ2

eff
by about 1. For the joint addition of all four of these
parameters in the model with sterile neutrinos, we
find χ2

eff decreases by 8.6, such that ∆χ2
eff = 3.0 with

respect to the ΛCDM model without sterile neutri-
nos and no additional parameters. However, due to
a nonzero Bayesian complexity (see Sec. II), we still
find a large∆DIC = 11.5. Hence, including additional
parameters to the sterile neutrino model brings down
∆χ2

eff to a reasonable level, but the fact that the addi-
tional parameters are not well constrained is reflected
in the pessimistic DIC estimates.

For the same parameter extension
(w,Ωk, Neff , dns/d ln k, Yp) for the case with SNe
from the Union2 compilation, we find a decrease to
∆χ2

eff = 6.4 (down from 17.7) and ∆DIC = 11.9
(down from 17.8). When replacing Union2 with
SDSS-SALT2, we find ∆χ2

eff = 7.4 (down from 20.1)
and ∆DIC = 13.8 (down from 19.4).

Given the discrepancies between HST and SDSS
on the best estimate of the Hubble constant, we
considered removing the HST prior on H0 from our
analysis. Excluding the H0 prior doesn’t signifi-
cantly change the constraints, mainly because the
HST prior only manages to shift up the preferred
value of H0 from the value favored by the other data
by about 1 km/s/Mpc. For instance, for the case
with WMAP+SPT+P (k)+SNe, where the SNe are
from the Union2 compilation, the H0 constraint lies

around 70 km/s/Mpc without an HST prior, and
71 km/s/Mpc when we impose the prior with cen-
tral value around 74 km/s/Mpc. The latter is be-
cause the data constrains H0 more strongly than
the prior (such that the error bars on H0 without
prior are about 1.4 km/s/Mpc, to be compared with
prior of 2.4 km/s/Mpc). For the particular case
WMAP+SPT+P (k), we find ∆χ2

eff = 10.0 (down
from 11.6) when excluding the HST prior.
When forcing the 2 sterile neutrinos to be massless,

∆χ2
eff = 5.9 and ∆DIC = 5.5. Hence, roughly half of

the degradation in χ2
eff and DIC comes from the rise

in Neff and the other half comes from assigning mass
to the sterile neutrinos.
We also considered replacing the P (k) mea-

surements with two BAO distances from
SDSS+2dFGRS [84]. Excluding SN data, ∆χ2

eff = 9.5
(down from 11.6).
To get a better feeling for the χ2

eff values we have
listed, we made a few comparisons of other parameter
configurations using the datasets WMAP + SPT +
HST + P (k), where kmax = 0.1h/Mpc. Comparing
the case where Neff = 3.0 as compared Neff = 3.8, we
obtain ∆χ2

eff = −3.0 (in favor of Neff = 3.8). Com-
paring the case where w = −1 with w = −1/3, we
obtain ∆χ2

eff = 96 (in favor of w = −1). And, com-
paring the case where w = −1.0 with w = 0.8, we
obtain ∆χ2

eff = 9.4 (in favor of w = −1). For the
last comparison, when adding SN distances from the
SDSS compilation, we obtain ∆χ2

eff = 26.
We also explored how the cosmological constraints

on the active neutrino masses are affected by the ex-
istence of two massive sterile neutrinos. For a combi-
nation of WMAP+SPT+P (k)+HST, the sum of neu-
trino masses

∑

mν < 0.34 eV in a ΛCDM universe,
while the sum of 3 active neutrino masses with de-
generate hierarchy is

∑

mactive
ν < 0.19 eV in a uni-

verse with two sterile neutrinos with masses obtained

Joudaki et al 2012 
(in prep)

Green: WMAP Blue: WMAP+SPT
Black: WMAP+SNe (SDSS)

Red: WMAP+P(k)
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TABLE III. Constraints on Cosmological Parameters using SPT+WMAP+PLRG(k)+H0. In two columns, we further
add SNe from the Union2 compilation.

ΛCDM ΛCDM ΛCDM ΛCDM

+2νs +SNeUnion2 +2νs+SNeUnion2

Primary 100Ωbh2 2.235± 0.073 2.232± 0.067 2.235 ± 0.076 2.208 ± 0.069

100Ωdmh2 13.7± 1.2 19.8 ± 1.4 12.88± 0.93 18.6± 1.0

104θs 103.63± 0.37 103.03± 0.28 103.84 ± 0.35 103.17 ± 0.29

τ 1.002± 0.019 0.090± 0.016 0.093 ± 0.016 0.084 ± 0.014

100ns 97.5± 2.7 97.9 ± 2.1 97.3± 2.3 96.2± 1.7

ln (1010As) 3.105± 0.068 3.183± 0.064 3.156 ± 0.045 3.237 ± 0.044

Extended Ωk 0.023± 0.021 0.019± 0.022 0.003 ± 0.010 −0.004± 0.012

w −0.76± 0.20 −0.80± 0.32 −0.999± 0.099 −1.32± 0.16

Neff 4.22± 0.74 6.83± 0.97 3.77± 0.50 6.02± 0.67

dns/d ln k −0.048 ± 0.036 −0.029± 0.027 −0.027± 0.033 −0.019± 0.027

Yp 0.165± 0.084 0.086± 0.061 0.214 ± 0.078 0.113 ± 0.067

Derived H0 72.6± 2.4 72.8 ± 2.5 73.6± 2.2 74.8± 2.1

σ8(Ωm/0.25)0.47 0.841± 0.076 0.828± 0.070 0.898 ± 0.058 0.875 ± 0.050

χ2
eff

Total 7533.7 7540.9 8065.0 8074.9

DIC Total 7557.7 7565.7 8089.8 8097.1

Same as Table III, but considering an extended parameter space. We do not fix the primordial helium mass fraction, but instead
allow it to vary as a free parameter given the condition Yp ≥ 0. We have imposed Neff ≥ 3.046 for the cases without sterile
neutrinos, and Neff ≥ 5.046 for the cases with sterile neutrinos. For the cases without SNe, ∆χ2

eff
= 7.2 and ∆DIC = 8.0. For

the cases with SNe from the Union2 compilation, ∆χ2
eff

= 9.9 and ∆DIC = 7.3. Further, excluding SN data and comparing
the sterile neutrino case in an expanded space to the case without sterile neutrinos in a minimal space (Table III), we find
∆χ2

eff
= 3.0 and ∆DIC = 10.8. Including Union2 SNe and comparing the sterile neutrino case in an expanded space to the case

without sterile neutrinos in a minimal space, we find ∆χ2
eff

= 6.4 and ∆DIC = 11.9. When adding either Neff or Ωk as a single
additional parameter to either cases with sterile neutrinos, there is roughly a 2σ preference above the null value. Including
Union2 SNe and adding w as a single additional parameter to the sterile neutrino case, there is a 2.7σ preference for a value
below w = −1.

