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Matter / radiation universe

Faster (accelerated) expansion

at t ! 1 s

An accelerated expansion also

Flattens the universe (explaining why !k,0 < 1%)

Dilutes away unwanted relics (gravitinos, monopoles,...)

Allows for large entropy (generated at re-

heating)

See Guth ’80; Linde hep-th/0503203
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Figure 1. The 7-year temperature (TT) power spectrum from WMAP. The third acoustic peak and the onset of the Silk damping tail
are now well measured by WMAP. The curve is the !CDM model best fit to the 7-year WMAP data: "bh

2= 0.02270, "ch2= 0.1107,
"!= 0.738, != 0.086, ns= 0.969, #2

R
= 2.38 ! 10!9, and ASZ= 0.52. The plotted errors include instrument noise, but not the small,

correlated contribution due to beam and point source subtraction uncertainty. The gray band represents cosmic variance. A complete error
treatment is incorporated in the WMAP likelihood code. The points are binned in progressively larger multipole bins with increasing l;
the bin ranges are included in the 7-year data release.

Figure 2. The high-l TT spectrum measured by WMAP, showing
the improvement with 7 years of data. The points with errors use
the full data set while the boxes show the 5-year results with the
same binning. The TT measurement is improved by >30% in the
vicinity of the third acoustic peak (at l " 800), while the 2 bins
from l = 1000–1200 are new with the 7-year data analysis.

mask. (Most of the cosmological parameters reported
in this paper were fit using a preliminary source correc-
tion of 103Aps = 11 ± 1 µK2 sr. We have checked that
substituting the final result has a negligible e!ect on the
parameter fits.) After this source model is subtracted
from each band, the spectra are combined to form our
best estimate of the CMB signal, shown in Figure 1.

The 7-year power spectrum is cosmic variance limited,
i.e., cosmic variance exceeds the instrument noise, up to
l = 548. (This limit is slightly model dependent and can
vary by a few multipoles.) The spectrum has a signal-

to-noise ratio greater than one per l-mode up to l = 919,
and in band-powers of width "l = 10, the signal-to-noise
ratio exceeds unity up to l = 1060. The largest improve-
ment in the 7-year spectrum occurs at multipoles l > 600
where the uncertainty is still dominated by instrument
noise. The instrument noise level in the 7-year spectrum
is 39% smaller than with the 5-year data, which makes it
worthwhile to extend the WMAP spectrum estimate up
to l = 1200 for the first time. See Figure 2 for a compari-
son of the 7-year error bars to the 5-year error bars. The
third acoustic peak is now well measured and the onset
of the Silk damping tail is also clearly seen by WMAP.
As we show in §4, this leads to a better measurement
of #mh2 and the epoch of matter-radiation equality, zeq,
which, in turn, leads to better constraints on the e!ective
number of relativistic species, Ne! , and on the primor-
dial helium abundance, YHe. The improved sensitivity
at high l is also important for higher-resolution CMB
experiments that use WMAP as a primary calibration
source.

2.4. Temperature-Polarization (TE, TB) Cross Spectra

The 7-year temperature-polarization cross power spec-
tra were formed using the same methodology as the 5-
year spectrum (Page et al. 2007; Nolta et al. 2009). For
l ! 23 the cosmological model likelihood is estimated di-
rectly from low-resolution temperature and polarization
maps. The temperature input is a template-cleaned, co-
added V+W band map, while the polarization input is a
template-cleaned, co-added Ka+Q+V band map (Gold
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mask. (Most of the cosmological parameters reported
in this paper were fit using a preliminary source correc-
tion of 103Aps = 11 ± 1 µK2 sr. We have checked that
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Fig. 6.— Same as Figure 5 but for temperature hot spots.

di!erence maps.
Next, we perform the standard !2 analysis. We sum-

marize the results in Table 5. We report the values of
!2 measured with respect to zero signal in the second
column, where the number of degrees of freedom (DOF)
is 625. For each sum map combination, we fit the data
to the predicted signal to find the best-fitting amplitude.

The largest improvement in !2 is observed for Qr, as
expected from the visual inspection of Figure 5 and 6:

we find 0.82±0.15 and 0.90±0.15 for the stacking of Qr
around hot and cold spots, respectively. The improve-
ment in !2 is "!2 = !29.2 and !36.2, respectively; thus,
we detect the expected polarization patterns around hot
and cold spots at the level of 5.4" and 6", respectively.
The combined significance exceeds 8".

On the other hand, we do not find any evidence for
Ur. The !2 values with respect to zero signal per DOF
are 629.2/625 (hot spots) and 657.8/625 (cold spots),
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Figure 3. The 7-year temperature-polarization (TE) cross-power
spectrum measured by WMAP. The second trough (TE<0) in the
spectrum in the vicinity of l = 450 is now clearly detected. The
green curve is the !CDM model best fit to the 7-year WMAP data,
as in Figure 1. The plotted errors depict the diagonal elements
of the covariance matrix and include both cosmic variance and
instrument noise. A complete error treatment is incorporated in
the WMAP likelihood code. Note that the plotted spectrum is
(l + 1)CTE

l
/(2!), and not l(l + 1)CTE

l
/(2!).

et al. 2009). In this regime, the spectrum can be inferred
from the conditional likelihood of Cl values (individual
or binned), but these estimates are only used for visual-
ization.

For l > 23, the temperature-polarization spectra are
derived using the MASTER quadratic estimator, ex-
tended to include polarization data (Page et al. 2007).
(As above, the MASTER spectrum is evaluated from
l = 2, but the result from l = 2 ! 23 is discarded.) The
temperature input is a template-cleaned, co-added V+W
band map, while the polarization input is a template-
cleaned, co-added Q+V+W band map. The inclusion of
W-band data in the high-l TE and TB spectra is new
with the 7-year data release (Jarosik et al. 2010). Since
the W band radiometers have the highest angular resolu-
tion, the inclusion of W band significantly enhances the
sensitivity of these high-l spectra.

The 7-year TE spectrum measured by WMAP is shown
in Figure 3. For all except the first bin, the MAS-
TER values and their Gaussian errors are plotted. The
first bin shows the conditional maximum likelihood value
based on the pixel likelihood mentioned above, and the
MASTER error bar. The slight adjustment for fsky,TE
is included in the error bars. With two additional years
of integration and the inclusion of W band data, we now
detect the TE signal with a significance of 21!, up from
13! with the 5-year data. Indeed, for l < 300 the TE er-
ror is about 60% of the 5-year value, and for l > 300 the
sensitivity improvement is even larger due to W band’s
finer resolution. At l = 800 the 7-year TE error is 35% of
the 5-year value. A qualitatively new feature seen in the
7-year spectrum is a second trough (TE<0) near l = 450.
See Figure 4 for a comparison of the 7-year to 5-year er-
ror bars, for the TE and TB spectra. Overall, the TE
data are quite consistent with the simplest 6-parameter
!CDM model; we discuss its goodness-of-fit in §5.

The observed TE signal is the result of a specific polar-
ization pattern around hot and cold spots in the temper-
ature anisotropy. In particular, the acoustic peak struc-

ture in TE corresponds to a series of concentric rings of
alternating radial and tangential polarization (relative to
a radial reference direction). Komatsu et al. (2010) per-
form a stacking analysis of the 7-year temperature and
polarization maps and show that the e"ect is detected in
the 7-year WMAP sky maps with a significance of 8!.

The 7-year TB spectrum measured by WMAP is shown
in Figure 5. In this case, because the signal-to-noise ra-
tio is low, the MASTER points and their Gaussian errors
are plotted over the full l range, including the first bin.
The measured spectrum is consistent with zero: the "2

for the null hypothesis (TB=0) is 851 for 777 degrees of
freedom. The probability to exceed that amount is 3.2%,
which is somewhat low but not compellingly so. The ab-
sence of a detectable signal is consistent with the !CDM
model, which predicts zero. It is also an indication that
systematic errors and foreground contamination are not
significant at the level of " 0.1 µK2 in (l + 1)CTB

l .
Komatsu et al. (2010) use the 7-year TE and TB

data to place limits on polarization rotation due to par-
ity violating e"ects. Polarization rotation would cause
TE signal generated at the last scattering surface to
transform into observed TB power. The absence of TB
signal leads to an upper limit on rotation of ## =
!1.1! ± 1.3!(stat) ± 1.5!(sys).

2.5. Polarization (EE, EB, BB) Spectra

The most reliable way to estimate the low-l polar-
ization spectra is to use the pixel-space likelihood code
to generate the posterior distributions of individual (or
binned) Cl values. In the 7-year data, this code is based
on a co-added Ka+Q+V map. The most conservative,
but costly, method is to produce a Markov Chain that
allows each Cl to vary independently; the resulting dis-
tribution of any single Cl will be the marginalized dis-
tribution for that multipole moment. A Gibbs sampling
technique could also be used, but this works best with
a high signal-to-noise ratio. However, Gibbs sampling in
lower signal-to-noise regions can be performed success-
fully, as shown by Jewell et al. (2009). A much more
tractable approach is to compute the conditional likeli-
hood in which the likelihood of a single Cl is evaluated
while all other moments are held fixed. We adopt the
latter approach to visualize the low-l EE and BB spec-
tra. In the context of parameter fitting, the estimated
Cl are constrained to vary according to the model.

Figure 6 shows the conditional likelihood for the EE
multipoles from l = 2–7 for two di"erent reference spec-
tra. The black curves show the likelihood of CEE

l when
the CEE

l! are fixed to the best-fit !CDM model for l" #= l.
The red curves are the analogous distributions when the
reference spectrum is taken to be the maximum likeli-
hood spectrum. This maximum likelihood spectrum was
obtained by numerical maximization of the likelihood
code for the TT, TE, EE, and BB spectra for 2 $ l $ 10,
a maximization in 36 dimensions, while the spectra at
l > 10 were fixed at the best-fit !CDM model. Save
for l = 3 and 6, the likelihood curves are relatively in-
sensitive to the di"erence between these two reference
spectra. From these curves it is clear that the majority
of the statistical weight in the low-l EE detection is at
l = 4, with l = 2 also contributing significant power.
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Table 3
Six-Parameter !CDM Fit a

Parameter 7-year Fit 5-year Fit

Fit parameters

102"bh2 2.258+0.057
!0.056 2.273 ± 0.062

"ch2 0.1109 ± 0.0056 0.1099 ± 0.0062
"! 0.734 ± 0.029 0.742 ± 0.030
#2

R
(2.43 ± 0.11) ! 10!9 (2.41 ± 0.11) ! 10!9

ns 0.963 ± 0.014 0.963+0.014
!0.015

! 0.088 ± 0.015 0.087 ± 0.017

Derived parameters

t0 13.75 ± 0.13 Gyr 13.69 ± 0.13 Gyr
H0 71.0 ± 2.5 km/s/Mpc 71.9+2.6

!2.7 km/s/Mpc
"8 0.801 ± 0.030 0.796 ± 0.036
"b 0.0449 ± 0.0028 0.0441 ± 0.0030
"c 0.222 ± 0.026 0.214 ± 0.027
zeq 3196+134

!133 3176+151
!150

zreion 10.5 ± 1.2 11.0 ± 1.4
a Models fit to WMAP data only. See Komatsu et al. (2010)
for additional constraints.

Figure 10. Gravitational wave constraints from the 7-year WMAP data, expressed in terms of the tensor-to-scalar ratio, r. The red
contours show the 68% and 95% confidence regions for r compared to each of the 6 !CDM parameters using the 7-year data. The blue
contours are the corresponding 5-year results. We do not detect gravitational waves with the new data; when we marginalize over the 6
!CDM parameters the 7-year limit is r < 0.36 (95% CL), compared to the 5-year limit of r < 0.43 (95% CL). Tighter limits apply when
WMAP data are combined with H0 and BAO constraints (Komatsu et al. 2010).

(Bean et al. 2006; Komatsu et al. 2009). The relative
amplitude of its power spectrum is parameterized by !,

!

