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Introduction

Viable scalar theories with higher derivative terms ?

Main obstacle: Ostrogradski’s instabilities

Theories with higher time derivatives often contain an
extra DOF, leading to ghost-like instabilities.

e.g. L(q,4,q)
L oL
Way out: degenerate theories, i.e. such that 5 0
Example: galileon models Nicolis, Rattazzi & Trincherini 08

They give 2"d order equations of motion

Scalar-tensor theories ?



Horndeski theories

« Most general scalar-tensor action leading to at most second order

equations of motion for the scalar field and metric
Horndeski 74

 Rediscovered as « Generalized Galileons », with the requirement

that equations of motion are 2"9 order ,
Deffayet, Gao, Steer & Zahariade 11

« Combination of the following four Lagrangians

X =V, ,oVie
Ly = Ga(¢, X) _o v
Ly = Gs(¢, X)O¢ P = Vv Vu®
Ly = Ga(¢, X) R — 2Gax (6, X)(O¢° — ¢ )
LE = Gy(6, X) DG, 0™ + 5 G (6, X) (06 — 306 G0 + 20,67 %,)



Beyond Horndeski

Gleyzes, DL, Piazza & Vernizzi ‘14

« 2" order equations of motion are in fact not necessary

« Extended class of Lagrangians (dubbed G3)

Ly =Ga(¢, X), L3’ =Gs(6,X)0g,
LiT = Ga(¢, X) MR = 2G4 x (¢, X)(O¢* — ¢ dpu)
LZH 4(¢7 X)e,uup Elu Ve’ U¢,M¢,LL gbyu Cbpp )

Li' = Gs(¢, X) WG o" + §G5,X<¢,X>(D¢3 — 306 ¢ +2 ¢ "7 ¢",)
LgH — (¢7 )E,uupae,u’u/p’a’gbuqbul gbuu’gbpp’ ¢O’O’l

with two new terms that do not belong to Horndeski class.



The Fab Four

Charmousis, Copeland, Padilla & Saffin ‘11

« Subclass of Horndeski theories that satisfy self-tuning
— there exists a Minkowski solution for any cosmological constant

— this remains true if the cosmological constant changes suddenly
— non trivial cosmological solutions exist

 Fab Four Lagrangians
Liohn =/—9Vi(0) GF'V 0V, 0,
Lpaul = /=g Vp(¢) PP’V ¢V 0V, Vo,
Lyeorge = V=9 Va(o) R
Loingo = /=9 Vr(9) G

1

Paﬁwj = ——

)
A €CaBpo RP77Y €uv~é



Beyond the Fab Four

Babichev, Charmousis, DL & Saito ‘15

» The new Lagrangians beyond Horndeski, L;" and L:",

can be rewritten as extended John and Paul terms

S5 = [diz /=g Fy(¢, X) GV 6V,
= [d*z /=g {FJ,X €pyas ew;pﬁ PH PV 07 p P + Horndeski terms}

S]eDXt — f d*x vV — 4 FP(¢7X) PQBMVVQ¢VM¢VBVV¢

= [d*z =g {—FPT’X €pyad Cospo GHOY$0T PGP 1 Horndeski terms}

« Same self-tuning properties



Degenerate higher derivative
scalar-tensor theories

DL & K. Noui 2015



Toy model

 Consider the model

S+ Skod? —V(0)

If a = 0 , the Lagrangian is nondegenerate.

L =

— The equation of motion is fourth order

— The system contains 2 degrees of freedom (phase space is 4
dimensional)

— Ostrogradski instability

« To get rid of the Ostrogradski ghost requires a =0



Toy model

* What if the system is coupled to other dof ?

1

L =—a
2

IR TR
kod® + =kiiG'¢? +b; dq" — V(g,q)

1
P 2

1=1,...,n
« Equations of motion

ad —kop+bd" —cift —Vy=0,
kij@ +bi ¢ +cip+ Vi =0
— 4th order if a # 0

— 3rdorderif a=0, b;#0
— 2nd orderif a=0, b;=0



Degrees of freedom

 Number of degrees of freedom ?
Let us rewrite the Lagrangian in the form

L—l(f+%%ff+;Wf+m@f9W@®—MQ—@

= 5a
 Equations of motion
aQ + biG" = koQ — A
biQ + ki’ ==V,

If the kinetic matrix )/ = ( [?.

) is invertible, one needs
2(n+1)+2 initial conditions.

n+2 DOF, including the Ostrogradski ghost !