the case where Neff = 3.0 as compared Neff = 3.8, we
obtain ∆χ2

eff = −3.0 (in favor of Neff = 3.8). Com-
paring the case where w = −1 with w = −1/3, we
obtain ∆χ2

eff = 96 (in favor of w = −1). And, com-
paring the case where w = −1.0 with w = 0.8, we
obtain ∆χ2

eff = 9.4 (in favor of w = −1). For the
last comparison, when adding SN distances from the
SDSS compilation, we obtain ∆χ2

eff = 26.
We also explored how the cosmological constraints

on the active neutrino masses are affected by the ex-
istence of two massive sterile neutrinos. For a combi-
nation of WMAP+SPT+P (k)+HST, the sum of neu-
trino masses

∑

mν < 0.34 eV in a ΛCDM universe,
while the sum of 3 active neutrino masses with de-
generate hierarchy is

∑

mactive
ν < 0.19 eV in a uni-

verse with two sterile neutrinos with masses obtained
via m41 = 0.68 eV and m51 = 0.94 eV. Thus, the
existence of the considered massive sterile neutrinos
sharpens the upper bound on the active neutrinos by
40%, in agreement with a priori expectations.

IV. CONCLUSIONS

Global short-baseline neutrino oscillation data fa-
vor the existence of two sterile neutrinos with masses
of 0.68 eV and 0.94 eV (assuming massless active

species). We study the extent to which these two neu-
trinos are allowed by a combination of probes includ-
ing the cosmic microwave background, Hubble con-
stant, matter power spectrum, and supernova dis-
tances. In the joint observational analysis, we find
that sterile neutrinos are perfectly allowed by the cos-
mological data at ∆χ2

eff ≈ 0 when using the MLCS
light curve fitter for the SN measurements of the SDSS
compilation, and strongly disfavored by the data at
∆χ2

eff ≈ 18 when using the SALT2 fitter for SNe of the
Union2 compilation. When excluding the supernova
measurements, the sterile neutrinos are disfavored by
the other datasets at ∆χ2

eff ≈ 12, and at best become
mildly disfavored at ∆χ2

eff ≈ 3 with the combined
introduction of curvature, evolving dark energy, ad-
ditional relativistic species, running of the spectral
index, and primordial helium abundance. When al-
lowing for nonzero rest mass of the degenerate active
neutrinos in the presence of two sterile neutrinos, the
upper bound on the sum of active neutrino masses
shrinks by 40% to 0.19 eV (95% CL). Assuming the
existence of two massive sterile neutrinos, we find a
2σ preference for an additional massless species.
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f(r) gravity helps
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due to the free streaming of massive neutrinos and thus
the upper bound for neutrino mass is relaxed in f(R)
gravity [24]. We show that the same mechanism works
in the case of sterile neutrinos, too, to make cosmology
with them compatible with neutrino experiments.
f(R) gravity is defined by the action,

S =
1

16πG

∫

d4x
√
−gf(R) + Sm, (2)

where Sm is the action of the matter content and it is
assumed to be minimally coupled to gravity (we put ! =
c = 1). If we set f(R) = R − 2Λ, it reproduces GR with
a cosmological constant. Instead, for definiteness we use
the following form [21]

f(R) = R+ λRs

[

(

1 +
R2

R2
s

)−n

− 1

]

, (3)

where n, λ, and Rs are model parameters. The two of
them are free parameters and the other one is determined
by other two and observational data. If we take n and
λ as free parameters, Rs is approximately proportional
to λ−1 [23]. Note that n should be taken sufficiently
large, n ! 2, if we want to obtain a noticeable effect for
the density perturbation enhancement (see below). The
model (3) can describe the accelerated expansion of the
present Universe and it quickly approaches the ΛCDM
model for redshift z > 1 if we take large n and λ. Strictly
speaking, a term proportional to R2 should be added to
(3) to avoid the scalaron mass Ms exceeding the Planck
mass for high, but not too high matter densities in the
early Universe [21], as well as to exclude possible forma-
tion of an extra weak curvature singularity in the recent
past which was found in [25, 26] (still there remains an
open question what would occur instead of this singular-
ity [27]). However, the coefficient of this term (usually
written as (6M2)−1 where M coincides with the scalaron
mass Ms in the regime when this term dominates other
non-GR terms in (3)) should be very small in order not
to destroy the standard evolution of the early Universe.
Namely, either M should be larger than the Hubble pa-
rameter H at the end of inflation, or this term can drive
inflation by itself if M ≈ 3×1013 GeV [28, 29]. With the
R2 term, the functional form (3) which is responsible for
the late time acceleration should also be reconsidered and
changed for R < Rs (including the region R < 0) that is
needed for nonsingular evolution of the model just after
the end of inflation. We study this point deeply in [30].
But if we are interested in the dynamics of the late time
Universe only, we can neglect both the R2 term and the
accompanying modification for R < Rs. Hence, we use
Eq. (3) as the low energy effective theory for the follow-
ing.
The model (3) describes similar background expan-

sion history with that of the ΛCDM model. Although
the equation of state parameter for dark energy makes
a phantom crossing at z ∼ 3 [19, 23, 31], it does not
change CMB spectrum significantly. On the other hand,

fluctuations evolve differently. We define the metric per-
turbation by the following notation,

ds2 = −(1 + 2Φ)dt2 + a2(t)(1 − 2Ψ)δijdx
idxj . (4)

We can derive the effective gravitational constant and
the gravitational slip in f(R) gravity by using subhorizon
limit and quasi-static approximation:

k2

a2
Φ = −4πGeff(t, k)ρ∆, (5)

Ψ

Φ
= η(t, k), (6)

where

Geff(t, k)

G
=

1

f ′

1 + 4k2

a2

f ′′

f ′

1 + 3k2

a2

f ′′

f ′

, (7)

η(t, k) =
1 + 2k2

a2

f ′′

f ′

1 + 4k2

a2

f ′′

f ′

. (8)