1 ! !
"

PS(k0)

PR(k0)
, (14)

with k0 = 0.002 Mpc!1.
We consider two types of isocurvature modes: those

which are completely uncorrelated with the curvature
modes (with amplitude !0), motivated with the axion
model, and those which are anti-correlated with the the
curvature modes (with amplitude !!1), motivated with

the curvaton model. For the latter, we adopt the con-
vention in which anticorrelation increases the power at
low multipoles (Komatsu et al. 2009).

The constraints on both types of isocurvature modes
are given in Table 5. We do not detect a significant
contribution from either type of perturbation in the 7-
year data. The limit on uncorrelated modes improves the
most with the new data: from !0 < 0.16 (95% CL) to
!0 < 0.13 (95% CL) using the 5-year and 7-year data, re-
spectively. Table 5 also shows that the standard !CDM
parameters are only weakly a"ected by the isocurvature
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Fig. 2.— How the WMAP temperature and polarization data constrain the tensor-to-scalar ratio, r. (Left) The contours show 68% and
95% CL. The gray region is derived from the low-l polarization data (TE/EE/BB at l ! 23) only, the red region from the low-l polarization
plus the high-l TE data at l ! 450, and the blue region from the low-l polarization, the high-l TE, and the low-l temperature data at
l ! 32. (Right) The gray curves show (r, !) = (10, 0.050), the red curves (r, !) = (1.2, 0.075), and the blue curves (r, !) = (0.20, 0.080),
which are combinations of r and ! that give the upper edge of the 68% CL contours shown on the left panel. The vertical lines indicate
the maximum multipoles below which the data are used for each color. The data points with 68% CL errors are the WMAP 5-year
measurements (Nolta et al. 2008). (Note that the BB power spectrum at l " 130 is consistent with zero within 95% CL.)

Fig. 3.— Constraint on the tensor-to-scalar ratio, r, at k = 0.002 Mpc!1 (§ 3.2.4). No running index is assumed. See Fig. 4 for r
with the running index. In all panels we show the WMAP-only results in blue and WMAP+BAO+SN in red. (Left) One-dimensional
marginalized distribution of r, showing the WMAP-only limit, r < 0.43 (95% CL), and WMAP+BAO+SN, r < 0.22 (95% CL). (Middle)
Joint two-dimensional marginalized distribution (68% and 95% CL), showing a strong correlation between ns and r. (Right) Correlation
between ns and !mh2. The BAO and SN data help to break this correlation which, in turn, reduces the correlation between r and ns,
resulting in a factor of 2.2 better limit on r.

(a) Monomial (chaotic-type) potential, V (!) ! !!.
This form of the potential was proposed by, and
is best known for, Linde’s chaotic inflation mod-
els (Linde 1983). This model also approximates
a pseudo Nambu-Goldstone boson potential (natu-
ral inflation; Freese et al. 1990; Adams et al. 1993)
with the negative sign, V (!) ! 1 " cos(!/f),
when !/f # 1, or with the positive sign, V (!) !
1+cos(!/f), when !/f $ 1.29 This model can also

vature models. Realistic potentials may be much more com-
plicated: see, for example, Destri et al. (2008) for the WMAP
3-year limits on trinomial potentials. Also, the classifica-
tion scheme based upon derivatives of potentials sheds little
light on the models with non-canonical kinetic terms such as
k-inflation (Armendariz-Picon et al. 1999; Garriga & Mukhanov
1999), ghost inflation (Arkani-Hamed et al. 2004), DBI inflation
(Silverstein & Tong 2004; Alishahiha et al. 2004), or infrared-DBI
(IR-DBI) inflation (Chen 2005b,a), as the tilt, ns, depends also on
the derivative of the e"ective speed of sound of a scalar field (for
recent constraints on this class of models from the WMAP 3-year
data, see Bean et al. 2007, 2008; Lorenz et al. 2008).

29 The positive sign case, V (") # 1 + cos("/f), belongs to a
negative curvature model when "/f $ 1. See Savage et al. (2006)

approximate the Landau-Ginzburg type of sponta-
neous symmetry breaking potential, V (!) ! (!2 "
v2)2, in the appropriate limits.

(b) Exponential potential, V (!) !
exp["(!/Mpl)

!

2/p]. A unique feature of
this potential is that the dynamics of inflation is
exactly solvable, and the solution is a power-law
expansion, a(t) ! tp, rather than an exponen-
tial one. For this reason this type of model
is called power-law inflation (Abbott & Wise
1984; Lucchin & Matarrese 1985). They often
appear in models of scalar-tensor theories of grav-
ity (Accetta et al. 1985; La & Steinhardt 1989;
Futamase & Maeda 1989; Steinhardt & Accetta
1990; Kalara et al. 1990).

(c) !2 plus vacuum energy, V (!) = V0 + m2!2/2.
These models are known as Linde’s hybrid infla-
tion (Linde 1994). This model is a “hybrid” be-

for constraints on this class of models from the WMAP 3-year data.
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ii) models have positive (η > 0) or negative (η < 0) curvature at the time when CMB scales exit

the horizon,

iii) models are of the large-field (∆φ > Mpl) or small-field (∆φ < Mpl) type according to the total

field excursion during the inflationary phase (see Section 4).
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Figure 9: Constraints on single-field slow-roll models in the ns-r plane. The value of r determines

whether the models involve large or small field variations. The value of ns classifies

the scalar spectrum as red or blue. Combinations of the values of r and ns determine

whether the curvature of the potential was positive (η > 0) or negative (η < 0) when the

observable universe exited the horizon. Also shown are the WMAP 5-year constraints

on ns and r [14] as well as the predictions of a few representative models of single-

field slow-roll inflation: chaotic inflation: λp φp
, for general p (thin solid line) and for

p = 4, 3, 2, 1, 2
3(•); models with p = 2 [104], p = 1 [97] and p =

2
3 [92] have recently

been obtained in string theory; natural inflation: V0[1 − cos(φ/µ)] (solid line), hill-top
inflation: V0[1− (φ/µ)

2
] + . . . (solid line); very small-field inflation: models of inflation

with a very small tensor amplitude, r � 10
−4

(green bar); examples of such models in

string theory include warped D-brane inflation [95, 105, 106], Kähler inflation [107], and

racetrack inflation [108].

Figure 9 also shows the latest CMB constraints on r and ns [14] as well as the predictions of a

few simple, but well-motivated, models of single-field slow-roll inflation. We see that for ns > 0.95

many of the ‘simplest’
30

inflationary models predict r ≥ 0.01.

30
We caution the reader that there is no universally accepted definition of ‘simple models’. Here we loosely

take ‘simple models’ to mean models with the seemingly simplest functional forms for the effective potential

V (φ). For discussions of criteria for fine-tuning of inflation based upon the algebraic simplicity of the potential

see e.g. [109, 110, 111].
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2.3 Cosmological Parameters from Planck 33

FIG 2.8.—The left panel shows a realisation of the CMB power spectrum of the concordance !CDM model (red
line) after 4 years of WMAP observations. The right panel shows the same realisation observed with the sensitivity
and angular resolution of Planck.

since the fluctuations could not, according to this naive argument, have been in causal contact
at the time of recombination.

Inflation o"ers a solution to this apparent paradox. The usual Friedman equation for the
evolution of the cosmological scale factor a(t) is

H2 =
!

ȧ

a

"2

=
8!G

3
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a2
, (2.5)

where dots denote di"erentiation with respect to time and the constant k is positive for a closed
universe, negative for an open universe and zero for a flat universe. Local energy conservation
requires that the mean density " and pressure p satisfy the equation
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!
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a

"
(" + p). (2.6)

Evidently, if the early Universe went through a period in which the equation of state satisfied
p = !", then according to Equation 2.6 "̇ = 0, and Equation 2.5 has the (attractor) solution

a(t) " exp(Ht), H # constant. (2.7)

In other words, the Universe will expand nearly exponentially. This phase of rapid expansion
is known as inflation. During inflation, neighbouring points will expand at superluminal speeds
and regions which were once in causal contact can be inflated in scale by many orders of
magnitude. In fact, a region as small as the Planck scale, LPl $ 10!35 m, could be inflated
to an enormous size of 101012m—many orders of magnitude larger than our present observable
Universe ($ 1026 m)!

As pointed out forcefully by Guth (1981), an early period of inflation o"ers solutions to
many fundamental problems. In particular, inflation can explain why our Universe is so nearly
spatially flat without recourse to fine-tuning, since after many e-foldings of inflation the cur-
vature term (k/a2) in Equation 2.5 will be negligible. Furthermore, the fact that our entire
observable Universe might have arisen from a single causal patch o"ers an explanation of the
so-called horizon problem (e.g., why is the temperature of the CMB on opposite sides of the
sky so accurately the same if these regions were never in causal contact?). But perhaps more
importantly, inflation also o"ers an explanation for the origin of fluctuations.
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Figure 1. The 7-year temperature (TT) power spectrum from WMAP. The third acoustic peak and the onset of the Silk damping tail
are now well measured by WMAP. The curve is the !CDM model best fit to the 7-year WMAP data: "bh

2= 0.02270, "ch2= 0.1107,
"!= 0.738, != 0.086, ns= 0.969, #2

R
= 2.38 ! 10!9, and ASZ= 0.52. The plotted errors include instrument noise, but not the small,

correlated contribution due to beam and point source subtraction uncertainty. The gray band represents cosmic variance. A complete error
treatment is incorporated in the WMAP likelihood code. The points are binned in progressively larger multipole bins with increasing l;
the bin ranges are included in the 7-year data release.

Figure 2. The high-l TT spectrum measured by WMAP, showing
the improvement with 7 years of data. The points with errors use
the full data set while the boxes show the 5-year results with the
same binning. The TT measurement is improved by >30% in the
vicinity of the third acoustic peak (at l " 800), while the 2 bins
from l = 1000–1200 are new with the 7-year data analysis.

mask. (Most of the cosmological parameters reported
in this paper were fit using a preliminary source correc-
tion of 103Aps = 11 ± 1 µK2 sr. We have checked that
substituting the final result has a negligible e!ect on the
parameter fits.) After this source model is subtracted
from each band, the spectra are combined to form our
best estimate of the CMB signal, shown in Figure 1.

The 7-year power spectrum is cosmic variance limited,
i.e., cosmic variance exceeds the instrument noise, up to
l = 548. (This limit is slightly model dependent and can
vary by a few multipoles.) The spectrum has a signal-

to-noise ratio greater than one per l-mode up to l = 919,
and in band-powers of width "l = 10, the signal-to-noise
ratio exceeds unity up to l = 1060. The largest improve-
ment in the 7-year spectrum occurs at multipoles l > 600
where the uncertainty is still dominated by instrument
noise. The instrument noise level in the 7-year spectrum
is 39% smaller than with the 5-year data, which makes it
worthwhile to extend the WMAP spectrum estimate up
to l = 1200 for the first time. See Figure 2 for a compari-
son of the 7-year error bars to the 5-year error bars. The
third acoustic peak is now well measured and the onset
of the Silk damping tail is also clearly seen by WMAP.
As we show in §4, this leads to a better measurement
of #mh2 and the epoch of matter-radiation equality, zeq,
which, in turn, leads to better constraints on the e!ective
number of relativistic species, Ne! , and on the primor-
dial helium abundance, YHe. The improved sensitivity
at high l is also important for higher-resolution CMB
experiments that use WMAP as a primary calibration
source.

2.4. Temperature-Polarization (TE, TB) Cross Spectra

The 7-year temperature-polarization cross power spec-
tra were formed using the same methodology as the 5-
year spectrum (Page et al. 2007; Nolta et al. 2009). For
l ! 23 the cosmological model likelihood is estimated di-
rectly from low-resolution temperature and polarization
maps. The temperature input is a template-cleaned, co-
added V+W band map, while the polarization input is a
template-cleaned, co-added Ka+Q+V band map (Gold
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FIG 2.8.—The left panel shows a realisation of the CMB power spectrum of the concordance !CDM model (red
line) after 4 years of WMAP observations. The right panel shows the same realisation observed with the sensitivity
and angular resolution of Planck.

since the fluctuations could not, according to this naive argument, have been in causal contact
at the time of recombination.

