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Overview

Why study black hole interiors? Our motivation is three-fold:

(1) Our goal is to investigate numerically the singularity inside a more
realistic rotating black hole, to understand how gravitational collapse
affects the causal structure beneath the event horizon (EH).

(2) That problem is very difficult, so here I report on an attempt to “get
my feet wet” by numerically integrating Einstein field equations for a
spherically symmetric, charged black hole perturbed by a scalar field.
This reproduces earlier results of e.g. Brady & Smith (1995).

(3) Finally, I expand on this work by studying the tidal deformation along
timelike geodesics that intersect the Cauchy horizon (CH), and com-
ment on a recent result of Marolf & Ori.
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(b)Initial data on a pair of intersecting null
hypersurfaces.

FIG. 1. Setup of the spherical integration problem with initial data defined on (a) a t ⌘ const. hypersurface extending through
portions of each of the universes I and II, and (b) a pair of intersecting null hypersurfaces ⌃± that foliate the spacetime.
The background shown is exact Reissner-Nördstrom, up to the boundary of a black hole “tunnel.” This spacetime may be
analytically extended beyond the Cauchy horizon in the usual way. For astrophysical black holes, only the universe I is
significant; see the discussion in §I.

rotating astrophysical black holes. While these are ex-
pected on physical grounds to have negligible net charge,
the fact that they are rotating suggests a Cauchy horizon
is present. Therefore our model should be chosen so that
it too contains a Cauchy horizon, which means it ought to
be charged. Little choice is left in our selection of initial
data, since for there to be a Cauchy horizon the initial
data hypersurface must contain a trapped region. (This
has been pointed out by many authors; see the review
in Ref. [13].) With a definite coordinate chart selected
and evolution equations written down with respect to it,
we then define initial data for the characteristic evolu-
tion problem before turning to a discussion of timelike
geodesics.

A. Coordinate choice & field equations

Restricting our attention to spherical symmetry re-
quires that we eliminate all but two gravitational degrees
of freedom, since the symmetry conditions impose con-
straints on the form of the metric. We choose to repre-
sent the spacetime (M , gab) in half-null coordinates [14]
since these cover the entire region of interest illustrated in
Fig. 1(b). To that end the most general metric retaining
spherical symmetry has the form

ds2 = �⌘�
r

dv2 + 2⌘ drdv + r2 d⌦2, (1)

where � = �(r, v), ⌘ = ⌘(r, v) map the radial sub-
manifold into R in a manner at least C1 di↵erentiable

and

d⌦2 = d✓2 + sin2 ✓ d'2 (2)

is the line element on the surface of a unit 2-sphere for
typical angular coordiantes (✓,'). We assume a spatially
isotropic scalar field  =  (r, v) is activated at advanced
time v0 and subsequently incident on the event horizon,
whence it falls into the black hole core and scatters o↵
its background geometry. Therefore, our model consists
of solving the Einstein-Maxwell-scalar field system

Rab �
1

2
Rgab = 8⇡ (Eab + Tab) , (3)

where

Ea
b =

�
q2/4⇡r2

�
diag(�1,�1, 1, 1) (4)

is the contribution to total stress-energy from a central
charge of magnitude q and

8⇡Tab = 2 ,a ,b � gab ( ,c ,c) (5)

that from the scalar field itself, this being obtained up to
scaling by varying a Lagrangian Lsf [ ] /  ,a ,a via

T ab =
�Lsf

�( ,a)
 ,b � gabLsf .

To evolve the system forward in v let

 ̄ = (r ),r (6)

Exact Reissner-Nördstrom
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FIG. 1. Setup of the spherical integration problem with initial data defined on (a) a t ⌘ const. hypersurface extending through
portions of each of the universes I and II, and (b) a pair of intersecting null hypersurfaces ⌃± that foliate the spacetime.
The background shown is exact Reissner-Nördstrom, up to the boundary of a black hole “tunnel.” This spacetime may be
analytically extended beyond the Cauchy horizon in the usual way. For astrophysical black holes, only the universe I is
significant; see the discussion in §I.

rotating astrophysical black holes. While these are ex-
pected on physical grounds to have negligible net charge,
the fact that they are rotating suggests a Cauchy horizon
is present. Therefore our model should be chosen so that
it too contains a Cauchy horizon, which means it ought to
be charged. Little choice is left in our selection of initial
data, since for there to be a Cauchy horizon the initial
data hypersurface must contain a trapped region. (This
has been pointed out by many authors; see the review
in Ref. [13].) With a definite coordinate chart selected
and evolution equations written down with respect to it,
we then define initial data for the characteristic evolu-
tion problem before turning to a discussion of timelike
geodesics.