Here, ∆ is the gauge-invariant comoving matter pertur-
bation, and the prime denotes the derivative with respect
to the Ricci curvature. Thus, in the quasi-GR regime
when f ′ ≈ 1, the effective gravitational constant can be-
come up to 33% larger, independently of a detailed func-
tional form of f(R). This is the cause of the enhancement
of perturbation growth involved.
As a result of the time and the scale dependences of

these parameters, evolution of matter density fluctuation
is different from that in ΛCDM model, namely, it is en-
hanced. It promotes formation of LSS [19, 21, 23, 32]. On
the contrary, the light neutrinos suppress structure for-
mation by free streaming. Therefore, f(R) modification
and neutrino masses play opposite roles on the growth
of perturbation and thus the allowed range for the total
neutrino mass is relaxed in f(R) gravity, compared with
the ΛCDM model [24]. We can apply this mechanism for
the case of sterile neutrinos.
We have carried out Markov Chain Monte Carlo

(MCMC) analysis for the ΛCDM model and f(R) grav-
ity with one or two sterile neutrinos. Practically, we ne-
glect rest masses of three standard neutrino types (as-
suming that

∑3

i=1 mνi < 0.1 eV) compared to those
of one or two sterile neutrino types. We have modi-
fied the MGCAMB [33, 34], which provides the evolution
of the modified growth of matter fluctuation by setting
Geff(t, k) and η(t, k) as special parameterization, so that
it allows to implement f(R) gravity by adopting (7) and
(8). We do not change the background evolution equa-
tions, i.e., we keep that in the ΛCDM model, because
the difference between the background evolution in the
viable f(R) model and the ΛCDM model is not signifi-
cant (though it is not exactly zero). We used the above
modified MGCAMB and CosmoMC [35, 36] to constrain
the model parameters. The free parameters are the den-
sity parameter for the dark matter ΩDMh2, sound horizon
angle θ∗ ≡ 100rs(z∗)/DA(z∗), massive neutrino ratio, fν ,

WMAP7+P(k)
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FIG. 1: 1 and 2σ contours of the sterile neutrino mass (left)
and σ8 (right) for the cases with three massless and one mas-
sive neutrinos in the ΛCDM model (dashed black) and f(R)
gravity (solid blue). χ2

eff = 3774.1 and 3767.0, respectively.
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FIG. 2: 1 and 2σ contours for the sterile neutrino mass (left)
and σ8 (right) for the cases with three massless and two mas-
sive neutrinos in the ΛCDM model (dashed black) and f(R)
gravity (solid blue). χ2

eff = 3788.7 and 3779.3, respectively.

which is the fraction of the energy density of dark matter
in the form of massive neutrinos:

fν ≡
Ωνh2

ΩDMh2
=

1

ΩDMh2

∑

mν

94.1eV
, (9)

and the amplitude of the f(R) modification, λ. Here,
ΩDM means the sum of the contribution from cold dark
matter and massive neutrinos. The value n = 2 is cho-
sen because it is the minimal integer value for which the
scalaron mass Ms given by M2

s = 1/3f ′′(R) in the quasi-
GR regime is, on one hand, not much higher than the
Hubble constant H0 if estimated at the present cosmic
background matter density ρm0 = 3ΩmH2

0/(8πG) (see
the value of the constant B0 below which characterizes it
quantitatively), and on the other hand, it is already suffi-
ciently large for matter densities inside the Solar system
(not speaking about those in laboratory experiments)
to make scalaron heavy and unobservable even outside
gravitating bodies similar to dilaton in the string theory.
Indeed, for the functional form (3), Ms ∝ ρn+1

m in the
quasi-GR regime for ρm # ρm0. Thus, here there is no
necessity to consider the more subtle chameleon effect
which can make scalaron unobservable even if it is light
outside bodies (though heavy inside them).
Further, in order to have the future stable de Sitter
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FIG. 3: 1 and 2σ contours for the sterile neutrino mass and
f(R) parameter λ for the case with three massless and one
massive neutrinos (left) and three massless and two massive
neutrinos (right). λ > 0.95 to guarantee the stability of the
future de Sitter stage.

stage, λ should be larger than 0.95. For n = 2 and λ =
0.95, the deviation index B0 = (f ′′/f ′)(dR/d lnH)|t=t0
is not too small nor too large, namely, B0 = 0.21 [23].
This value is in agreement with the upper limit B0 < 0.4
recently obtained in [37]. Contrary, the much more strin-
gent upper limit obtained from cluster abundance in
[38] is not applicable for our model because it was ob-
tained while for a similar functional form of f(R) intro-
duced in [19], but for its parameter value characterizing
the large-R behaviour which corresponds to n = 0.5 in
Eq. (3). We fix the other cosmological parameters by
the mean value constrained by WMAP7 data only. To
constrain the free parameters, we used the observational
data of CMB by WMAP7 [9] and matter power spectrum
by SDSS DR7 [39].
Figures 1 and 2 depict the contour plot for the case of

one and two sterile neutrinos, respectively. In the ΛCDM
model, the total neutrino mass is constrained in the sub-
eV range at 2σ. On the other hand, it is allowed to
take up to the order of 1 eV in f(R) gravity. We also
find a larger value of σ8 with the mean value about 0.8
that expresses the enhancement of perturbations as we
mentioned above. Comparing Figs. 1 and 2, it is seen
that in the two sterile neutrino case the value of σ8 is
slightly smaller, about 5 %. This presents the possibility
to distinguish these two scenarios when more exact data
on σ8 will be obtained, e.g., from cluster abundance.
Figures 3 also suggest f(R) gravity favors the total

sterile neutrino mass around 1 eV with mild values of
λ with which small-scale enhancement of fluctuations is
appreciable.
Moreover, we find that in the presence of the massive

sterile neutrino f(R) gravity fits the cosmological data
much better than the ΛCDM model. Indeed, for the case
with a single sterile neutrino species the best-fit values
are mν = 0.860 eV, λ = 5.72, and χ2

eff = 3767.0 for
f(R) gravity, and mν = 0.109 eV and χ2

eff = 3774.1 for
the ΛCDM model. According to the Akaike Information
Criteria (AIC) [40], if χ2

eff improves by 2 or more with
a new additional fitting parameter, its incorporation is

1eV sterile neutrino: 

Δχ2 = -21.4 (compared to ΛCDM + sterile)
Data: Excludes small-scale CMB, but k<0.02 h/Mpc.
Analysis: should compare w/ null model (e.g. -8.6).