Inflation o"ers a solution to this apparent paradox. The usual Friedman equation for the
evolution of the cosmological scale factor a(t) is

H2 =
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where dots denote di"erentiation with respect to time and the constant k is positive for a closed
universe, negative for an open universe and zero for a flat universe. Local energy conservation
requires that the mean density " and pressure p satisfy the equation
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Evidently, if the early Universe went through a period in which the equation of state satisfied
p = !", then according to Equation 2.6 "̇ = 0, and Equation 2.5 has the (attractor) solution

a(t) " exp(Ht), H # constant. (2.7)

In other words, the Universe will expand nearly exponentially. This phase of rapid expansion
is known as inflation. During inflation, neighbouring points will expand at superluminal speeds
and regions which were once in causal contact can be inflated in scale by many orders of
magnitude. In fact, a region as small as the Planck scale, LPl $ 10!35 m, could be inflated
to an enormous size of 101012m—many orders of magnitude larger than our present observable
Universe ($ 1026 m)!

As pointed out forcefully by Guth (1981), an early period of inflation o"ers solutions to
many fundamental problems. In particular, inflation can explain why our Universe is so nearly
spatially flat without recourse to fine-tuning, since after many e-foldings of inflation the cur-
vature term (k/a2) in Equation 2.5 will be negligible. Furthermore, the fact that our entire
observable Universe might have arisen from a single causal patch o"ers an explanation of the
so-called horizon problem (e.g., why is the temperature of the CMB on opposite sides of the
sky so accurately the same if these regions were never in causal contact?). But perhaps more
importantly, inflation also o"ers an explanation for the origin of fluctuations.
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Figure 1. The 7-year temperature (TT) power spectrum from WMAP. The third acoustic peak and the onset of the Silk damping tail
are now well measured by WMAP. The curve is the !CDM model best fit to the 7-year WMAP data: "bh

2= 0.02270, "ch2= 0.1107,
"!= 0.738, != 0.086, ns= 0.969, #2

R
= 2.38 ! 10!9, and ASZ= 0.52. The plotted errors include instrument noise, but not the small,

correlated contribution due to beam and point source subtraction uncertainty. The gray band represents cosmic variance. A complete error
treatment is incorporated in the WMAP likelihood code. The points are binned in progressively larger multipole bins with increasing l;
the bin ranges are included in the 7-year data release.

Figure 2. The high-l TT spectrum measured by WMAP, showing
the improvement with 7 years of data. The points with errors use
the full data set while the boxes show the 5-year results with the
same binning. The TT measurement is improved by >30% in the
vicinity of the third acoustic peak (at l " 800), while the 2 bins
from l = 1000–1200 are new with the 7-year data analysis.

mask. (Most of the cosmological parameters reported
in this paper were fit using a preliminary source correc-
tion of 103Aps = 11 ± 1 µK2 sr. We have checked that
substituting the final result has a negligible e!ect on the
parameter fits.) After this source model is subtracted
from each band, the spectra are combined to form our
best estimate of the CMB signal, shown in Figure 1.

The 7-year power spectrum is cosmic variance limited,
i.e., cosmic variance exceeds the instrument noise, up to
l = 548. (This limit is slightly model dependent and can
vary by a few multipoles.) The spectrum has a signal-

to-noise ratio greater than one per l-mode up to l = 919,
and in band-powers of width "l = 10, the signal-to-noise
ratio exceeds unity up to l = 1060. The largest improve-
ment in the 7-year spectrum occurs at multipoles l > 600
where the uncertainty is still dominated by instrument
noise. The instrument noise level in the 7-year spectrum
is 39% smaller than with the 5-year data, which makes it
worthwhile to extend the WMAP spectrum estimate up
to l = 1200 for the first time. See Figure 2 for a compari-
son of the 7-year error bars to the 5-year error bars. The
third acoustic peak is now well measured and the onset
of the Silk damping tail is also clearly seen by WMAP.
As we show in §4, this leads to a better measurement
of #mh2 and the epoch of matter-radiation equality, zeq,
which, in turn, leads to better constraints on the e!ective
number of relativistic species, Ne! , and on the primor-
dial helium abundance, YHe. The improved sensitivity
at high l is also important for higher-resolution CMB
experiments that use WMAP as a primary calibration
source.

2.4. Temperature-Polarization (TE, TB) Cross Spectra

The 7-year temperature-polarization cross power spec-
tra were formed using the same methodology as the 5-
year spectrum (Page et al. 2007; Nolta et al. 2009). For
l ! 23 the cosmological model likelihood is estimated di-
rectly from low-resolution temperature and polarization
maps. The temperature input is a template-cleaned, co-
added V+W band map, while the polarization input is a
template-cleaned, co-added Ka+Q+V band map (Gold
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2.3 Cosmological Parameters from Planck 33

FIG 2.8.—The left panel shows a realisation of the CMB power spectrum of the concordance !CDM model (red
line) after 4 years of WMAP observations. The right panel shows the same realisation observed with the sensitivity
and angular resolution of Planck.

since the fluctuations could not, according to this naive argument, have been in causal contact
at the time of recombination.

Inflation o"ers a solution to this apparent paradox. The usual Friedman equation for the
evolution of the cosmological scale factor a(t) is
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where dots denote di"erentiation with respect to time and the constant k is positive for a closed
universe, negative for an open universe and zero for a flat universe. Local energy conservation
requires that the mean density " and pressure p satisfy the equation
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ȧ

a

"
(" + p). (2.6)

Evidently, if the early Universe went through a period in which the equation of state satisfied
p = !", then according to Equation 2.6 "̇ = 0, and Equation 2.5 has the (attractor) solution

a(t) " exp(Ht), H # constant. (2.7)

In other words, the Universe will expand nearly exponentially. This phase of rapid expansion
is known as inflation. During inflation, neighbouring points will expand at superluminal speeds
and regions which were once in causal contact can be inflated in scale by many orders of
magnitude. In fact, a region as small as the Planck scale, LPl $ 10!35 m, could be inflated
to an enormous size of 101012m—many orders of magnitude larger than our present observable
Universe ($ 1026 m)!

As pointed out forcefully by Guth (1981), an early period of inflation o"ers solutions to
many fundamental problems. In particular, inflation can explain why our Universe is so nearly
spatially flat without recourse to fine-tuning, since after many e-foldings of inflation the cur-
vature term (k/a2) in Equation 2.5 will be negligible. Furthermore, the fact that our entire
observable Universe might have arisen from a single causal patch o"ers an explanation of the
so-called horizon problem (e.g., why is the temperature of the CMB on opposite sides of the
sky so accurately the same if these regions were never in causal contact?). But perhaps more
importantly, inflation also o"ers an explanation for the origin of fluctuations.
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Figure 1. The 7-year temperature (TT) power spectrum from WMAP. The third acoustic peak and the onset of the Silk damping tail
are now well measured by WMAP. The curve is the !CDM model best fit to the 7-year WMAP data: "bh

2= 0.02270, "ch2= 0.1107,
"!= 0.738, != 0.086, ns= 0.969, #2

R
= 2.38 ! 10!9, and ASZ= 0.52. The plotted errors include instrument noise, but not the small,

correlated contribution due to beam and point source subtraction uncertainty. The gray band represents cosmic variance. A complete error
treatment is incorporated in the WMAP likelihood code. The points are binned in progressively larger multipole bins with increasing l;
the bin ranges are included in the 7-year data release.

Figure 2. The high-l TT spectrum measured by WMAP, showing
the improvement with 7 years of data. The points with errors use
the full data set while the boxes show the 5-year results with the
same binning. The TT measurement is improved by >30% in the
vicinity of the third acoustic peak (at l " 800), while the 2 bins
from l = 1000–1200 are new with the 7-year data analysis.

mask. (Most of the cosmological parameters reported
in this paper were fit using a preliminary source correc-
tion of 103Aps = 11 ± 1 µK2 sr. We have checked that
substituting the final result has a negligible e!ect on the
parameter fits.) After this source model is subtracted
from each band, the spectra are combined to form our
best estimate of the CMB signal, shown in Figure 1.

The 7-year power spectrum is cosmic variance limited,
i.e., cosmic variance exceeds the instrument noise, up to
l = 548. (This limit is slightly model dependent and can
vary by a few multipoles.) The spectrum has a signal-

to-noise ratio greater than one per l-mode up to l = 919,
and in band-powers of width "l = 10, the signal-to-noise
ratio exceeds unity up to l = 1060. The largest improve-
ment in the 7-year spectrum occurs at multipoles l > 600
where the uncertainty is still dominated by instrument
noise. The instrument noise level in the 7-year spectrum
is 39% smaller than with the 5-year data, which makes it
worthwhile to extend the WMAP spectrum estimate up
to l = 1200 for the first time. See Figure 2 for a compari-
son of the 7-year error bars to the 5-year error bars. The
third acoustic peak is now well measured and the onset
of the Silk damping tail is also clearly seen by WMAP.
As we show in §4, this leads to a better measurement
of #mh2 and the epoch of matter-radiation equality, zeq,
which, in turn, leads to better constraints on the e!ective
number of relativistic species, Ne! , and on the primor-
dial helium abundance, YHe. The improved sensitivity
at high l is also important for higher-resolution CMB
experiments that use WMAP as a primary calibration
source.

2.4. Temperature-Polarization (TE, TB) Cross Spectra

The 7-year temperature-polarization cross power spec-
tra were formed using the same methodology as the 5-
year spectrum (Page et al. 2007; Nolta et al. 2009). For
l ! 23 the cosmological model likelihood is estimated di-
rectly from low-resolution temperature and polarization
maps. The temperature input is a template-cleaned, co-
added V+W band map, while the polarization input is a
template-cleaned, co-added Ka+Q+V band map (Gold
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FIG 2.18.—Forecasts of 1 and 2! contour regions for various cosmological parameters when the spectral index
is allowed to run. Blue contours show forecasts for WMAP after 4 years of observation and red contours show results
for Planck after 1 year of observations. The curves show marginalized posterior distributions for each parameter.

power law. This is illustrated graphically in Figure 2.19, which shows 1! and 2! error ellipses
for various parameter combinations for WMAP4, WMAP4+ACT/SPT, and Planck. Planck
will remain extremely competitive against any foreseable developments from ground and bal-
loon experiments, especially given that Planck has the broad frequency coverage to subtract
foregrounds which will certainly be important for polarization measurements.

2.4 Probing Fundamental Physics with Planck

Figure 2.20 shows a schematic diagram of the evolution and thermal history of the Uni-
verse from the Planck time to the present. Since the COBE maps were first published, there
have been spectacular advances in our cosmological understanding, in large part due to mea-
surements of the CMB anisotropies. Fundamental questions relating to the geometry of the
Universe, its composition, and its age can now be answered in fairly precise terms, using several
complementary astrophysical techniques together with observations of the CMB.

Nevertheless, despite this spectacular recent progress in measuring the geometry and con-
tents of the Universe, we are far from understanding why it is the way it is, and precisely how
structure formed within it. Empirical progress on these questions requires much more precise
measurements, which is precisely what Planck was designed to do. In particular, unresolved
questions connected with the early Universe include:
• What is the dark energy that appears to be causing the Universe to accelerate at late times?

Planck (bluebook)

• Launched 5/2009

• First sky survey 1/2010

• Second sky survey 7/2010

• First-year release 7/2012

TT cosmic-variance limited ! <! 2000

EE and TE c.v. lim. ! <! 1000

(less SZ in EE)

for polarization: small scales only slight help

with parameters, but allows important con-

sistency cross-check (less SZ in EE)

r >! 0.1 in 14 months r >! 0.05 in 28 months

Efstathiou, Gratton 09

WMAP4 vs. Planck1
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2. Super-Planckian field excursion: The tensor-to-scalar ratio is a measure of the change of

inflation field ∆φ ≡ φcmb − φend between the time when CMB fluctuations were created at

φcmb and the end of inflation at φend about 60 e-folds of expansion later, giving the limit

∆φ
Mpl

�
�

r
0.01

�1/2
(Lyth, 1997). Thus r � 10

−2
implies a field variation that is larger than the

Planck mass between φcmb and φend. As explained in detail in the CMBPol Inflation White

Paper (Baumann et al., 2008b), measuring r > 0.01 would provide definite information about

certain properties of the ultraviolet completion of quantum field theory and gravity. An upper

limit of r < 0.01 would also be very important as it would rule out all large-field models of

inflation.