A. Coordinate choice & field equations

Restricting our attention to spherical symmetry re-
quires that we eliminate all but two gravitational degrees
of freedom, since the symmetry conditions impose con-
straints on the form of the metric. We choose to repre-
sent the spacetime (M , gab) in half-null coordinates [14]
since these cover the entire region of interest illustrated in
Fig. 1(b). To that end the most general metric retaining
spherical symmetry has the form

ds2 = �⌘�
r

dv2 + 2⌘ drdv + r2 d⌦2, (1)

where � = �(r, v), ⌘ = ⌘(r, v) map the radial sub-
manifold into R in a manner at least C1 di↵erentiable
and

d⌦2 = d✓2 + sin2 ✓ d'2 (2)

is the line element on the surface of a unit 2-sphere for
typical angular coordiantes (✓,'). We assume a spatially
isotropic scalar field  =  (r, v) is activated at advanced
time v0 and subsequently incident on the event horizon,
whence it falls into the black hole core and scatters o↵
its background geometry. Therefore, our model consists
of solving the Einstein-Maxwell-scalar field system

Rab �
1

2
Rgab = 8⇡ (Eab + Tab) , (3)

where

Ea
b =

�
q2/4⇡r2

�
diag(�1,�1, 1, 1) (4)

is the contribution to total stress-energy from a central
charge of magnitude q and

8⇡Tab = 2 ,a ,b � gab ( ,c ,c) (5)

that from the scalar field itself, this being obtained up to
scaling by varying a Lagrangian Lsf [ ] /  ,a ,a via

T ab =
�Lsf

�( ,a)
 ,b � gabLsf .

To evolve the system forward in v let

 ̄ = (r ),r (6)

and note that in the chosen coordinate chart we may
write the field equations (3) as an equivalent system of
partial derivatives in r alone,

�,r = ⌘

✓
1 � q2

r2

◆
(7)

(ln ⌘),r = r�1
�
 �  ̄

�2
. (8)

R-N + scalar field
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FIG. 1. Setup of the spherical integration problem with initial data defined on (a) a t ⌘ const. hypersurface extending through
portions of each of the universes I and II, and (b) a pair of intersecting null hypersurfaces ⌃± that foliate the spacetime.
The background shown is exact Reissner-Nördstrom, up to the boundary of a black hole “tunnel.” This spacetime may be
analytically extended beyond the Cauchy horizon in the usual way. For astrophysical black holes, only the universe I is
significant; see the discussion in §I.

rotating astrophysical black holes. While these are ex-
pected on physical grounds to have negligible net charge,
the fact that they are rotating suggests a Cauchy horizon
is present. Therefore our model should be chosen so that
it too contains a Cauchy horizon, which means it ought to
be charged. Little choice is left in our selection of initial
data, since for there to be a Cauchy horizon the initial
data hypersurface must contain a trapped region. (This
has been pointed out by many authors; see the review
in Ref. [13].) With a definite coordinate chart selected
and evolution equations written down with respect to it,
we then define initial data for the characteristic evolu-
tion problem before turning to a discussion of timelike
geodesics.

A. Coordinate choice & field equations

Restricting our attention to spherical symmetry re-
quires that we eliminate all but two gravitational degrees
of freedom, since the symmetry conditions impose con-
straints on the form of the metric. We choose to repre-
sent the spacetime (M , gab) in half-null coordinates [14]
since these cover the entire region of interest illustrated in
Fig. 1(b). To that end the most general metric retaining
spherical symmetry has the form

ds2 = �⌘�
r

dv2 + 2⌘ drdv + r2 d⌦2, (1)

where � = �(r, v), ⌘ = ⌘(r, v) map the radial sub-
manifold into R in a manner at least C1 di↵erentiable
and

d⌦2 = d✓2 + sin2 ✓ d'2 (2)

is the line element on the surface of a unit 2-sphere for
typical angular coordiantes (✓,'). We assume a spatially
isotropic scalar field  =  (r, v) is activated at advanced
time v0 and subsequently incident on the event horizon,
whence it falls into the black hole core and scatters o↵
its background geometry. Therefore, our model consists
of solving the Einstein-Maxwell-scalar field system