Small-scale boost offsets 
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due to the free streaming of massive neutrinos and thus
the upper bound for neutrino mass is relaxed in f(R)
gravity [24]. We show that the same mechanism works
in the case of sterile neutrinos, too, to make cosmology
with them compatible with neutrino experiments.
f(R) gravity is defined by the action,

S =
1

16πG

∫

d4x
√
−gf(R) + Sm, (2)

where Sm is the action of the matter content and it is
assumed to be minimally coupled to gravity (we put ! =
c = 1). If we set f(R) = R − 2Λ, it reproduces GR with
a cosmological constant. Instead, for definiteness we use
the following form [21]

f(R) = R+ λRs

[

(

1 +
R2

R2
s

)−n

− 1

]

, (3)

where n, λ, and Rs are model parameters. The two of
them are free parameters and the other one is determined
by other two and observational data. If we take n and
λ as free parameters, Rs is approximately proportional
to λ−1 [23]. Note that n should be taken sufficiently
large, n ! 2, if we want to obtain a noticeable effect for
the density perturbation enhancement (see below). The
model (3) can describe the accelerated expansion of the
present Universe and it quickly approaches the ΛCDM
model for redshift z > 1 if we take large n and λ. Strictly
speaking, a term proportional to R2 should be added to
(3) to avoid the scalaron mass Ms exceeding the Planck
mass for high, but not too high matter densities in the
early Universe [21], as well as to exclude possible forma-
tion of an extra weak curvature singularity in the recent
past which was found in [25, 26] (still there remains an
open question what would occur instead of this singular-
ity [27]). However, the coefficient of this term (usually
written as (6M2)−1 where M coincides with the scalaron
mass Ms in the regime when this term dominates other
non-GR terms in (3)) should be very small in order not
to destroy the standard evolution of the early Universe.
Namely, either M should be larger than the Hubble pa-
rameter H at the end of inflation, or this term can drive
inflation by itself if M ≈ 3×1013 GeV [28, 29]. With the
R2 term, the functional form (3) which is responsible for
the late time acceleration should also be reconsidered and
changed for R < Rs (including the region R < 0) that is
needed for nonsingular evolution of the model just after
the end of inflation. We study this point deeply in [30].
But if we are interested in the dynamics of the late time
Universe only, we can neglect both the R2 term and the
accompanying modification for R < Rs. Hence, we use
Eq. (3) as the low energy effective theory for the follow-
ing.
The model (3) describes similar background expan-

sion history with that of the ΛCDM model. Although
the equation of state parameter for dark energy makes
a phantom crossing at z ∼ 3 [19, 23, 31], it does not
change CMB spectrum significantly. On the other hand,

fluctuations evolve differently. We define the metric per-
turbation by the following notation,

ds2 = −(1 + 2Φ)dt2 + a2(t)(1 − 2Ψ)δijdx
idxj . (4)

We can derive the effective gravitational constant and
the gravitational slip in f(R) gravity by using subhorizon
limit and quasi-static approximation:

k2

a2
Φ = −4πGeff(t, k)ρ∆, (5)

Ψ

Φ
= η(t, k), (6)

where

Geff(t, k)

G
=

1

f ′

1 + 4k2

a2

f ′′

f ′

1 + 3k2

a2

f ′′

f ′

, (7)

η(t, k) =
1 + 2k2

a2

f ′′

f ′

1 + 4k2

a2

f ′′

f ′

. (8)

Here, ∆ is the gauge-invariant comoving matter pertur-
bation, and the prime denotes the derivative with respect
to the Ricci curvature. Thus, in the quasi-GR regime
when f ′ ≈ 1, the effective gravitational constant can be-
come up to 33% larger, independently of a detailed func-
tional form of f(R). This is the cause of the enhancement
of perturbation growth involved.
As a result of the time and the scale dependences of

these parameters, evolution of matter density fluctuation
is different from that in ΛCDM model, namely, it is en-
hanced. It promotes formation of LSS [19, 21, 23, 32]. On
the contrary, the light neutrinos suppress structure for-
mation by free streaming. Therefore, f(R) modification
and neutrino masses play opposite roles on the growth
of perturbation and thus the allowed range for the total
neutrino mass is relaxed in f(R) gravity, compared with
the ΛCDM model [24]. We can apply this mechanism for
the case of sterile neutrinos.
We have carried out Markov Chain Monte Carlo

(MCMC) analysis for the ΛCDM model and f(R) grav-
ity with one or two sterile neutrinos. Practically, we ne-
glect rest masses of three standard neutrino types (as-
suming that

∑3

i=1 mνi < 0.1 eV) compared to those
of one or two sterile neutrino types. We have modi-
fied the MGCAMB [33, 34], which provides the evolution
of the modified growth of matter fluctuation by setting
Geff(t, k) and η(t, k) as special parameterization, so that
it allows to implement f(R) gravity by adopting (7) and
(8). We do not change the background evolution equa-
tions, i.e., we keep that in the ΛCDM model, because
the difference between the background evolution in the
viable f(R) model and the ΛCDM model is not signifi-
cant (though it is not exactly zero). We used the above
modified MGCAMB and CosmoMC [35, 36] to constrain
the model parameters. The free parameters are the den-
sity parameter for the dark matter ΩDMh2, sound horizon
angle θ∗ ≡ 100rs(z∗)/DA(z∗), massive neutrino ratio, fν ,
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due to the free streaming of massive neutrinos and thus
the upper bound for neutrino mass is relaxed in f(R)
gravity [24]. We show that the same mechanism works
in the case of sterile neutrinos, too, to make cosmology
with them compatible with neutrino experiments.
f(R) gravity is defined by the action,

S =
1

16πG

∫

d4x
√
−gf(R) + Sm, (2)

where Sm is the action of the matter content and it is
assumed to be minimally coupled to gravity (we put ! =
c = 1). If we set f(R) = R − 2Λ, it reproduces GR with
a cosmological constant. Instead, for definiteness we use
the following form [21]

f(R) = R+ λRs

[

(
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R2

R2
s

)−n

− 1

]