3. Other models: Finally, alternatives to inflation, almost universally predict an unobservably

low tensor amplitude and would hence be ruled out by a B-mode detection (e.g. Buchbinder

et al., 2007; Steinhardt and Turok, 2002; Battefeld and Watson, 2006; Lehners, 2008).

Figure 1 shows the capabilities of a proposed space mission, called EPIC-IM, in determining r.

EPIC-IM has the sensitivity to reach levels of r � 0.001.

Figure 1: The sensitivity of EPIC-IM, WMAP and Planck to CMB E-mode polarization (red); B-mode polar-

ization from tensor perturbations (blue) for r = 0.3, 0.01 and r = 0.001; and B-mode polarization produced by

lensing of the E-mode polarization (green). The goal for the decade is to reach a level of r ≤ 0.01 for the entire

2 < � < 200 multipole range after foreground subtraction. Expected B-mode foreground power spectra for po-

larized dust (orange dash-dotted) and synchrotron (orange dotted) at 70 GHz are shown based on best available

data for a 65% sky cut. The sensitivity of EPIC-IM (EPIC-LC) is for a 4(2)-year mission (see Section E for more

details about the missions). WMAP assumes an 8-year mission life; Planck assumes 1.2 years at goal sensitivity.

The sensitivity curves show band-combined sensitivities to C� in broad ∆�/� = 0.3 bins in order to compare the

full raw statistical power of the three experiments in the same manner.

B.1.d Further Inflationary Observables

The detection of inflationary gravitational waves would be nothing short of revolutionary. More-

over, precision measurements of CMB polarization contain vital additional information on the

physics of the inflationary era. Here we list some of the main observables that will be extracted

from the data:

Deviations from scale-invariance. Any deviation from perfect scale-invariance is a powerful

discriminator among inflationary mechanisms. The scale-dependence is often defined by the spec-

tral indices ns and nt with ns = 1 and nt = 0 corresponding to perfect scale-invariance. The left

panel of Figure 2 shows the predictions for the scalar tilt ns for popular inflationary models. The
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We have ordered the momenta such that x3 ≤ x2 ≤ 1. The triangle inequality implies x2+x3 > 1. In
the following we plot S(1, x2, x3) (see Figs. 29, 31, and 32). We use the normalization, S(1, 1, 1) ≡ 1.
To avoid showing equivalent configurations twice S(1, x2, x3) is set to zero outside the triangular
region 1 − x2 ≤ x3 ≤ x2. We see in Fig. 29 that the signal for the local shape is concentrated at
x3 ≈ 0, x2 ≈ 1, while the equilateral shape peaks at x2 ≈ x3 ≈ 1. Fig. 30 illustrates how the different
triangle shapes are distributed in the x2-x3 plane.
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Figure 29: 3D plots of the local and equilateral bispectra. The coordinates x2 and x3 are the
rescaled momenta k2/k1 and k3/k1, respectively. Momenta are order such that x3 <

x2 < 1 and satsify the triangle inequality x2 + x3 > 1.
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We have ordered the momenta such that x3 ≤ x2 ≤ 1. The triangle inequality implies x2+x3 > 1. In
the following we plot S(1, x2, x3) (see Figs. 29, 31, and 32). We use the normalization, S(1, 1, 1) ≡ 1.
To avoid showing equivalent configurations twice S(1, x2, x3) is set to zero outside the triangular
region 1 − x2 ≤ x3 ≤ x2. We see in Fig. 29 that the signal for the local shape is concentrated at
x3 ≈ 0, x2 ≈ 1, while the equilateral shape peaks at x2 ≈ x3 ≈ 1. Fig. 30 illustrates how the different
triangle shapes are distributed in the x2-x3 plane.
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Figure 29: 3D plots of the local and equilateral bispectra. The coordinates x2 and x3 are the
rescaled momenta k2/k1 and k3/k1, respectively. Momenta are order such that x3 <

x2 < 1 and satsify the triangle inequality x2 + x3 > 1.
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Figure 30: Shapes of Non-Gaussianity. The coordinates x2 and x3 are the rescaled momenta k2/k1

and k3/k1, respectively. Momenta are order such that x3 < x2 < 1 and satsify the
triangle inequality x2 + x3 > 1.
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Figure 29: 3D plots of the local and equilateral bispectra. The coordinates x2 and x3 are the
rescaled momenta k2/k1 and k3/k1, respectively. Momenta are order such that x3 <

x2 < 1 and satsify the triangle inequality x2 + x3 > 1.
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Figure 30: Shapes of Non-Gaussianity. The coordinates x2 and x3 are the rescaled momenta k2/k1

and k3/k1, respectively. Momenta are order such that x3 < x2 < 1 and satsify the
triangle inequality x2 + x3 > 1.
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FIG. 7: Fisher predictions for minimum detectable fNL (at 1 !) as a function of maximum multipole "max. Upper panels are for the local

model while lower panels are for the equilateral model. Left panels shows an ideal experiment, middle panels are for CMBPol like experiment

with noise sensitivity !p = 1.4µK-arcmin and beam FWHM ! = 4! and right panels are for Planck like satellite with and noise sensitivity
!p = 40µK-arcmin and beam FWHM ! = 5!. In all the panels, the solid lines represent temperature and polarization combined analysis;
dashed lines represent temperature only analysis; dot-dashed lines represent polarization only analysis.

Depending on the shape of primordial bispectrum in consideration, some secondary bispectra are more dangerous than others.

For example, ISW-lensing BISW!! peaks at the “local” configurations, hence is more dangerous for local primordial shape

than the equilateral primordial shape. For example for the Planck satellite if the secondary bispectrum is not incorporated

in the analysis, the ISW-lensing contribution will bias the estimate for the local fNL by around !f local
NL ! 10 [138]. The

bispectrum contribution from primary-lensing-Rees-Sciama signal also peaks at squeezed limit and contribute to effective local

f local
NL ! 10 [139]. For Planck sensitivity the point source will contamination the local non-Gaussianity by around !f local

NL "
1 [140]. A recent analysis of the full second order Boltzmann equation for photons [141] claims that second order effects add a
contamination!fNL " 5.
The generalization of the Fisher matrix given by Eq. (31) to include multiple bispectrum contribution is

F (XY )
ab =

!

{ijk, pqr}

!

"1""2""3

1

!"1"2"3

!Bpqr,(X)
"1"2"3

!pa

"

Cov!1
#

ijk, pqr

!B ijk,(Y )
"1"2"3

!pb
, (55)

where the additionalX and Y indices denote a component such as primordial, point-sources, ISW-lensing etc. For fixed cosmo-

logical parameters, the signal-to-noise (S/N)i for the component i is

$

S

N

%

i

=
1#
F (ii)

(56)

Non-Gaussianities from recombination

Non-Gaussianities can be generated during recombination. One requires to solve second order Boltzmann and Einstein equa-

tions to evaluate the effect. The second order effect on CMB is an active field of study [54, 142–156]. The non-Gaussianities

produced during recombination comprise of various effects, for example see Ref. [54].

The dominant bispectrum due to perturbative recombination comes from perturbations in the electron density. The amplitude

of perturbations of the free electron density "e is around a factor of 5 larger than the baryon density perturbations [157]. The
bispectrum generated due to "e peaks around the “local” configuration with corresponding effective non-linearity amplitude
fNL " few [158, 159].
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Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)
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Status of inflation

Marco Peloso, University of Minnesota

• Basics

• Classes of models

• Measurements

• Statistical isotropy

Guth ’80

Horizon pbm. rephrased

!"# causally generated when # ! dH.

Q. M. origin " classical statistics as # # dH

Polarski, Starobinsky ’95

Monday, June 21, 2010



Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

dH (t) ! t
dH (t) ! t

In a matter + radiation universe, horizon " t grows faster

than physical scales " a (" t2/3, t1/2)

dH (t) ! t

In a matter + radiation universe, horizon " t grows faster

than physical scales " a (" t2/3, t1/2)

Status of inflation

Marco Peloso, University of Minnesota

• Basics

• Classes of models

• Measurements

• Statistical isotropy

Guth ’80

Horizon pbm. rephrased

!"# causally generated when # ! dH.

Q. M. origin " classical statistics as # # dH

Polarski, Starobinsky ’95

Monday, June 21, 2010



Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

d H

Region we see

today

dH (t) ! t
dH (t) ! t

In a matter + radiation universe, horizon " t grows faster

than physical scales " a (" t2/3, t1/2)

dH (t) ! t

In a matter + radiation universe, horizon " t grows faster

than physical scales " a (" t2/3, t1/2)

Status of inflation

Marco Peloso, University of Minnesota

• Basics

• Classes of models

• Measurements

• Statistical isotropy

Guth ’80

Horizon pbm. rephrased

!"# causally generated when # ! dH.

Q. M. origin " classical statistics as # # dH

Polarski, Starobinsky ’95

Monday, June 21, 2010



Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Same region at earlier times

d

Same region at earlier times

H

d H

Region we see

today

dH (t) ! t
dH (t) ! t

In a matter + radiation universe, horizon " t grows faster

than physical scales " a (" t2/3, t1/2)

dH (t) ! t

In a matter + radiation universe, horizon " t grows faster

than physical scales " a (" t2/3, t1/2)

Status of inflation

Marco Peloso, University of Minnesota

• Basics

• Classes of models

• Measurements

• Statistical isotropy

Guth ’80

Horizon pbm. rephrased

!"# causally generated when # ! dH.

Q. M. origin " classical statistics as # # dH

Polarski, Starobinsky ’95

Monday, June 21, 2010



Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Same region at earlier times

d

Same region at earlier times

H

d H

Region we see

today

In a matter + radiation universe, horizon ! H"1 grows faster

than physical scales ! a

Earlier time

tCMB # 380,000 yrs

In a matter + radiation universe, horizon ! H"1 grows faster

than physical scales ! a

Earlier time

tCMB # 380,000 yrs

dH (t) ! t
dH (t) ! t

In a matter + radiation universe, horizon " t grows faster

than physical scales " a (" t2/3, t1/2)

dH (t) ! t

In a matter + radiation universe, horizon " t grows faster

than physical scales " a (" t2/3, t1/2)

Status of inflation

Marco Peloso, University of Minnesota

• Basics

• Classes of models

• Measurements

• Statistical isotropy

Guth ’80

Horizon pbm. rephrased

!"# causally generated when # ! dH.

Q. M. origin " classical statistics as # # dH

Polarski, Starobinsky ’95

Monday, June 21, 2010



Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Horizon problem

• Light travels finite distance in finite time

dH (t) = a (t)
! t

0

dt!

a (t!)
" H#1

Scales > dH (t) cannot be causally connected.

• Since a/H#1 = a H decreases, physical dis-
tances ($ a) increase more slowly than dH.
% the sky we observe now consists of sev-
eral regions which were still not communicat-
ing in the past (1100 such regions in CMB)

r

>

t t rec0

d h
(t )0 d

h
(t )00(a / a )r

d
h
(t )

Same region at earlier times

d

Same region at earlier times

H

d H

Region we see

today

In a matter + radiation universe, horizon ! H"1 grows faster

than physical scales ! a

Earlier time

tCMB # 380,000 yrs

Sharp contrast with the

observed T0 # 2.73K

everywhere

In a matter + radiation universe, horizon ! H"1 grows faster

than physical scales ! a

Earlier time

tCMB # 380,000 yrs

Sharp contrast with the

observed T0 # 2.73K

everywhere

In a matter + radiation universe, horizon ! H"1 grows faster

than physical scales ! a

Earlier time

tCMB # 380,000 yrs

Sharp contrast with the

observed T0 # 2.73K

everywhere

In a matter + radiation universe, horizon ! H"1 grows faster

than physical scales ! a

Earlier time

tCMB # 380,000 yrs

In a matter + radiation universe, horizon ! H"1 grows faster

than physical scales ! a

Earlier time

tCMB # 380,000 yrs

dH (t) ! t
dH (t) ! t

In a matter + radiation universe, horizon " t grows faster

than physical scales " a (" t2/3, t1/2)

dH (t) ! t

In a matter + radiation universe, horizon " t grows faster

than physical scales " a (" t2/3, t1/2)

Status of inflation

Marco Peloso, University of Minnesota

• Basics

• Classes of models

• Measurements

• Statistical isotropy

Guth ’80

Horizon pbm. rephrased

!"# causally generated when # ! dH.