Rab �
1

2
Rgab = 8⇡ (Eab + Tab) , (3)

where

Ea
b =

�
q2/4⇡r2

�
diag(�1,�1, 1, 1) (4)

is the contribution to total stress-energy from a central
charge of magnitude q and

8⇡Tab = 2 ,a ,b � gab ( ,c ,c) (5)

that from the scalar field itself, this being obtained up to
scaling by varying a Lagrangian Lsf [ ] /  ,a ,a via

T ab =
�Lsf

�( ,a)
 ,b � gabLsf .

To evolve the system forward in v let

 ̄ = (r ),r (6)

and note that in the chosen coordinate chart we may
write the field equations (3) as an equivalent system of
partial derivatives in r alone,

�,r = ⌘

✓
1 � q2

r2

◆
(7)

(ln ⌘),r = r�1
�
 �  ̄

�2
. (8)
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• Coordinate choice: We use a half-null chart with line element

ds
2

= −
ηΦ

r
dv

2
+ 2η dr dv + r

2
(
dθ

2
+ sin

2
θ dϕ

)

where (η,Φ) are the available gravitational degrees of freedom, since
it covers the entire region of interest in the figure at left

• Field equations: The spacetime evolves according to

(rψ),r = ψ̄ r,v = Φ/2r

Φ,r = η
(
1− q2/r2

)
(ln η),r = r

−1 (
ψ − ψ̄

)2
ψ̄,v + (Φ/2r) ψ̄,r =

ψ − ψ̄
2r

[
η
(
1− q2/r2

)
− Φ/r

]

• Flux of scalar matter F ∝ (dψ/dv)2 across the EH obeys Price’s
law, representing late-time decay of the radiative tail of gravitational
collapse

• Scattering of ψ off the interior induces contraction of the null gener-
ators of the CH, where buildup of outgoing radiation diverges in the
limit v →∞

• There is a thick (in terms of r) layer over which linear perturbation
theory remains valid
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T he Late-time Linear Regime

FIG. 3: Behavior of the metric function Φ(r, v) at fixed v � v0.
Dashed curve indicates the exact value ΦRN = r − 2 + 0.4/r.
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Radial Observers

But: Our model is not static. There is no conserved energy for particle motion!

• Consider the single-particle Lagrangian

L =
1

2
gabẋ

a
ẋ
b

= −
ηΦ

2r
v̇
2

+ ηṙv̇

for radial motion and let ξ = −ηv̇. Crucially, it is still possible to
write down first integrals of the motion.

• Timelike geodesics: From the constraint L = −1/2, the definition
of ξ, and the form of variations in r, we obtain the first-order system

v̇ = −η−1
ξ

ṙ =
ξ

2

(
ξ
−2 −

1

η

Φ

r

)

ξ̇ =
1

2r

[
ξ
2

(
1−

q2

r2
−

1

η

Φ

r

)
+
(
ψ − ψ̄

)]

• Successfully tested in exact R-N with a symplectic integrator (neces-
sary because the evolution equations are stiff)

• Geodesics plotted at right each begin on the EH at some advanced
time v1 � v0 with ξ|EH = −1/2. Corresponding curves at earlier
infall times have markedly different behavior.
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horizon within finite proper time – but it does support
the interpretation of a physical singularity forming on
the Cauchy horizon, as geodesics terminating there are
incomplete in the usual sense (see Ch. 9 of Wald [22]).

But how strong are the singularities that arise? It has
generally been accepted that the central singularity is
crushing; indeed, Nolan [16,17] has shown this must be
the case if strong cosmic censorship is valid. Previous
arguments have been made, e.g. in [4-5,7,10-13], to sug-
gest the Cauchy horizon singularity is weak in the sense
of Tipler, and the expectation is that material bodies in
motion on timelike geodesics that intersect the Cauchy
horizon experience only finite tidal distortion.