, (3)

where n, λ, and Rs are model parameters. The two of
them are free parameters and the other one is determined
by other two and observational data. If we take n and
λ as free parameters, Rs is approximately proportional
to λ−1 [23]. Note that n should be taken sufficiently
large, n ! 2, if we want to obtain a noticeable effect for
the density perturbation enhancement (see below). The
model (3) can describe the accelerated expansion of the
present Universe and it quickly approaches the ΛCDM
model for redshift z > 1 if we take large n and λ. Strictly
speaking, a term proportional to R2 should be added to
(3) to avoid the scalaron mass Ms exceeding the Planck
mass for high, but not too high matter densities in the
early Universe [21], as well as to exclude possible forma-
tion of an extra weak curvature singularity in the recent
past which was found in [25, 26] (still there remains an
open question what would occur instead of this singular-
ity [27]). However, the coefficient of this term (usually
written as (6M2)−1 where M coincides with the scalaron
mass Ms in the regime when this term dominates other
non-GR terms in (3)) should be very small in order not
to destroy the standard evolution of the early Universe.
Namely, either M should be larger than the Hubble pa-
rameter H at the end of inflation, or this term can drive
inflation by itself if M ≈ 3×1013 GeV [28, 29]. With the
R2 term, the functional form (3) which is responsible for
the late time acceleration should also be reconsidered and
changed for R < Rs (including the region R < 0) that is
needed for nonsingular evolution of the model just after
the end of inflation. We study this point deeply in [30].
But if we are interested in the dynamics of the late time
Universe only, we can neglect both the R2 term and the
accompanying modification for R < Rs. Hence, we use
Eq. (3) as the low energy effective theory for the follow-
ing.
The model (3) describes similar background expan-

sion history with that of the ΛCDM model. Although
the equation of state parameter for dark energy makes
a phantom crossing at z ∼ 3 [19, 23, 31], it does not
change CMB spectrum significantly. On the other hand,

fluctuations evolve differently. We define the metric per-
turbation by the following notation,

ds2 = −(1 + 2Φ)dt2 + a2(t)(1 − 2Ψ)δijdx
idxj . (4)

We can derive the effective gravitational constant and
the gravitational slip in f(R) gravity by using subhorizon
limit and quasi-static approximation:
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Φ = −4πGeff(t, k)ρ∆, (5)
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= η(t, k), (6)

where
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Here, ∆ is the gauge-invariant comoving matter pertur-
bation, and the prime denotes the derivative with respect
to the Ricci curvature. Thus, in the quasi-GR regime
when f ′ ≈ 1, the effective gravitational constant can be-
come up to 33% larger, independently of a detailed func-
tional form of f(R). This is the cause of the enhancement
of perturbation growth involved.
As a result of the time and the scale dependences of

these parameters, evolution of matter density fluctuation
is different from that in ΛCDM model, namely, it is en-
hanced. It promotes formation of LSS [19, 21, 23, 32]. On
the contrary, the light neutrinos suppress structure for-
mation by free streaming. Therefore, f(R) modification
and neutrino masses play opposite roles on the growth
of perturbation and thus the allowed range for the total
neutrino mass is relaxed in f(R) gravity, compared with
the ΛCDM model [24]. We can apply this mechanism for
the case of sterile neutrinos.
We have carried out Markov Chain Monte Carlo

(MCMC) analysis for the ΛCDM model and f(R) grav-
ity with one or two sterile neutrinos. Practically, we ne-
glect rest masses of three standard neutrino types (as-
suming that

∑3

i=1 mνi < 0.1 eV) compared to those
of one or two sterile neutrino types. We have modi-
fied the MGCAMB [33, 34], which provides the evolution
of the modified growth of matter fluctuation by setting
Geff(t, k) and η(t, k) as special parameterization, so that
it allows to implement f(R) gravity by adopting (7) and
(8). We do not change the background evolution equa-
tions, i.e., we keep that in the ΛCDM model, because
the difference between the background evolution in the
viable f(R) model and the ΛCDM model is not signifi-
cant (though it is not exactly zero). We used the above
modified MGCAMB and CosmoMC [35, 36] to constrain
the model parameters. The free parameters are the den-
sity parameter for the dark matter ΩDMh2, sound horizon
angle θ∗ ≡ 100rs(z∗)/DA(z∗), massive neutrino ratio, fν ,
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non-Gaussianities in the covariance from the trispec-
trum (due to weak lensing, the ISW effect, and the
SZ effect) have been shown to degrade the Planck
and EPIC parameter constraints by 20% and 30%
[127, 129] respectively; however, their full account lies
beyond the scope of this work.

B. Comprehensive Parameter Forecasts

In previous sections we explored the qualitative in-
fluence of EDE on the lensing, galaxy, supernova, and
CMB observables, via its impact on the expansion rate
and matter power spectrum. We now examine how
these corrections quantitatively affect the combined
constraints of the dark energy. To this end, we utilize
a Fisher matrix formalism [72, 130]:

F total
αβ =

∑

#

∆!× Tr

[

C̃
−1
#

∂C#

∂pα
C̃

−1
#

∂C#

∂pβ

]

+ F SN
αβ ,

(47)
where the decoupled SN fisher matrix is defined in
Eqn. 34, and for the combined observational analysis
the symmetric matrix

C# =















C{κ}{κ}
# C{κ}κc

# C{κ}T
# 0 C{κ}{g}

#

Cκc{κ}
# Cκcκc

# CκcT
# 0 Cκc{g}

#

CT{κ}
# CTκc

# CTT
# CTE

# CT{g}
#

0 0 CET
# CEE

# 0

C{g}{κ}
# C{g}κc

# C{g}T
# 0 C{g}{g}

#















,

(48)
such that {κ} consists of the spectra from five tomo-
graphic bins (κ1,κ2,κ3,κ4,κ5) and {g} consists of the
spectra from five tomographic bins (g1, g2, g3, g4, g5).

C{κ}{κ}
# , C{g}{g}

# , C{κ}{g}
# are therefore 5× 5 subma-

trices, and C{κ}κc

# , C{κ}T
# , C{g}κc

# , C{g}T
# are 5 × 1

submatrices. For the terms in Eqn. 47 we carry out
two-sided numerical derivatives with steps of 2% in
most parameter values. We have confirmed the ro-
bustness of our results to other choices of step size.
In Tables IV-X, we illustrate prospective constraints

from Planck/EPIC CMB temperature (T ), E-mode
polarization (E), lensing (κc), LSST/JDEM weak
lensing tomography (κ), galaxy tomography (g), SNe
(s), and their combined impact (including all relevant
cross-correlations shown in Eqn. 48) on the 12 consid-
ered cosmological parameters (Ωd0, Ωe, Ωch2, Ωbh2,
Ωk,

∑

mν , Neff , w0, ns, dns/d lnk, ∆2
R, τ).