Q. M. origin " classical statistics as # # dH

Polarski, Starobinsky ’95

Monday, June 21, 2010



Solved by a period in which physical scales

grow much faster than the horizon
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ȧ2

a2
=

8!

3M2
p

"X #
k

a2

with "X decreasing slower than a#2, and then X $ M, R

Universe “flattens out” while X dominates

Monday, June 21, 2010



Solved by a period in which physical scales

grow much faster than the horizon
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ȧ2

a2
=

8!

3M2
p

"X #
k

a2

with "X decreasing slower than a#2, and then X $ M, R

Universe “flattens out” while X dominates

This % a2 "X is growing % ä > 0, inflation
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FIG. 3. Comparison of defect model predictions to current
experimental data. All models were COBE normalised at
l = 10.

portance of vector and tensor modes will be described
elsewhere [4].) The large amplitude of vector modes and
the decoherent sum of eigenmodes leads to a suppres-
sion of power at l >

! 100 [8], a very di!erent spectrum to
that expected from adiabatic fluctuations in inflationary
models. We show a comparison between the predictions
of the global field defect theories and the current gener-
ation of CMB experiments in Figure 3. All models are
normalised to COBE at l = 10. They are all systemat-
ically lower than the current degree-scale experimental
points.

The same calculations directly yield the matter power
spectrum shown in Figure 4. Normalised to COBE, our
tests indicate that the results should be reliable to a few
percent. From the power spectra we derive the nor-
malization !8 of the matter fluctuation in 8h!1 Mpc
spheres. Global strings, monopoles, texture and N = 6
non-topological texture give !8 = 0.26, 0.25, 0.23, 0.21,
respectively, for h = 0.5, and scaling approximately as
h. The field normalization for textures is " = 8#2G$2

0 =
1.0 " 10!4, consistent with our previous calculation [3]
of " = 1.1 " 10!4. These normalizations are a factor of
5 lower than the generic prediction of n = 1 inflationary
models where !8 = 1.2 for h = 0.5. Cluster abundances
suggest values of !8 ! 0.5 for a flat universe.

To summarise, the techniques used here enable us
to convert unequal time correlators into temperature
anisotropy and matter fluctuation power spectra within
a few hours on a workstation. For all the defect theo-
ries, vectors contribute approximately half of the total
CMB anisotropy on large scales, leading to a suppression
of acoustic peaks and a low normalization of the matter
power spectrum !8 ! 0.25h50. Current observations of

FIG. 4. Matter power spectra computed from the Boltz-
mann code summed over the eigenmodes. The upper curve
shows the standard cold dark matter (sCDM) power spec-
trum. The defects generally have more power on small scales
than large scales relative to the adiabatic sCDM model. The
data points show the mass power spectrum as inferred from
the galaxy distribution [9].

CMB anisotropies and galaxy clustering do not favor the
models under consideration.

We thank Robert Crittenden, Robert Caldwell and
Lloyd Knox for helpful discussions and John Peacock and
Max Tegmark for providing observational data points.
This research was conducted in cooperation with Silicon
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malization !8 of the matter fluctuation in 8h!1 Mpc
spheres. Global strings, monopoles, texture and N = 6
non-topological texture give !8 = 0.26, 0.25, 0.23, 0.21,
respectively, for h = 0.5, and scaling approximately as
h. The field normalization for textures is " = 8#2G$2

0 =
1.0 " 10!4, consistent with our previous calculation [3]
of " = 1.1 " 10!4. These normalizations are a factor of
5 lower than the generic prediction of n = 1 inflationary
models where !8 = 1.2 for h = 0.5. Cluster abundances
suggest values of !8 ! 0.5 for a flat universe.

To summarise, the techniques used here enable us
to convert unequal time correlators into temperature
anisotropy and matter fluctuation power spectra within
a few hours on a workstation. For all the defect theo-
ries, vectors contribute approximately half of the total
CMB anisotropy on large scales, leading to a suppression
of acoustic peaks and a low normalization of the matter
power spectrum !8 ! 0.25h50. Current observations of

FIG. 4. Matter power spectra computed from the Boltz-
mann code summed over the eigenmodes. The upper curve
shows the standard cold dark matter (sCDM) power spec-
trum. The defects generally have more power on small scales
than large scales relative to the adiabatic sCDM model. The
data points show the mass power spectrum as inferred from
the galaxy distribution [9].

CMB anisotropies and galaxy clustering do not favor the
models under consideration.
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Figure 10: A comparison of the B-mode polarization generated by tensor modes during inflation

and B-modes generated by cosmic strings. The blue dashed line is the B-mode power

expected from a network of cosmic strings that source 10% of the primordial TT -power

present in the WMAP angular range; the translation of this power to a tension is model

dependent, but in all models corresponds to Gµ ∼ few× 10
−7

. The green dotted line is

the power spectrum expected from the lensing of E-mode polarized light into B-mode

polarized light from large-scale structure. The black solid line is the direct sum of the

10% string contribution and the lensed B-mode signal. The red dash-dotted line is the

spectrum generated by a string network that sources only 1% of the primordial TT -

power (Gµ ∼ 10
−7

) added to the lensed B-mode spectrum. The lavender, dashed line

is the spectrum generated by a tensor-to-scalar ratio of r = 0.01 added to the lensed

B-mode spectrum.

at this tension could also be seen by other ongoing missions, such as high-� CMB experiments like

the Atacama Cosmology Telescope (ACT) and the South Pole Telescope (SPT) [282, 283]. Thus,

by the time CMBPol is ready to be commissioned, it is possible that we will know whether strings

exist with sufficient tension to be observed by it. However, even lighter strings may be detectable by

CMBPol: estimates based on a hypothetical CMBPol-like experiment [284] found that Gµ ∼ 10
−9

is potentially observable.

CMBPol may also be able to probe the type of defect formed – strings are the best-studied

case, but the phase transition that ends inflation could also generate global monopoles, textures, or

semilocal strings. Ref. [285] showed that the polarization spectra from different defect types have

different shapes, particularly the B-mode spectra, and for high Gµ distinguishing between these

should be within the reach of CMBPol. Determining the nature of cosmic defects would provide

invaluable information on high-energy symmetry breaking. Incidentally it has also recently been
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3.5 CMB Polarization: A Unique Probe of the Early Universe

CMB polarization will soon become one of the most important tools to probe the physics governing

the early universe. Because the anisotropies in the CMB temperature are indeed sourced by primor-

dial fluctuations, we expect the CMB anisotropies to become polarized via Thomson scattering (for a

pedagogical review see Ref. [52]; for technical details and pioneering work see [53, 54, 55, 56]). Since

the polarization of CMB anisotropies is generated only by scattering, the polarization signal tracks

free electrons and hence isolates the recombination (last-scattering) and reionization epochs. The

polarization signal and its cross-correlation with the temperature anisotropies provide an important

consistency check for the standard cosmological paradigm. In addition, measurements of CMB po-

larization help to break degeneracies among some cosmological parameters and hence increase the

precision with which these parameters can be measured. Finally, and most importantly for this re-

port, different sources of the temperature anisotropies (scalar, vector and tensor; see §3.3.1) predict

subtle differences in the polarization patterns. One can therefore use polarization information to

distinguish the different types of primordial perturbations. It is this distinguishing feature of CMB

polarization that we wish to elucidate in this section.

Quadrupole
Anisotropy

Thomson 
Scattering

e–

Linear 
Polarization

COLD

HOT

Figure 3: Thomson scattering of radiation with a quadrupole anisotropy generates linear polariza-

tion [52]. Red colors (thick lines) represent hot radiation, and blue colors (thin lines)

cold radiation.
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3.5 CMB Polarization: A Unique Probe of the Early Universe

CMB polarization will soon become one of the most important tools to probe the physics governing

the early universe. Because the anisotropies in the CMB temperature are indeed sourced by primor-

dial fluctuations, we expect the CMB anisotropies to become polarized via Thomson scattering (for a

pedagogical review see Ref. [52]; for technical details and pioneering work see [53, 54, 55, 56]). Since

the polarization of CMB anisotropies is generated only by scattering, the polarization signal tracks

free electrons and hence isolates the recombination (last-scattering) and reionization epochs. The

polarization signal and its cross-correlation with the temperature anisotropies provide an important

consistency check for the standard cosmological paradigm. In addition, measurements of CMB po-

larization help to break degeneracies among some cosmological parameters and hence increase the

precision with which these parameters can be measured. Finally, and most importantly for this re-

port, different sources of the temperature anisotropies (scalar, vector and tensor; see §3.3.1) predict

subtle differences in the polarization patterns. One can therefore use polarization information to

distinguish the different types of primordial perturbations. It is this distinguishing feature of CMB

polarization that we wish to elucidate in this section.
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Figure 3: Thomson scattering of radiation with a quadrupole anisotropy generates linear polariza-

tion [52]. Red colors (thick lines) represent hot radiation, and blue colors (thin lines)

cold radiation.
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3.5 CMB Polarization: A Unique Probe of the Early Universe

CMB polarization will soon become one of the most important tools to probe the physics governing

the early universe. Because the anisotropies in the CMB temperature are indeed sourced by primor-

dial fluctuations, we expect the CMB anisotropies to become polarized via Thomson scattering (for a

pedagogical review see Ref. [52]; for technical details and pioneering work see [53, 54, 55, 56]). Since

the polarization of CMB anisotropies is generated only by scattering, the polarization signal tracks

free electrons and hence isolates the recombination (last-scattering) and reionization epochs. The

polarization signal and its cross-correlation with the temperature anisotropies provide an important

consistency check for the standard cosmological paradigm. In addition, measurements of CMB po-

larization help to break degeneracies among some cosmological parameters and hence increase the

precision with which these parameters can be measured. Finally, and most importantly for this re-

port, different sources of the temperature anisotropies (scalar, vector and tensor; see §3.3.1) predict

subtle differences in the polarization patterns. One can therefore use polarization information to

distinguish the different types of primordial perturbations. It is this distinguishing feature of CMB

polarization that we wish to elucidate in this section.
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Figure 3: Thomson scattering of radiation with a quadrupole anisotropy generates linear polariza-

tion [52]. Red colors (thick lines) represent hot radiation, and blue colors (thin lines)

cold radiation.
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3.5 CMB Polarization: A Unique Probe of the Early Universe

CMB polarization will soon become one of the most important tools to probe the physics governing

the early universe. Because the anisotropies in the CMB temperature are indeed sourced by primor-

dial fluctuations, we expect the CMB anisotropies to become polarized via Thomson scattering (for a

pedagogical review see Ref. [52]; for technical details and pioneering work see [53, 54, 55, 56]). Since

the polarization of CMB anisotropies is generated only by scattering, the polarization signal tracks

free electrons and hence isolates the recombination (last-scattering) and reionization epochs. The

polarization signal and its cross-correlation with the temperature anisotropies provide an important

consistency check for the standard cosmological paradigm. In addition, measurements of CMB po-

larization help to break degeneracies among some cosmological parameters and hence increase the

precision with which these parameters can be measured. Finally, and most importantly for this re-

port, different sources of the temperature anisotropies (scalar, vector and tensor; see §3.3.1) predict

subtle differences in the polarization patterns. One can therefore use polarization information to

distinguish the different types of primordial perturbations. It is this distinguishing feature of CMB

polarization that we wish to elucidate in this section.
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Figure 3: Thomson scattering of radiation with a quadrupole anisotropy generates linear polariza-

tion [52]. Red colors (thick lines) represent hot radiation, and blue colors (thin lines)

cold radiation.
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3.5 CMB Polarization: A Unique Probe of the Early Universe

CMB polarization will soon become one of the most important tools to probe the physics governing

the early universe. Because the anisotropies in the CMB temperature are indeed sourced by primor-

dial fluctuations, we expect the CMB anisotropies to become polarized via Thomson scattering (for a

pedagogical review see Ref. [52]; for technical details and pioneering work see [53, 54, 55, 56]). Since

the polarization of CMB anisotropies is generated only by scattering, the polarization signal tracks

free electrons and hence isolates the recombination (last-scattering) and reionization epochs. The

polarization signal and its cross-correlation with the temperature anisotropies provide an important

consistency check for the standard cosmological paradigm. In addition, measurements of CMB po-

larization help to break degeneracies among some cosmological parameters and hence increase the

precision with which these parameters can be measured. Finally, and most importantly for this re-

port, different sources of the temperature anisotropies (scalar, vector and tensor; see §3.3.1) predict

subtle differences in the polarization patterns. One can therefore use polarization information to

distinguish the different types of primordial perturbations. It is this distinguishing feature of CMB

polarization that we wish to elucidate in this section.

