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Developing an intuitive understanding of FTs
Fourier Transform basics



References

There are a lot of good books on Fourier Transforms.  Everyone has 
their favorites. 


E.g., mine is Ronald Bracewell, “The Fourier Transform and its 
Applications”.   It is a old book from my graduate school days.  


According to reviews,  This text is designed for use in a senior 
undergraduate or graduate level course in Fourier Transforms. This 
text differs from many other fourier transform books in its emphasis 
on applications. Bracewell applies mathematical concepts to the 
physical world throughout this text, equipping students to think about 
the world and physics in terms of transforms. The pedagogy in this 
classic text is excellent. The author has included such tools as the 
pictorial dictionary of transforms and bibliographic references. 

For a more modern, detailed reference, maybe see

E. Oran Brigham, “The Fast Fourier Transform”  
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Applications

Fourier Transforms take temporal or spatial) varying signal and 
transform them to the frequency or wavelength domain. 


Many physical phenomena are readily understood in terms of Fourier 
Transforms. 


E.g., 


- Antennas: far field “beam” pattern is the F.T. of the illumination 
distribution in the aperture plane.


- Optics: F.T. relation exist between the light amplitude distribution 
at one focal plane of a lens to the other focal plane.  A lens is a F.T. 
device. 


- Astronomical Interferometry (ALMA, VLA, etc.): the measured 
“visibility function” is the F.T. of the sky brightness.


- Quantum Mechanics: x and p are related by a F.T.  (consider the 
uncertainty principle). 


- Spectrometry, Filters, etc are all understood in terms of F.T. 
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The Fourier Transform pair

We’ll use the explicit notation, and just one dimensional

Show inverse is actually the original function:
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Simple relationships

Some simple, but very helpful, reminders.
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Simple relationships
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Example: 1-D aperture and beam
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phase 



Example: 1-D aperture and beam
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Aside: never forget the Sinc function 
(it is always there)
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Aside: never forget the Sinc function 
(it is always there)
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Aside: never forget the Sinc function 
(it is always there)

Impact on power spectrum, i.e., squared
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Convolution and the Convolution Theorem
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This is extremely useful! 



Convolution and the Convolution Theorem
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Example: 



Filters 

 14



Filters 
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Filters 
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Applies to time and other domains, of course. 


Example:  Consider making a map of a point source (unresolved 
object, like a star) with a telescope.  The point source will appear in 
your map with the pattern of the "Point Spread Function" (PSF).  The 
PSF is the impulse response of your telescope. The map you 
produce is the convolution of real sky image and the PSF. 


Your telescope acts like a filter that cannot sample "spatial 
frequencies" larger than its diameter to be measured. The result is 
the image is resolution is limited to observing wavelength / telescope 
diameter,  λ/D. 


A F.T. of your map will be bandwidth limited. 



Handy Theorems 

 17

Shift Theorem:  What happens to transform if function is shifted in 
time? 


Parseval’s Theorem or Rayleigh’s Theorem or Energy Theorem:


Another obvious and very useful relationship:




Show Parseval’s Theorem
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exercise left to the reader



Correlation
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Correlation compared to Convolution
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Illustration of Correlation compared to Convolution:




Applications of Correlation
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Many applications of correlation, or cross-correlation, such as

- interferometry

- spectroscopy

- determining shifts, e.g.,


h(τ) is not folded in correlation, so if z(x) = g⊗h then z(-x) = h⊗g



Correlation Theorem, Autocorrelation
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Correlation Theorem


Autocorrelation and the Wiener -Khinchin Theorem

   - the basis of radio astronomy spectroscopy and Fourier Transform 
Spectrometers (FTS)



Sampling, Sampling Theorem, Nyquist rate
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÷¥e

Hoe



Sampling, Sampling Theorem, Nyquist rate
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exercise left to the reader



Sampling, Sampling Theorem, Nyquist rate
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Consider the effect of discrete sampling


For bandwidth limited signal, the minimum sampling rate for which 
the F.T. of the signal does not overlap is the Nyquist frequency




Sampling, Sampling Theorem, Nyquist rate
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For bandwidth limited signal, the minimum sampling rate for which 
the F.T. of the signal does not overlap is the Nyquist frequency




Sampling, Sampling Theorem, Nyquist rate
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Given that no information is lost if we sample at rate greater than the 
Nyquist frequency, how do we reconstruct the original x(t) from the 
samples xs(k)?   This is given by the sampling theorem:


time domaine frequency domaine

Graphical proof of the sampling theorem




Aside: never forget the Sinc function 
(it is always there)

 

 28



Sampling, Sampling Theorem, Nyquist rate
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exercise left to the reader



Sampling, Sampling Theorem, Nyquist rate
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Comments on sampling




Discrete Fourier Transform
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Discrete Fourier Transform
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Discrete Fourier Transform
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Discrete Fourier Transform
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 35

Discrete Fourier Transform
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Discrete Fourier Transform

example from discrete F.T. pair



example from discrete F.T. pair 
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Discrete Fourier Transform

What is the F.T.?



example from discrete F.T. pair 
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Discrete Fourier Transform



Leakage and window functions
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Window function: Apodization
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Whatever binning or cell size you use will result in filtering the spectrum.  
Easy to correct, but also easy to forget! 
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Impact of Averaging or Binning 
(it is also always there)



Wrap up

 42

÷¥e

Hoe

Bonus question:  What is the impact of digitized 
samples on the output power spectrum? 



Extra material
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Impact of digitization
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Impact of digitization
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Impact of digitization