The contents of our tables are as follows: In Ta-
ble IV and Table V we consider only a flat universe,
with curvature always considered in the other tables.
These tables present the separate constraints on the
underlying cosmology obtained from the CMB, lens-
ing tomography, galaxy tomography, and SNe, along
with the synergies attained from a combined analysis
of these probes. Table V differs from Table IV in that
it fixes the early dark energy density. Table VI differs

from Table IV in that it allows for variation in curva-
ture. In Table X, we present results where the CMB
constraints are derived from a future experiment like
the proposed 2m EPIC [97, 98] (compare to Table VI).
Table VII differs from Table VI in its neglect of SNe
measurements. Lastly, Table IX differs from Table VI
in that we neglect cross-correlations between the ob-
servables (i.e. neglecting all correlations between T ,
E, κc, κ, g, except for tomographic cross-correlations
within κ).
We now explore each of these tables in greater de-

tail. Table IV shows us that the dominant constraint
on the fraction of dark energy at early times is drawn
from the CMB (in particular TT and to some extent
Tκc) due to its deep redshift information. At a value
of σ(Ωe) = 8.6 × 10−3 (Table IV), the Planck CMB
temperature and polarization constraint is within a
percent of the critical density. In general, EDE is
best constrained by the CMB, followed by weak lens-
ing tomography, galaxy tomography and SNe in that
order. For comparison, the low-redshift lensing con-
straint from LSST on Ωe is a factor of four (factor of
six for JDEM) weaker than from the CMB. If we im-
pose a nonlinear cutoff to the convergence spectra at
!max = 1000, the situation becomes more dire, as the
LSST and JDEM lensing constraints become worse by
another factor of three. Similarly, the galaxy tomog-
raphy constraint from LSST on Ωe is a factor of five
(factor of nine for JDEM) weaker than the CMB con-
straint, and the LSST SN constraint is a factor of 70
weaker (factor of 30 for JDEM) than the CMB.
Nevertheless, once the six observables (T , E, κc, κ,

g, s) and all relevant cross-correlations (see Eqns. 47-
48) from Planck (or EPIC) and LSST (or JDEM) are
analyzed in a combined setting, the constraint on Ωe

improves by a factor of four over the CMB constraint.
The combined constraints are equally strong regard-
less of the choice of LSST or JDEM for the non-CMB
observations (κ, g, s). For a JDEM-like experiment,
the cross-correlations improve the Ωe constraints by a
factor of about 2.
As expected, we find the late-redshift parameters

more strongly constrained by the non-CMB probes.
For example, in a universe where we allow for the ex-
istence of early dark energy, the LSST weak lensing
constraints on the present DE density (Ωd0) and EOS
(w0) of 1% and 6% are much better than the con-
straints obtained from just CMB lensed data of about
7% and 20% on present DE density and EOS (Table
IV). Galaxy tomography measurements with LSST
constrain Ωd0 and w0 to 5% and 10%, respectively,
whereas the strongest SN constraints are derived from
JDEM, at 10% and 5% for Ωd0 and w0 respectively.
When we combine the probes of lensing and galaxy to-
mography, SNe, and CMB, the parameter constraints
improve by a factor of seven in w0 and factor of four
in Ωd0 compared to the constraints from the strongest
single probe, here weak lensing from LSST.
The results of the joint analysis don’t change sig-

Aim: break degeneracies by wide combination of high-z 
and low-z probes. Functions of P(k) and distances.

First time such a comprehensive future dataset 
including both auto and cross correlations analyzed. 

Tough, but kind of cosmological data we will have.

Joudaki and 
Kaplinghat (2011)

2000 
x 13 
x 13
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Probe w0 Ωd0 Ωe
∑

mν(eV) ns
dns
d ln k 1010∆2

R Ωch2 103Ωbh2 Neff τ Ωk

P 0.42 0.12 0.0086 0.47 0.0088 0.0085 0.26 0.0032 0.27 0.28 0.0056 —

PK 0.23 0.057 0.0077 0.20 0.0085 0.0081 0.23 0.0031 0.25 0.28 0.0050 —

P">30K+ σ(τ) 0.23 0.060 0.0080 0.21 0.0085 0.0082 0.44 0.0031 0.25 0.28 0.0097 —

Lκ 0.055 0.0071 0.031 0.25 0.10 0.027 8.3 0.024 9.0 1.1 — —

Jκ 0.088 0.012 0.049 0.38 0.15 0.040 13. 0.035 14. 1.7 — —

Lκ
"<1000 0.072 0.013 0.081 0.38 0.17 0.052 17. 0.049 16. 1.6 — —

Jκ"<1000 0.13 0.024 0.14 0.67 0.27 0.088 28. 0.077 26. 2.5 — —

Lg 0.099 0.037 0.044 0.30 0.087 0.034 8.5 0.050 12. 2.4 — —

Jg 0.21 0.079 0.078 0.63 0.16 0.061 13. 0.11 26. 5.2 — —

Ls 0.21 0.27 0.59 — — — — 0.16 — — — —

Js 0.045 0.085 0.27 — — — — 0.086 — — — —

PKLκLgLs 0.0081 0.0017 0.0023 0.037 0.0050 0.0020 0.17 0.0011 0.13 0.090 0.0042 —

PKJκJgJs 0.0076 0.0014 0.0024 0.036 0.0052 0.0023 0.18 0.0012 0.14 0.088 0.0044 —

PKLκ
"<1000L

g
"<1000L

s 0.0084 0.0018 0.0023 0.039 0.0054 0.0027 0.18 0.0012 0.14 0.099 0.0043 —

PKJκ"<1000J
g
"<1000J

s 0.0078 0.0015 0.0024 0.037 0.0054 0.0035 0.19 0.0014 0.14 0.10 0.0045 —

PKLκLgLs +Ωk 0.0085 0.0019 0.0023 0.038 0.0051 0.0021 0.20 0.0013 0.13 0.090 0.0044 0.00056

PKJκJgJs + Ωk 0.0076 0.0021 0.0025 0.036 0.0055 0.0024 0.19 0.0012 0.14 0.090 0.0045 0.00075

TABLE IV. 1σ uncertainties on cosmological parameters from a combination of probes. P denotes CMB T, E, TE modes
for a Planck survey. K denotes the CMB lensing potential power spectrum and the correlation with the temperature field
for Planck. L denotes an LSST type survey, whereas J denotes a JDEM type survey, and the superscripts κ, g, s, refer
to weak lensing tomography, galaxy tomography, and supernova measurements, respectively. When we combine more
than one probe, all relevant cross-correlations between the selected probes are included. Thus, for the case of PKLκLg,
all cross-correlations between [T, E,κc,κ, g] are included (see Eqn. 48). The subscripts with # < 1000 refer to cutoffs
of the respective auto-correlations (and all related cross-correlations) at # = 1000. At redshifts z = [0, 1, 2, 3] the early

dark energy constitutes [0, 2.1, 8.0, 17.7]% of the overall amount of dark energy (quantified as Ωd(z)−Ωw(z)
Ωd(z)

with w = −1

and Ωe = 0.01). For the case where # < 30 modes in CMB polarization data are excluded, we add a prior of 0.01 on the
optical depth.