Quadrupole
Anisotropy

Thomson 
Scattering

e–

Linear 
Polarization

COLD

HOT

Figure 3: Thomson scattering of radiation with a quadrupole anisotropy generates linear polariza-

tion [52]. Red colors (thick lines) represent hot radiation, and blue colors (thin lines)

cold radiation.
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Inflation in string theory

ON INFLATION IN STRING THEORY 5

K = !3 ln(T + T̄ ) , W = W0 + Ae!aT . (1)

Here W0 in the superpotential originating from fluxes stabilizing the axion-
dilaton and complex structure moduli. The exponential term comes from
gaugino condensation or wrapped brane instantons. This scenario requires
in addition some mechanism of uplifting of the AdS vacua to a de Sitter space
with a positive CC of the form !V = C

(T+T̄ )n . In all known cases this proce-

dure always leads to metastable de Sitter vacua, see Fig. 1 for the simplest
case of the original KKLT model. In addition to the dS minimum at some
finite value of the volume modulus " = T+T̄

2 , there is always a Dine-Seiberg
Minkowski vacuum corresponding to an infinite ten-dimensional space with an
infinite volume of the compactified space, " " #. The lifetime of metastable
dS vacua usually is much greater than the lifetime of the universe.
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!

Fig. 1. KKLT potential as a function of the volume of extra dimensions ! = T+T̄
2

.

There are numerous ways to find flux vacua in string theory, with all
possible values of the cosmological constant. This is known as the landscape
of string vacua [8, 6, 9]. The concept of the landscape has already changed
quite a few settings in particle physics phenomenology. The first and most
striking example is that of the split supersymmetry [44] where the new ideas
of supersymmetry breaking where consistently realized without a requirement
that supersymmetry has to protect the smallness of the Higgs mass.

New ideas of particle phenomenology in the context of supergravity and
moduli stabilization were developed in [45, 46, 47, 48, 49, 3, 50, 51, 52], leading
to a set of new predictions for the spectrum of particles to be detected in the
future.

Recent progress in dS vacuum stabilization in string theory influenced
particle phenomenology by demonstrating that metastable vacua are quite
legitimate. This triggered a significant new trend in supersymmetric model
building, starting with the work [53]. The long-standing prejudice, that the
models of dynamical supersymmetry breaking must have no supersymmetric
vacua, is abandoned. New metastable positive energy vacua with the life-
time longer than the age of the universe were found in supersymmetric gauge
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WMAP 7-year Cosmological Interpretation 23

There have been several attempts to measure Yp from
the CMB data (Trotta & Hansen 2004; Huey et al.
2004; Ichikawa & Takahashi 2006; Ichikawa et al. 2008;
Dunkley et al. 2009). The previous best-limit is Yp =

0.25+0.10(+0.15)
!0.07(!0.17) at 68% CL (95% CL), which was ob-

tained by Ichikawa et al. (2008) from the WMAP 5-year
data combined with ACBAR (Reichardt et al. 2009),
BOOMERanG (Jones et al. 2006; Piacentini et al. 2006;
Montroy et al. 2006), and Cosmic Background Imager
(CBI; Sievers et al. 2007). Note that the likelihood
function of Yp is non-Gaussian, with a tail extending to
Yp = 0; thus, the level of significance of detection was
less than 3!.

5. CONSTRAINTS ON PROPERTIES OF DARK ENERGY

In this section, we provide limits on the properties of
dark energy, characterized by the equation of state pa-
rameter, w. We first focus on constant (time indepen-
dent) equation of state in a flat universe (Section 5.1)
and a curved universe (Section 5.2). We then constrain a
time-dependent w given by w(a) = w0+wa(1!a), where
a = 1/(1 + z) is the scale factor, in Section 5.3. Next,
we provide the 7-year “WMAP normalization prior” in
Section 5.4, which is useful for constraining w (as well as
the mass of neutrinos) from the growth of cosmic den-
sity fluctuations. (See, e.g., Vikhlinin et al. 2009b, for
an application of the 5-year normalization prior to the
X-ray cluster abundance data.) In Section 5.5, we pro-
vide the 7-year “WMAP distance prior,” which is useful
for constraining a variety of time-dependent w models
for which the Markov Chain Monte Carlo exploration of
the parameter space may not be available. (See, e.g., Li
et al. 2008; Wang 2008, 2009; Vikhlinin et al. 2009b, for
applications of the 5-year distance prior.)

We give a summary of our limits on dark energy pa-
rameters in Table 4.

5.1. Constant Equation of State: Flat Universe

In a flat universe, !k = 0, an accurate determina-
tion of H0 helps improve a limit on a constant equa-
tion of state, w (Spergel et al. 2003; Hu 2005). Using
WMAP+BAO+H0, we find

w = !1.10 ± 0.14 (68% CL),

which improves to w = !1.08 ± 0.13 (68% CL) if
we add the time-delay distance out to the lens system
B1608+656 (Suyu et al. 2009a, see Section 3.2.5). These
limits are independent of high-z Type Ia supernova data.

The high-z supernova data provide the most strin-
gent limit on w. Using WMAP+BAO+SN, we find
w = !0.980±0.053 (68% CL). The error does not include
systematic errors in supernovae, which are comparable
to the statistical error (Kessler et al. 2009; Hicken et al.
2009b); thus, the error in w from WMAP+BAO+SN
is about a half of that from WMAP+BAO+H0 or
WMAP+BAO+H0+D!t.

The cluster abundance data are sensitive to w via the
comoving volume element, angular diameter distance,
and growth of matter density fluctuations (Haiman et al.
2001). By combining the cluster abundance data and
the 5-year WMAP data, Vikhlinin et al. (2009b) found
w = !1.08±0.15 (stat)±0.025 (syst) (68% CL) for a flat
universe. By adding BAO of Eisenstein et al. (2005) and

Fig. 12.— Joint two-dimensional marginalized constraint on the
time-independent (constant) dark energy equation of state, w, and
the curvature parameter, !k. The contours show the 68% and
95% CL from WMAP+BAO+H0 (red), WMAP+BAO+H0+D!t
(black), and WMAP+BAO+SN (purple).

the supernova data of Davis et al. (2007), they found
w = !0.991 ± 0.045 (stat) ± 0.039 (syst) (68% CL).
These results using the cluster abundance data (also see
Mantz et al. 2009c) agree well with our corresponding
WMAP+BAO+H0 and WMAP+BAO+SN limits.

5.2. Constant Equation of State: Curved Universe

When !k "= 0, limits on w significantly weaken, with
a tail extending to large negative values of w, unless su-
pernova data are added.

In Figure 12, we show that WMAP+BAO+H0
allows for w ! !2, which can be excluded
by adding information on the time-delay distance.
In both cases, the spatial curvature is well con-
strained: we find !k = !0.0125+0.0064

!0.0067 from

WMAP+BAO+H0, and !0.0111+0.0060
!0.0063 (68% CL) from

WMAP+BAO+H0+D!t, whose errors are comparable
to that of the WMAP+BAO+H0 limit on !k with w =
!1, !k = !0.0023+0.0054

!0.0056 (68% CL; see Section 4.3).
However, w is poorly constrained: we find w =

!1.44 ± 0.27 from WMAP+BAO+H0, and !1.40 ±
0.25 (68% CL) from WMAP+BAO+H0+D!t.

Among the data combinations that do not use the in-
formation on the growth of structure, the most powerful
combination for constraining !k and w simultaneously
is a combination of the WMAP data, BAO (or D!t),
and supernovae, as WMAP+BAO (or D!t) primarily
constrains !k, and WMAP+SN primarily constrains w.
With WMAP+BAO+SN, we find w = !0.999+0.057

!0.056 and

!k = !0.0057+0.0066
!0.0068 (68% CL). Note that the error

in the curvature is essentially the same as that from
WMAP+BAO+H0, while the error in w is # 4 times
smaller.

Vikhlinin et al. (2009b) combined their cluster abun-
dance data with the 5-year WMAP+BAO+SN to find
w = !1.03 ± 0.06 (68% CL) for a curved universe.
Reid et al. (2009) combined their LRG power spectrum
with the 5-year WMAP data and the Union supernova
data to find w = !0.99 ± 0.11 and !k = !0.0109 ±
0.0088 (68% CL). These results are in a good agreement
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There have been several attempts to measure Yp from
the CMB data (Trotta & Hansen 2004; Huey et al.
2004; Ichikawa & Takahashi 2006; Ichikawa et al. 2008;
Dunkley et al. 2009). The previous best-limit is Yp =

0.25+0.10(+0.15)
!0.07(!0.17) at 68% CL (95% CL), which was ob-

tained by Ichikawa et al. (2008) from the WMAP 5-year
data combined with ACBAR (Reichardt et al. 2009),
BOOMERanG (Jones et al. 2006; Piacentini et al. 2006;
Montroy et al. 2006), and Cosmic Background Imager
(CBI; Sievers et al. 2007). Note that the likelihood
function of Yp is non-Gaussian, with a tail extending to
Yp = 0; thus, the level of significance of detection was
less than 3!.

5. CONSTRAINTS ON PROPERTIES OF DARK ENERGY

In this section, we provide limits on the properties of
dark energy, characterized by the equation of state pa-
rameter, w. We first focus on constant (time indepen-
dent) equation of state in a flat universe (Section 5.1)
and a curved universe (Section 5.2). We then constrain a
time-dependent w given by w(a) = w0+wa(1!a), where
a = 1/(1 + z) is the scale factor, in Section 5.3. Next,
we provide the 7-year “WMAP normalization prior” in
Section 5.4, which is useful for constraining w (as well as
the mass of neutrinos) from the growth of cosmic den-
sity fluctuations. (See, e.g., Vikhlinin et al. 2009b, for
an application of the 5-year normalization prior to the
X-ray cluster abundance data.) In Section 5.5, we pro-
vide the 7-year “WMAP distance prior,” which is useful
for constraining a variety of time-dependent w models
for which the Markov Chain Monte Carlo exploration of
the parameter space may not be available. (See, e.g., Li
et al. 2008; Wang 2008, 2009; Vikhlinin et al. 2009b, for
applications of the 5-year distance prior.)

We give a summary of our limits on dark energy pa-
rameters in Table 4.

5.1. Constant Equation of State: Flat Universe

In a flat universe, !k = 0, an accurate determina-
tion of H0 helps improve a limit on a constant equa-
tion of state, w (Spergel et al. 2003; Hu 2005). Using
WMAP+BAO+H0, we find

w = !1.10 ± 0.14 (68% CL),

which improves to w = !1.08 ± 0.13 (68% CL) if
we add the time-delay distance out to the lens system
B1608+656 (Suyu et al. 2009a, see Section 3.2.5). These
limits are independent of high-z Type Ia supernova data.