Degrees of freedom

 Degenerate case

b.
Degenerate kinetic matrix M = ( ; L )
) 17

det(M) = det(k) (a — bibj(k~")") =0

There are (at most) n+1 degrees of freedom
- Egs of motion can be rewritten as a 2" order system for ¢ and
the new variables 2" =¢" + (k=)0 Q
- Hamiltonian analysis (primary constraint, which generates a
secondary constraint)

No Ostrogradski ghost ! (with eom’s of order 2, 3 or 4)



Scalar-tensor theories

* We consider all Lagrangians of the form

Slod = [ V=G R+ OOV, 9,0V, V,09)
where [ = f(X,¢)and C*"*° depends only on ¢ and V,¢.

e Symmetries:  CHYPT = CVHPT = OHVIP = CPIHY

1
CH*7 = a1 9" 9" + az " Pg7" + Cas (¢49"g" + 9797 g")
1
F70a (@997 ) s TP

» This includes the Lagrangians L} and L}"



Scalar-tensor theories

 Introduce the aukxiliary field Ap = Vpo

* Covariant 3+1 decomposition

t9 = Nn® + N¢

hab = Gab + N My

« Normal and spatial components of A,

A, = Agn® [A* — (¢ — N A) /N]

A

A, = h2 A,



Scalar-tensor theories

« 3+1 decomposition of v/ A,

(vaAb)kin — )\ab A* + Aade ch

1 .
th K, :—(ha _D,N, — D Na).
Wi b 2N b b b

)\ab = %nanb Aade = _A* hcahg) + 277,(ah[(;):121d)

* Substituting into the total Lagrangian, one gets

Lin = AA” + 2B A Ko p + KUK, K,



Scalar-tensor theories

* The kinetic part of the Lagrangian

Lign = AA” + 2B A, Kop + KUK, K,

. L . A B
yields the kinetic matrix M = Rab  jcab,ed

Uo

V. > with eigenvalue 0

 Degeneracy: eigenvector (

vo A+ B,y =0, wvyB®+ KAy, =0

Vcd = U1 hcd + U2 ACACZ



Scalar-tensor theories

« Degenerate if the determinant vanishes:

Do(X) + D1(X)A2 + Dy(X)A2 =0

Do(X) = —4(a1 + as) [X f(2a0 + Xay +4fx) — 2f* — 8X* %]

Di(X)=4[X a2(3a1 + az) — 2f* —4X foq] g + 4X? f(a1 + az)as
+8Xas —4(f +4X fx —6Xa1)as — 16(f +5X fx)aias
+AX (3f —4X fx)agas — X2 faz +32fx (f +2X fx)

—16f fxas — 8f(f — X fx)as + 48f f+

Dy (X) =4 [2f2 +4X foq — X2a2(3a1 4 042)} a5 + 404%
+4(20q0 — Xag — 4fx)as +3Xazas — 4X fas
+8(f + X fx)asaz — 32fxaras + 16 fxas + 32f3 a1 — 16f fxas



Classification of the degenerate
Lagrangians

 Degeneracy conditions
DO(X):Oa Dl(X):Oa DQ(X):O

« Case A =0 (degenerate for nondynamical metric)

1
A = m [041 + Qg — (043 —+ 064)143 —+ &514;1}

a1 +ay =0, ag+a,=0, a5=0

All degenerate theories of this type coincide with quartic G3
(including Horndeski)

J =G4, a1 =—ax=-2G4x —XFy, a3=—ay=2F,



Classification of the degenerate
Lagrangians

e Case A#0

Three families of Lagrangians that depend on 3 arbitrary
functions ( /a1, a3 )

— subcase aj+as =0

B 16X a3 + 1202 — 12X aza; — X?a3 — 8as (201 + X ag (4a3 — 20 + 3Xa1a3)

)
= 8(1—|—X041)2 @5 = 8(1—|—XO&1)2

— subcases a1+ as #0

1 0 —4 —8Xa; —4X%a3 + X*ad
oo = — o4 = s =
T x0T AX3(1+ Xay)
2 X 0 8 4—1—8XO£1—|—3X2043
g = ————oaz3—4ay, 4= 5taztoa, Q5= —

X 2 T X2 X X3



Conclusions
Systematic classification of “degenerate” theories

The quartic G® terms describe the most general
degenerate theories both with and without gravity

Three new families of degenerate Lagrangians, which
are nondegenerate with a nondynamical metric

We conjecture that all these degenerate theories do not
suffer from Ostrogradski’s instability

For future work:
— Hamiltonian formulation
— Lagrangians cubic in Qb,w