Probe w0 Ωd0 Ωe
∑

mν(eV) ns
dns
d ln k 1010∆2

R Ωch2 103Ωbh
2 Neff τ Ωk

P−Ωe 0.42 0.11 — 0.46 0.0086 0.0072 0.26 0.0032 0.25 0.24 0.0055 —

PK−Ωe 0.21 0.055 — 0.15 0.0079 0.0066 0.23 0.0030 0.23 0.22 0.0050 —

P">30K−Ωe + σ(τ) 0.22 0.058 — 0.17 0.0079 0.0066 0.44 0.0030 0.23 0.22 0.0097 —

Lκ − Ωe 0.033 0.0061 — 0.19 0.075 0.018 3.9 0.023 8.1 1.1 — —

Jκ − Ωe 0.053 0.0097 — 0.30 0.12 0.029 6.1 0.034 13. 1.7 — —

Lκ
"<1000 −Ωe 0.050 0.0075 — 0.37 0.13 0.025 6.7 0.049 16. 1.5 — —

Jκ"<1000 −Ωe 0.083 0.013 — 0.65 0.22 0.044 12. 0.076 26. 2.4 — —

Lg − Ωe 0.096 0.035 — 0.30 0.060 0.017 4.4 0.050 12. 2.2 — —

Jg − Ωe 0.21 0.067 — 0.60 0.13 0.038 8.0 0.11 26. 4.7 — —

Ls − Ωe 0.13 0.057 — — — — — 0.080 — — — —

Js − Ωe 0.042 0.012 — — — — — 0.075 — — — —

PKLκLgLs −Ωe 0.0026 0.0010 — 0.023 0.0039 0.0017 0.16 0.0011 0.13 0.078 0.0040 —

PKJκJgJs − Ωe 0.0031 0.00092 — 0.023 0.0047 0.0023 0.17 0.0012 0.13 0.084 0.0044 —

PKLκ
"<1000L

g
"<1000L

s −Ωe 0.0028 0.0012 — 0.024 0.0041 0.0025 0.16 0.0012 0.13 0.084 0.0041 —

PKJκ"<1000J
g
"<1000J

s − Ωe 0.0034 0.00099 — 0.023 0.0050 0.0035 0.17 0.0014 0.14 0.098 0.0044 —

PKLκLgLs +Ωk − Ωe 0.0029 0.0014 — 0.028 0.0039 0.0019 0.18 0.0012 0.13 0.079 0.0041 0.00055

PKJκJgJs + Ωk − Ωe 0.0037 0.0020 — 0.025 0.0049 0.0023 0.18 0.0012 0.14 0.085 0.0044 0.00072

TABLE V. Same as Table IV (Planck CMB), for an EDE fiducial cosmology with Ωe = 0.01 kept fixed.

nificantly when we relax the assumption of spatial
flatness. The exception to this statement is Ωd0 for
JDEM, which degrades by about a factor of 2 for the
case where EDE density is fixed (see Table V). This
is because for JDEM Ωd0 is most strongly constrained

by SNe measurements, which require a tight bound on
the curvature. In the joint analysis, the curvature den-
sity is constrained to 6× 10−4 of the critical density,
which is an order of magnitude stronger than solely
with the CMB temperature and lensing. The ability
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Probe w0 Ωd0 Ωe
∑

mν(eV) ns
dns
d ln k 1010∆2

R Ωch2 103Ωbh2 Neff τ Ωk

P 0.42 0.12 0.0086 0.47 0.0088 0.0085 0.26 0.0032 0.27 0.28 0.0056 —

PK 0.23 0.057 0.0077 0.20 0.0085 0.0081 0.23 0.0031 0.25 0.28 0.0050 —

P">30K+ σ(τ) 0.23 0.060 0.0080 0.21 0.0085 0.0082 0.44 0.0031 0.25 0.28 0.0097 —

Lκ 0.055 0.0071 0.031 0.25 0.10 0.027 8.3 0.024 9.0 1.1 — —

Jκ 0.088 0.012 0.049 0.38 0.15 0.040 13. 0.035 14. 1.7 — —

Lκ
"<1000 0.072 0.013 0.081 0.38 0.17 0.052 17. 0.049 16. 1.6 — —

Jκ"<1000 0.13 0.024 0.14 0.67 0.27 0.088 28. 0.077 26. 2.5 — —

Lg 0.099 0.037 0.044 0.30 0.087 0.034 8.5 0.050 12. 2.4 — —

Jg 0.21 0.079 0.078 0.63 0.16 0.061 13. 0.11 26. 5.2 — —

Ls 0.21 0.27 0.59 — — — — 0.16 — — — —

Js 0.045 0.085 0.27 — — — — 0.086 — — — —

PKLκLgLs 0.0081 0.0017 0.0023 0.037 0.0050 0.0020 0.17 0.0011 0.13 0.090 0.0042 —

PKJκJgJs 0.0076 0.0014 0.0024 0.036 0.0052 0.0023 0.18 0.0012 0.14 0.088 0.0044 —

PKLκ
"<1000L

g
"<1000L

s 0.0084 0.0018 0.0023 0.039 0.0054 0.0027 0.18 0.0012 0.14 0.099 0.0043 —

PKJκ"<1000J
g
"<1000J

s 0.0078 0.0015 0.0024 0.037 0.0054 0.0035 0.19 0.0014 0.14 0.10 0.0045 —

PKLκLgLs +Ωk 0.0085 0.0019 0.0023 0.038 0.0051 0.0021 0.20 0.0013 0.13 0.090 0.0044 0.00056

PKJκJgJs + Ωk 0.0076 0.0021 0.0025 0.036 0.0055 0.0024 0.19 0.0012 0.14 0.090 0.0045 0.00075

TABLE IV. 1σ uncertainties on cosmological parameters from a combination of probes. P denotes CMB T, E, TE modes
for a Planck survey. K denotes the CMB lensing potential power spectrum and the correlation with the temperature field
for Planck. L denotes an LSST type survey, whereas J denotes a JDEM type survey, and the superscripts κ, g, s, refer
to weak lensing tomography, galaxy tomography, and supernova measurements, respectively. When we combine more
than one probe, all relevant cross-correlations between the selected probes are included. Thus, for the case of PKLκLg,
all cross-correlations between [T, E,κc,κ, g] are included (see Eqn. 48). The subscripts with # < 1000 refer to cutoffs
of the respective auto-correlations (and all related cross-correlations) at # = 1000. At redshifts z = [0, 1, 2, 3] the early

dark energy constitutes [0, 2.1, 8.0, 17.7]% of the overall amount of dark energy (quantified as Ωd(z)−Ωw(z)
Ωd(z)

with w = −1

and Ωe = 0.01). For the case where # < 30 modes in CMB polarization data are excluded, we add a prior of 0.01 on the
optical depth.