The high-z supernova data provide the most strin-
gent limit on w. Using WMAP+BAO+SN, we find
w = !0.980±0.053 (68% CL). The error does not include
systematic errors in supernovae, which are comparable
to the statistical error (Kessler et al. 2009; Hicken et al.
2009b); thus, the error in w from WMAP+BAO+SN
is about a half of that from WMAP+BAO+H0 or
WMAP+BAO+H0+D!t.

The cluster abundance data are sensitive to w via the
comoving volume element, angular diameter distance,
and growth of matter density fluctuations (Haiman et al.
2001). By combining the cluster abundance data and
the 5-year WMAP data, Vikhlinin et al. (2009b) found
w = !1.08±0.15 (stat)±0.025 (syst) (68% CL) for a flat
universe. By adding BAO of Eisenstein et al. (2005) and

Fig. 12.— Joint two-dimensional marginalized constraint on the
time-independent (constant) dark energy equation of state, w, and
the curvature parameter, !k. The contours show the 68% and
95% CL from WMAP+BAO+H0 (red), WMAP+BAO+H0+D!t
(black), and WMAP+BAO+SN (purple).

the supernova data of Davis et al. (2007), they found
w = !0.991 ± 0.045 (stat) ± 0.039 (syst) (68% CL).
These results using the cluster abundance data (also see
Mantz et al. 2009c) agree well with our corresponding
WMAP+BAO+H0 and WMAP+BAO+SN limits.

5.2. Constant Equation of State: Curved Universe

When !k "= 0, limits on w significantly weaken, with
a tail extending to large negative values of w, unless su-
pernova data are added.

In Figure 12, we show that WMAP+BAO+H0
allows for w ! !2, which can be excluded
by adding information on the time-delay distance.
In both cases, the spatial curvature is well con-
strained: we find !k = !0.0125+0.0064

!0.0067 from

WMAP+BAO+H0, and !0.0111+0.0060
!0.0063 (68% CL) from

WMAP+BAO+H0+D!t, whose errors are comparable
to that of the WMAP+BAO+H0 limit on !k with w =
!1, !k = !0.0023+0.0054

!0.0056 (68% CL; see Section 4.3).
However, w is poorly constrained: we find w =

!1.44 ± 0.27 from WMAP+BAO+H0, and !1.40 ±
0.25 (68% CL) from WMAP+BAO+H0+D!t.

Among the data combinations that do not use the in-
formation on the growth of structure, the most powerful
combination for constraining !k and w simultaneously
is a combination of the WMAP data, BAO (or D!t),
and supernovae, as WMAP+BAO (or D!t) primarily
constrains !k, and WMAP+SN primarily constrains w.
With WMAP+BAO+SN, we find w = !0.999+0.057

!0.056 and

!k = !0.0057+0.0066
!0.0068 (68% CL). Note that the error

in the curvature is essentially the same as that from
WMAP+BAO+H0, while the error in w is # 4 times
smaller.

Vikhlinin et al. (2009b) combined their cluster abun-
dance data with the 5-year WMAP+BAO+SN to find
w = !1.03 ± 0.06 (68% CL) for a curved universe.
Reid et al. (2009) combined their LRG power spectrum
with the 5-year WMAP data and the Union supernova
data to find w = !0.99 ± 0.11 and !k = !0.0109 ±
0.0088 (68% CL). These results are in a good agreement
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(CBI; Sievers et al. 2007). Note that the likelihood
function of Yp is non-Gaussian, with a tail extending to
Yp = 0; thus, the level of significance of detection was
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In this section, we provide limits on the properties of
dark energy, characterized by the equation of state pa-
rameter, w. We first focus on constant (time indepen-
dent) equation of state in a flat universe (Section 5.1)
and a curved universe (Section 5.2). We then constrain a
time-dependent w given by w(a) = w0+wa(1!a), where
a = 1/(1 + z) is the scale factor, in Section 5.3. Next,
we provide the 7-year “WMAP normalization prior” in
Section 5.4, which is useful for constraining w (as well as
the mass of neutrinos) from the growth of cosmic den-
sity fluctuations. (See, e.g., Vikhlinin et al. 2009b, for
an application of the 5-year normalization prior to the
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vide the 7-year “WMAP distance prior,” which is useful
for constraining a variety of time-dependent w models
for which the Markov Chain Monte Carlo exploration of
the parameter space may not be available. (See, e.g., Li
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applications of the 5-year distance prior.)
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In a flat universe, !k = 0, an accurate determina-
tion of H0 helps improve a limit on a constant equa-
tion of state, w (Spergel et al. 2003; Hu 2005). Using
WMAP+BAO+H0, we find
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which improves to w = !1.08 ± 0.13 (68% CL) if
we add the time-delay distance out to the lens system
B1608+656 (Suyu et al. 2009a, see Section 3.2.5). These
limits are independent of high-z Type Ia supernova data.

The high-z supernova data provide the most strin-
gent limit on w. Using WMAP+BAO+SN, we find
w = !0.980±0.053 (68% CL). The error does not include
systematic errors in supernovae, which are comparable
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time-independent (constant) dark energy equation of state, w, and
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the supernova data of Davis et al. (2007), they found
w = !0.991 ± 0.045 (stat) ± 0.039 (syst) (68% CL).
These results using the cluster abundance data (also see
Mantz et al. 2009c) agree well with our corresponding
WMAP+BAO+H0 and WMAP+BAO+SN limits.

5.2. Constant Equation of State: Curved Universe

When !k "= 0, limits on w significantly weaken, with
a tail extending to large negative values of w, unless su-
pernova data are added.

In Figure 12, we show that WMAP+BAO+H0
allows for w ! !2, which can be excluded
by adding information on the time-delay distance.
In both cases, the spatial curvature is well con-
strained: we find !k = !0.0125+0.0064

!0.0067 from
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!0.0063 (68% CL) from

WMAP+BAO+H0+D!t, whose errors are comparable
to that of the WMAP+BAO+H0 limit on !k with w =
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!0.0056 (68% CL; see Section 4.3).
However, w is poorly constrained: we find w =

!1.44 ± 0.27 from WMAP+BAO+H0, and !1.40 ±
0.25 (68% CL) from WMAP+BAO+H0+D!t.

Among the data combinations that do not use the in-
formation on the growth of structure, the most powerful
combination for constraining !k and w simultaneously
is a combination of the WMAP data, BAO (or D!t),
and supernovae, as WMAP+BAO (or D!t) primarily
constrains !k, and WMAP+SN primarily constrains w.
With WMAP+BAO+SN, we find w = !0.999+0.057

!0.056 and

!k = !0.0057+0.0066
!0.0068 (68% CL). Note that the error

in the curvature is essentially the same as that from
WMAP+BAO+H0, while the error in w is # 4 times
smaller.

Vikhlinin et al. (2009b) combined their cluster abun-
dance data with the 5-year WMAP+BAO+SN to find
w = !1.03 ± 0.06 (68% CL) for a curved universe.
Reid et al. (2009) combined their LRG power spectrum
with the 5-year WMAP data and the Union supernova
data to find w = !0.99 ± 0.11 and !k = !0.0109 ±
0.0088 (68% CL). These results are in a good agreement
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as (Kosowsky & Turner 1995)

!2
R(k) = !2

R(k0)

!

k

k0

"ns(k0)!1+ 1
2 ln(k/k0)dns/d ln k

.

(32)
Ignoring tensor modes again, we find

dns/d lnk = !0.022± 0.020 (68% CL),

from WMAP+BAO+H0. For comparison, the WMAP
data-only limit is dns/d ln k = !0.034 ± 0.026 (Larson
et al. 2010), and the WMAP+ACBAR+QUaD limit is
dns/d ln k = !0.041+0.022

!0.023.
None of these data combinations require

dns/d ln k: improvements in a goodness-of-fit rel-
ative to a power-law model (equation (29)) are
!!2 = !2 ln(Lrunning/Lpower!law) = !1.2, !2.6, and
!0.72 for the WMAP-only, WMAP+ACBAR+QUaD,
and WMAP+BAO+H0, respectively. See Table 7 for
the case where both r and dns/d ln k are allowed to vary.

A simple power-law primordial power spectrum with-
out tensor modes continues to be an excellent fit to the
data. While we have not done a non-parametric study
of the shape of the power spectrum, recent studies after
the 5-year data release continue to show that there is no
convincing deviation from a simple power-law spectrum
(Peiris & Verde 2009; Ichiki et al. 2009; Hamann et al.
2009).

4.3. Spatial Curvature

While the WMAP data alone cannot constrain the spa-
tial curvature parameter of the observable universe, "k,
very well, combining the WMAP data with other dis-
tance indicators such as H0, BAO, or supernovae can
constrain "k (e.g., Spergel et al. 2007).

Assuming a #CDM model (w = !1), we find

!0.0133 < "k < 0.0084 (95% CL),

from WMAP+BAO+H0.20 However, the limit weakens
significantly if dark energy is allowed to be dynamical,
w "= !1, as this data combination, WMAP+BAO+H0,
cannot constrain w very well. We need additional infor-
mation from Type Ia supernovae to constrain w and "k

simultaneously (see Section 5.3 of Komatsu et al. 2009b).
We shall explore this possibility in Section 5.

4.4. Non-Adiabaticity: Implications for Axions

Non-adiabatic fluctuations are a powerful probe of the
origin of matter and the physics of inflation. Follow-
ing Section 3.6 of Komatsu et al. (2009b), we focus on
two physically motivated models for non-adiabatic fluc-
tuations: axion-type (Seckel & Turner 1985; Linde 1985,
1991; Turner & Wilczek 1991) and curvaton-type (Linde
& Mukhanov 1997; Lyth & Wands 2003; Moroi & Taka-
hashi 2001, 2002; Bartolo & Liddle 2002).

For both cases, we consider non-adiabatic fluctuations
between photons and cold dark matter:

S =
"#c

#c
!

3"#!

4#!
, (33)

and report limits on the ratio of the power spectrum of
S and that of the curvature perturbation R (e.g., Bean

20 The 68% CL limit is !k = !0.0023+0.0054
!0.0056 .

et al. 2006):
$(k0)

1 ! $(k0)
=

PS(k0)

PR(k0)
, (34)

where k0 = 0.002 Mpc!1. We denote the limits on axion-
type and curvaton-type by $0 and $!1, respectively.21

We find no evidence for non-adiabatic fluctuations.
The WMAP data-only limits are $0 < 0.13 (95% CL)
and $!1 < 0.011 (95% CL) (95% CL; Larson et al. 2010).
With WMAP+BAO+H0, we find

$0 < 0.077 (95% CL) and $!1 < 0.0047 (95% CL),

while with WMAP+BAO+SN, we find $0 <
0.064 (95% CL) and $!1 < 0.0037 (95% CL).

The limit on $0 has an important implication for ax-
ion dark matter. In particular, a limit on $0 is related
to a limit on the tensor-to-scalar ratio, r (Kain 2006;
Beltran et al. 2007; Sikivie 2008; Kawasaki & Sekiguchi
2008). The explicit formula is given by equation (48) of
Komatsu et al. (2009b) as

r =
4.7 # 10!12

%10/7
a

!

"ch2

&

"12/7 !

"c

"a

"2/7 $0

1 ! $0
, (36)

where "a $ "c is the axion density parameter, %a is the
phase of the Pecci-Quinn field within our observable uni-
verse, and & $ 1 is a “dilution factor” representing the
amount by which the axion density parameter, "ah2,
would have been diluted due to a potential late-time en-
tropy production by, e.g., decay of some (unspecified)
heavy particles, between 200 MeV and the epoch of nu-
cleosynthesis, 1 MeV.

Where does this formula come from? Within the con-
text of the “misalignment” scenario of axion dark matter,
there are two observables one can use to place limits on
the axion properties: the dark matter density and $0.
They are given by (e.g., Kawasaki & Sekiguchi 2008, and
references therein)

$0(k)

1 ! $0(k)
=

"2
a

"2
c

8'

%2
a(fa/Mpl)2

, (37)

"ah2 =1.0 # 10!3&%2
a

!

fa

1010 GeV

"7/6

, (38)

where fa is the axion decay constant, and ' = !Ḣinf/H2
inf

is the so-called slow-roll parameter (where Hinf is the
Hubble expansion rate during inflation). For single-field
inflation models, ' is related to r as r = 16'. By eliminat-
ing the axion decay constant, one obtains equation (36).