We endeavor here to verify these arguments numeri-
cally. To do this we have evolved the functions a, x along
sample geodesics that terminate on both singularities,
then constructed a volume kV (⌧)k from them that is
unique up to a factor. The results are shown in Fig.
9. We find indeed that kV k ! 0 along geodesics termi-
nating at r = 0, and kV k ! V0 for some constant V0 > 0
as v ! 1 on geodesics intersecting the Cauchy horizon.
(It should be noted that V0 is smaller for geodesics ap-
proaching the late portion of the Cauchy horizon, but it
remains finite.) The clear implication is that observers
striking the black hole center are crushed to zero size,
while those reaching the Cauchy horizon are not.

By considering the functions a, x themselves, it is pos-
sible to complete the picture even further: observers
reaching the center are stretched in the radial and com-
pressed in the transverse directions; that is, they become
“spaghettified” in the usual way. Late-time observers
and others who reach the Cauchy horizon, on the other
hand, avoid such a grisly fate. But we can say nothing
of what happens to them subsequently, or whether such

v
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C
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EH
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FIG. 7. Sample late-infall geodesic from Fig. 6, represented
on a Penrose diagram. Dotted lines are outgoing null rays,
and the dashed line indicates where one would expect to find
an inner horizon in exact R-N. The segment shown is only a
portion of the whole diagram, zoomed in to emphasize the late
infall nature of the geodesic. In particular, the past advanced
time cuto↵ v1 � M , where M = 1 is the asymptotic external
mass parameter.
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FIG. 8. Sample timelike geodesics in the early regime, v & v0.
Null curves are shown as dashed lines, and the event horizon
is indicated. The amplitude of initial data has been tuned so
that b = 0.1 in this case.
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FIG. 9. Volume of observers on timelike geodesics. Initial
data are such that x(v0) = |a(v0)| = 1, ȧ(v0) = 0, and x0 =
10�5. For an observer intersecting the central singularity tidal
interactions crush him to zero size; for an observer intersecting
the Cauchy horizon, the tidal distortion is finite and nonzero
in the limit v ! 1.

a concept is even valid, because the question of analytic
continuation beyond the Cauchy horizon singularity is
outside the realm of our numerical treatment.

V. CONCLUSION

It has been shown that a class of timelike geodesics
exist which terminate at r = 0 in finite proper time,
confirming that a slice of the central singularity is space-
like. Furthermore, material bodies traversing this class of
geodesics are reduced to zero size on approaching r = 0.
A second class of timelike geodesics has also been found,
which terminate on the Cauchy horizon in finite proper
time (signaling geodesic incompleteness here as well as
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Radial Observers

A Jacobi field is a solution to the geodesic deviation equation, D2ηa +Ra
bcdẋ

bηcẋd = 0, where D = ẋa∇a. These give
information about the tidal deformation of a material body whose center of mass moves along some timelike geodesic curve γ(τ).

• The spacelike Jacobi fields are spanned by a mutually
orthogonal triad,

η1 = a

√(
ηΦ

r
+
ṙ

v̇

)−1 [ ∂
∂v

+

(
Φ

r
−
ṙ

v̇

)
∂

∂r

]
η2 = x

∂

∂θ
η3 = y csc θ

∂

∂ϕ

• Thus ‖η1‖ = |a|, ‖η2‖ = r|x|, and ‖η3‖ = r|y|
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• These quantities have evolution equations

rẍ + 2ṙẋ = 0 rÿ + 2ṙẏ = 0

ä + a
(
2r

−3
M + 4Ψ2 − R/6

)
= 0

where M is the Misner-Sharp mass, Ψ2 a Newman-
Penrose Weyl scalar, and R the Ricci curvature scalar

• Finally, a volume is specified by ‖V (τ)‖ = |axy|r2
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FIG. 10. Final picture of the perturbed geometry. Here AH denotes the outer apparent horizon and IAH the inner apparent
horizon, shown as light grey curves. Select outgoing null curves are depicted as dotted lines, and some timelike geodesics –
extrapolated back to the past slice of the event horizon – are shown as solid black curves. (The late-infall observers have
already been treated.) Dashed lines are again the surfaces ⌃±. This diagram displays all the interesting causal properties of
the geometry in succinct form.
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for those terminating at the center). However, the tidal
stresses of these observers are finite, confirming that the
Cauchy horizon singularity is weak as claimed in the lit-
erature. This is expected to be the case for general as-

trophysical black holes; a numerical validation of it for
rotating spacetimes is the natural next step. The final
picture of the spherical geometry is shown in Fig. 10.
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