Probe w0 Ωd0 Ωe
∑

mν(eV) ns
dns
d ln k 1010∆2

R Ωch2 103Ωbh
2 Neff τ Ωk

P−Ωe 0.42 0.11 — 0.46 0.0086 0.0072 0.26 0.0032 0.25 0.24 0.0055 —

PK−Ωe 0.21 0.055 — 0.15 0.0079 0.0066 0.23 0.0030 0.23 0.22 0.0050 —

P">30K−Ωe + σ(τ) 0.22 0.058 — 0.17 0.0079 0.0066 0.44 0.0030 0.23 0.22 0.0097 —

Lκ − Ωe 0.033 0.0061 — 0.19 0.075 0.018 3.9 0.023 8.1 1.1 — —

Jκ − Ωe 0.053 0.0097 — 0.30 0.12 0.029 6.1 0.034 13. 1.7 — —

Lκ
"<1000 −Ωe 0.050 0.0075 — 0.37 0.13 0.025 6.7 0.049 16. 1.5 — —

Jκ"<1000 −Ωe 0.083 0.013 — 0.65 0.22 0.044 12. 0.076 26. 2.4 — —

Lg − Ωe 0.096 0.035 — 0.30 0.060 0.017 4.4 0.050 12. 2.2 — —

Jg − Ωe 0.21 0.067 — 0.60 0.13 0.038 8.0 0.11 26. 4.7 — —

Ls − Ωe 0.13 0.057 — — — — — 0.080 — — — —

Js − Ωe 0.042 0.012 — — — — — 0.075 — — — —

PKLκLgLs −Ωe 0.0026 0.0010 — 0.023 0.0039 0.0017 0.16 0.0011 0.13 0.078 0.0040 —

PKJκJgJs − Ωe 0.0031 0.00092 — 0.023 0.0047 0.0023 0.17 0.0012 0.13 0.084 0.0044 —

PKLκ
"<1000L

g
"<1000L

s −Ωe 0.0028 0.0012 — 0.024 0.0041 0.0025 0.16 0.0012 0.13 0.084 0.0041 —

PKJκ"<1000J
g
"<1000J

s − Ωe 0.0034 0.00099 — 0.023 0.0050 0.0035 0.17 0.0014 0.14 0.098 0.0044 —

PKLκLgLs +Ωk − Ωe 0.0029 0.0014 — 0.028 0.0039 0.0019 0.18 0.0012 0.13 0.079 0.0041 0.00055

PKJκJgJs + Ωk − Ωe 0.0037 0.0020 — 0.025 0.0049 0.0023 0.18 0.0012 0.14 0.085 0.0044 0.00072

TABLE V. Same as Table IV (Planck CMB), for an EDE fiducial cosmology with Ωe = 0.01 kept fixed.

nificantly when we relax the assumption of spatial
flatness. The exception to this statement is Ωd0 for
JDEM, which degrades by about a factor of 2 for the
case where EDE density is fixed (see Table V). This
is because for JDEM Ωd0 is most strongly constrained

by SNe measurements, which require a tight bound on
the curvature. In the joint analysis, the curvature den-
sity is constrained to 6× 10−4 of the critical density,
which is an order of magnitude stronger than solely
with the CMB temperature and lensing. The ability

Planck+LSST



How many neutrinos?

WMAP7+SPT+BAO+HST: Neff = 3.8 +/- 0.4

Present Data

However, we know neutrinos have mass. Moreover, 
including constant w, running, curvature:

Keisler et al (2011)

WMAP7+SPT+BAO+HST+SNe: Neff = 3.6 +/- 0.6
Joudaki 2012

Future Data

CMB:
Neff = +/- 0.28

ALL:
Neff = +/- 0.09

Includes neutrino mass, 
EDE, curvature, etc Joudaki and  

Kaplinghat (2011)

15

FIG. 9. Parameter degeneracies with early dark energy density (Ωe) in a flat universe (also see Table IV) for Planck
measurements of temperature and CMB lensing spectra [TT, EE, TE, κcκc, κcT] (dot-dashed, black), along with
LSST tomographic weak lensing spectra [κκ] (dotted, blue) and tomographic galaxy spectra [gg] (dashed, turquoise).
Constraints from SNe are too weak to be visible in the shown parameter regions. The error ellipses from the combination
of all these probes (including SNe), incorporating all cross-correlations (see Eqn. 48) is shown as (solid, red) curves.
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Joint analysis: Massive Neutrinos
Dominant constraint from CMB lensing:  0.2 EV from 
Planck

Constraint improves by factor 5 in joint analysis with 
Planck. The joint constraints improve by factor <2 when 
EDE is not allowed to vary.

These constraints unaffected by our ignorance of 
curvature, which can be constrained to 6 x 10-3 by CMB T
+lensing alone, and improved by order of magnitude in 
the joint analysis.

Throwing out nonlinear scales (l>1000) may not result in 
significant degradation. Including cross-corrs improves 
DE density and sum of neutrino masses by factor of 2.

Even modest 1% EDE, if not accounted for, may shift 
estimates of neutrino mass by 20% and number by 40%.



Neutrino mass forecasts

Joudaki and Kaplinghat (2011)
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Complementarity with Double beta 
decay experiments

CMB lensing, 
Weak lensing, 
Galaxy power 
spectrum, SNe
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Complementarity with beta decay 
experiments 
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Summary
comprehensive future datasets (Planck+LSST) 
including both auto and cross correlations 
analyzed for extensive parameter space.

Effective number of neutrinos constrained to 0.3 
level with Planck, and 0.1 level when combined with 
WL+galaxy survey. Includes extended parameters.

not accounting for DE at high redshift may bias 
future estimates of ∑mν by 20% and Neff by 40%.

Cosmology can probe sum of neutrino masses down to 
an exquisite 0.04 eV even when allowing for non-flat 
geometry and unknown high redshift universe.

 Complementarity with laboratory experiments will 
be very interesting.



Thanks for listening.