Equation (36), combined with our limits on "ch2 and
$0, implies that the axion dark matter scenario in which
axions account for most of the observed amount of dark
matter, "a % "c, must satisfy

r <
7.6 # 10!15

%10/7
a &12/7

. (39)

21 The limits on ! can also be converted into the numbers show-
ing “how much the adiabatic relation (S = 0) can be violated,”
"adi, which can be calculated from

"adi =
"#c/#c ! 3"#!/(4#! )

1
2
["#c/#c + 3"#!/(4#! )]

"
#

!

3
, (35)

for ! $ 1 (Komatsu et al. 2009b).
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Table 4
Primordial Power Spectrum Constraints a

Parameter !CDM+Tensors !CDM+Running !CDM+Tensors+Running

Fit parameters

"bh2 0.02313+0.00073
!0.00072 0.02185+0.00082

!0.00081 0.02221+0.00085
!0.00089

"ch2 0.1068+0.0062
!0.0063 0.1182+0.0084

!0.0085 0.1157+0.0086
!0.0085

"! 0.757 ± 0.031 0.688+0.052
!0.051 0.707+0.049

!0.050

#2
R

(2.28 ± 0.15) ! 10!9 (2.42 ± 0.11) ! 10!9 (2.23+0.17
!0.18) ! 10!9

ns 0.982+0.020
!0.019 1.027+0.050

!0.051 1.076 ± 0.065
! 0.091 ± 0.015 0.092 ± 0.015 0.096 ± 0.016

r < 0.36 (95% CL) · · · < 0.49 (95% CL)
dns/d lnk · · · "0.034 ± 0.026 "0.048 ± 0.029

Derived parameters

t0 13.63 ± 0.16 Gyr 13.87+0.17
!0.16 Gyr 13.79 ± 0.18 Gyr

H0 73.5 ± 3.2 km/s/Mpc 67.5 ± 3.8 km/s/Mpc 69.1+4.0
!4.1 km/s/Mpc

"8 0.787 ± 0.033 0.818 ± 0.033 0.808 ± 0.035
a Models fit to 7-year WMAP data only. See Komatsu et al. (2010) for additional con-
straints.

Table 5
Constraints on Isocurvature Modes a

Parameter !CDMb !CDM+anti-correlatedc !CDM+uncorrelatedd

Fit parameters

"bh2 0.02258+0.00057
!0.00056 0.02293+0.00060

!0.00061 0.02315+0.00071
!0.00072

"ch2 0.1109 ± 0.0056 0.1058+0.0057
!0.0058 0.1069+0.0059

!0.0060
"! 0.734 ± 0.029 0.766 ± 0.028 0.758 ± 0.030
#2

R
(2.43 ± 0.11) ! 10!9 (2.24 ± 0.13) ! 10!9 (2.38 ± 0.11) ! 10!9

ns 0.963 ± 0.014 0.984 ± 0.017 0.982 ± 0.020
! 0.088 ± 0.015 0.088 ± 0.015 0.089 ± 0.015

#!1 · · · < 0.011 (95% CL) · · ·
#0 · · · · · · < 0.13 (95% CL)

Derived parameters

t0 13.75 ± 0.13 Gyr 13.58 ± 0.15 Gyr 13.62 ± 0.16 Gyr
H0 71.0 ± 2.5 km/s/Mpc 74.5+3.1

!3.0 km/s/Mpc 73.6 ± 3.2 km/s/Mpc

"8 0.801 ± 0.030 0.784+0.033
!0.032 0.785 ± 0.032

a Models fit to 7-year WMAP data only. See Komatsu et al. (2010) for additional con-
straints.
b Repeated from Table 3 for comparison.
c Adds curvaton-type isocurvature perturbations (Komatsu et al. 2010).
d Adds axion-type isocurvature perturbations (Komatsu et al. 2010).

degrees of freedom. Komatsu et al. (2010) derive anal-
ogous constraints using a combination of WMAP plus
other data. They find limits that are roughly a factor of
two lower than the WMAP-only limits.

4.2.4. Spatial Curvature

The basic !CDM model of the universe is flat, with
"k = 1 ! "tot = 0. There is a compelling theoreti-
cal case for a flat universe in General Relativity, arising
from the apparent paradox that a flat geometry is dy-
namically unstable. That is, in order for the curvature
to be acceptably small today, say |"k| < 1, the curva-
ture in the early universe had to be extraordinarily fine
tuned. Cosmological inflation achieves this by expanding
the primordial curvature scale, if any, to super-horizon
scales today.

With knowledge of the redshift of matter-radiation
equality, the acoustic scale can be accurately computed
for use as a standard ruler at the epoch of recombina-

tion. The first acoustic peak in the CMB then provides
a means to measure the angular diameter of the acoustic
scale at the surface of last scattering. If we have indepen-
dent knowledge of the local distance-redshift relation (the
Hubble constant, H0) we can infer the physical distance
to the last scattering surface, and hence the geometry
of the universe. If we assume nothing about H0 we are
left with a geometric degeneracy which is illustrated in
Figure 11.

Assuming !CDM dynamics, WMAP data alone pro-
vide a remarkably simple constraint on the geometry
and matter-energy content in the universe. The geomet-
ric degeneracy in the 7-year data is well described by
"k = !0.2654+0.3697"! (the dashed line in Figure 11).
The Figure also quantitatively illustrates how knowledge
of the Hubble constant fixes the geometry, "! +"m, and
vice-versa. The points in the plot are culled from the
Markov Chain that samples this model and their color is
coded by the value of the Hubble constant for that sam-
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Table 1
Parameter Recovery Bias Testa

Parameterb Input valueb Measured biasc Bias S/Nd

102!bh2 2.2622 0.0038 ± 0.0024 0.07
!ch2 0.11380 0.00079 ± 0.00024 0.14
!! 0.72344 !0.00362 ± 0.00128 !0.13

109"2
R

2.4588 !0.0114 ± 0.0049 !0.10
ns 0.9616 0.0019 ± 0.0006 0.13
! 0.08785 !0.00068 ± 0.00072 !0.04

a Parameter recovery results based on 500 Monte Carlo simulations
of 7-year WMAP data fit to the 6-parameter #CDM model.
b Parameter and its input value in the 500 Monte Carlos realiza-
tions.
c Bias measured in the composite likelihood derived from 500 MC
realizations, quoted as the mean and rms of the marginalized dis-
tribution. A positive number indicates that the recovered value
was higher than the input value.
d Measured bias divided by rms of the marginalized likelihood
derived from the WMAP data. The bias is less than 15% of the
1" error the 7-year data.

Table 2
Cosmological Parameter Definitionsa

Parameter Description

Fit parameters

!bh
2 Physical baryon density

!ch2 Physical cold dark matter density
!! Dark energy density (w = !1 unless otherwise noted - see below)
"2

R
Amplitude of curvature perturbations, k0 = 0.002 Mpc!1

ns Spectral index of density perturbations, k0 = 0.002 Mpc!1

! Reionization optical depth

Derived parameters

t0 Age of the universe (Gyr)
H0 Hubble parameter, H0 = 100h km s!1 Mpc!1

"8 Amplitude of density fluctuations in linear theory, 8 h!1 Mpc scale
zeq Redshift of matter-radiation equality

zreion Redshift of reionization

Extended parameters

dns/d lnk Running of scalar spectral index
r Ratio of tensor to scalar perturbation amplitude, k0 = 0.002 Mpc!1

#!1 Fraction of anti-correlated CDM isocurvature modes (see §4.2.3)
#0 Fraction of uncorrelated CDM isocurvature modes (see §4.2.3)
!k Spatial curvature, !k = 1 ! !tot

w Dark energy equation of state, w = pDE/$DE
Ne" E$ective number of relativistic species (e.g., neutrinos)
YHe Primordial Helium fraction, by mass
"z Width of reionization (new parameter in CAMB, see §4.2.7)

a Cosmological parameters discussed in this paper. A complete tabulation of the
marginalized parameter values for each of the models discussed in this paper may be
found at http://lambda.gsfc.nasa.gov.

using the 7-year data: dns/d lnk = !0.034± 0.026 com-
pared to dns/d ln k = !0.037 ± 0.028 from the 5-year
data.

If we allow both tensors and running as additional pri-
mordial degrees of freedom, the data prefer a slight neg-
ative running, but still at less than 2!. The joint con-
straint on all parameters in this model is significantly
tighter with the 7-year data (see §4.3). The 7-year con-
straints on models with additional power spectrum de-
grees of freedom are given in Table 4.

4.2.3. Isocurvature Modes

In addition to adiabatic fluctuations, where di!erent
species fluctuate in phase to produce curvature fluctua-
tions, it is possible to have an overdensity in one species
compensate for an underdensity in another without pro-
ducing a curvature. These entropy, or isocurvature per-
turbations have a measurable e!ect on the CMB by shift-
ing the acoustic peaks in the power spectrum. For cold
dark matter and photons, we define the field

Sc,! "
"#c

#c
!

3"#!

4#!
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For CDM and photons,
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Table 3
Six-Parameter !CDM Fit a

Parameter 7-year Fit 5-year Fit

Fit parameters

102"bh2 2.258+0.057
!0.056 2.273 ± 0.062

"ch2 0.1109 ± 0.0056 0.1099 ± 0.0062
"! 0.734 ± 0.029 0.742 ± 0.030
#2

R
(2.43 ± 0.11) ! 10!9 (2.41 ± 0.11) ! 10!9

ns 0.963 ± 0.014 0.963+0.014
!0.015

! 0.088 ± 0.015 0.087 ± 0.017

Derived parameters

t0 13.75 ± 0.13 Gyr 13.69 ± 0.13 Gyr
H0 71.0 ± 2.5 km/s/Mpc 71.9+2.6

!2.7 km/s/Mpc
"8 0.801 ± 0.030 0.796 ± 0.036
"b 0.0449 ± 0.0028 0.0441 ± 0.0030
"c 0.222 ± 0.026 0.214 ± 0.027
zeq 3196+134

!133 3176+151
!150

zreion 10.5 ± 1.2 11.0 ± 1.4
a Models fit to WMAP data only. See Komatsu et al. (2010)
for additional constraints.

Figure 10. Gravitational wave constraints from the 7-year WMAP data, expressed in terms of the tensor-to-scalar ratio, r. The red
contours show the 68% and 95% confidence regions for r compared to each of the 6 !CDM parameters using the 7-year data. The blue
contours are the corresponding 5-year results. We do not detect gravitational waves with the new data; when we marginalize over the 6
!CDM parameters the 7-year limit is r < 0.36 (95% CL), compared to the 5-year limit of r < 0.43 (95% CL). Tighter limits apply when
WMAP data are combined with H0 and BAO constraints (Komatsu et al. 2010).

(Bean et al. 2006; Komatsu et al. 2009). The relative
amplitude of its power spectrum is parameterized by !,

!

1 ! !
"

PS(k0)

PR(k0)
, (14)

with k0 = 0.002 Mpc!1.
We consider two types of isocurvature modes: those

which are completely uncorrelated with the curvature
modes (with amplitude !0), motivated with the axion
model, and those which are anti-correlated with the the
curvature modes (with amplitude !!1), motivated with

the curvaton model. For the latter, we adopt the con-
vention in which anticorrelation increases the power at
low multipoles (Komatsu et al. 2009).

The constraints on both types of isocurvature modes
are given in Table 5. We do not detect a significant
contribution from either type of perturbation in the 7-
year data. The limit on uncorrelated modes improves the
most with the new data: from !0 < 0.16 (95% CL) to
!0 < 0.13 (95% CL) using the 5-year and 7-year data, re-
spectively. Table 5 also shows that the standard !CDM
parameters are only weakly a"ected by the isocurvature
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