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Quantum gravity is confusing and hard.

• How do quantum gravity effects interact with inflationary
dynamics? What is a quantum superposition of
cosmological states? When and how do cosmological
fluctuations decohere?

• Is there some theory of initial conditions?

• What does the late-time universe look like?

• If there is a landscape, how does the theory explore it?

• etc etc etc ...

Ultimately would like to understand string/M theory in a
cosmological setting in its full nonperturbative glory.

Emil J. Martinec Quantum gravity and inflation 3 / 24



Motivations

Liouville
theory

Fluctuations

Cosmological
Perturbation
Theory

Beyond
perturbation
theory – SREI

Quantum
Quintessence

Solving
Liouville

SREI redux

Worries

Conclusions

Today, a more modest ambition – construct toy models
incorporating some of the structures we wish to study:

• Dynamical gravity

• Matter fields, so we can study inflation

• Spatial extent, so we can have horizons, inhomogeneity,
etc. Want to go beyond minisuperspace.

• A quantum theory of all the above, preferably UV
complete; in particular backreaction of gravitational field
on inflaton fluctuations on various scales.

2D Liouville gravity gives us all of the above
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Liouville theory

The Einstein tensor vanishes identically in 2d
SEH is topological ⇒ no geometrodynamics.
Next best thing: The Liouville equation

R = Λ

which describes 2d (anti)deSitter spacetime.
Classical action:

Sgrav =
1

2πγ2

∫ √
−g
[
−(∇χ)2 −Rχ− Λ

]
yields e.o.m.’s

∇2χ = R , ∇2χ = Λ
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Liouville theory

• Add matter; homogeneous FRW background e.o.m.’s

H2 = +
γ2

4

[
Ẋ2

0 + V(X0) + ρ⊥

]
Ḣ = −γ

2

4

[
Ẋ2

0 + ρ⊥ + P⊥

]
0 = Ẍ0 +HẊ0 + V,X

are the usual Friedman equations if we identify m2
p = γ2

4 .

• Slow-roll parameters

εH =
m2
p

2

(
V,X
V

)2

ηH = m2
p

[(
V,XX
V

)
− 1

2

(
V,X
V

)2
]
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Cosmological Perturbation Theory

? Parametrize 2d metric

gab = e2φĝab = e2φ
(
−N2

t +N2
x Nx

Nx 1

)
? Degrees of freedom:

• 5 scalars φ, Nt, Nx = ∂xB, auxiliary scalar χ, inflaton X
• 2 constraints H = 0 = P, and 2 gauge freedoms
• Total: 5− 2− 2 = 1 physical gauge-invariant scalar

v = x+ (X ′0/φ
′
0)χ
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Cosmological Perturbation Theory

? Features:
• Quadratic action identical to 4d (Mukhanov-Sasaki action)

S2 =
1

8π

∫ (
(v′)2 − (∂xv)2 +

z′′

z
v2
)

where
z = (X ′

0/φ
′
0)

• 1-1 map to scalar sector in 4d
• Cubic action also highly analogous
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Beyond perturbation theory
Slow-roll eternal inflation – the standard argument

The standard argument...[Linde, Vilenkin, Starobinsky, Guth, et al]

• Consider evolution of X in a Hubble volume H−n over a
Hubble time H−1
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Beyond perturbation theory
Slow-roll eternal inflation – the standard argument

The standard argument...[Linde, Vilenkin, Starobinsky, Guth, et al]

• Classical rolling: δXcl ≈ Ẋ0H
−1

• Fluctuation of X wavefunction: |δXqu| . 1

• New Hubble scale ∼ V(X0 + δXcl + δXqu)1/2
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Slow-roll eternal inflation
The standard argument

• Stochastic evolution of physical
volume distribution Pc(X, t) [Linde et al]

∂Pc
∂t

=
∂

∂X

(
D1/2∂(D1/2Pc)

∂X
+ κV,X(X)Pc

)
+ 3H(X)Pc

• Phase transition to SREI [Creminelli et al]

π1+n/2

nΓ(n/2)

Ẋ2
0

Hn+1
. 1
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Questions

• What is the mechanism for rewarding larger volumes?

• Does it survive a proper incorporation of quantum gravity
backreaction?

• Could worry that standard treatment backreacts metric on
quantum matter fluctuations classically – decoherence is
assumed. What is producing this decoherence?

• Quantum fluctuations of geometry have been ignored. Are
these independent of inflaton fluctuations? How do we
extract the classical geometry in the presence of such
fluctuations? [Bousso et al, Susskind]

• In principle one should evolve quantum wavefunctions of
inflaton and metric together, then interpret the result.
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What the reward mechanism is not
The peak of the wavefunction does not run up the potential

Consider V(X)→ Λ cosh[βX]

• Work in conformal gauge Nt = 1, Nx = 0; curvature

R = −2e−2φ∇2φ

• Relevant part of action

S =
1

8π

∫ √
−ĝ
[

4

γ2
(∇̂φ)2 − (∇̂X)2 − Λe2αφ cosh[βX]

]

• SO(1, 1) symmetry structure of kinetic term(
2φ/γ
X

)
,

(
γα
±β

)
• Parametrize boost in field space(

2φ/γ
X

)
= M(−λ)

(
2φ̃/γ

X̃

)
, M(λ) =

(
coshλ sinhλ
sinhλ coshλ

)
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Field redefinitions
Relating the cosh to quintessence

Can choose a boost transformation in either of two ways

eαφ+βX → eα�φ� or eαφ+βX → eα̃≺φ≺+β̃X≺

eαφ−βX → eα̃�φ�−β̃X� eαφ−βX → eα≺φ≺

φ

X

φ

X X

φ
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Field redefinitions
Relating the cosh to quintessence

If SREI moves the peak of the wavepacket (so the quantum
corrected evolution is such that large scale factor is correlated
with large values of the inflaton potential), then we predict

φ φφ

X X X

These predictions are mutually incompatible.
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Quintessence from Liouville theory

• Liouville theory is deSitter spacetime; quantum deSitter is
of some interest on its own.

• Moreover, the preceding boost field redefinition means
that if one can solve the quantum theory of deSitter
space, one can solve quintessence in the potential

V(X̃) = Λ exp[βX̃]

using the boost that relates

exp[αφ̃+ βX̃] = exp[γφ]

• Criteria for eternal inflation satisfied for β � γ.
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Classical Liouville theory
the Bäcklund transformation

• Bäcklund equations relate Liouville φ to free field ψ

∂tφ = ∂xψ +
√

Λeφ coshψ , ∂xφ = ∂tψ +
√

Λeφ sinhψ

• Relates e.o.m.’s

∇̂2φ = Λe2φ ⇔ ∇̂2ψ = 0

• Canonical transformation generated by

W [φ, ψ] =

∫
dx
(
φ∂xψ +

√
Λeφ coshψ

)

Emil J. Martinec Quantum gravity and inflation 16 / 24
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Classical Liouville theory
the Bäcklund transformation

• Classical solutions characterized by A(x+), B(x−)

ψ =
1

2
ln(−∂+A/∂−B) ⇐⇒ Λe2φ = −4

∂+A∂−B

(A−B)2

• Example: “hyperbolic” solution of Liouville theory

A = eεx
+
, B = e−εx

−

Λe2φ =
ε2

sinh2(εt)
, ψ = εt

� describes Milne universe in far past t→ −∞
(radiation dominated FRW singularity),

� dS asymptotics as conformal time t→ 0.
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Bäcklund transform
Mapping Liouville to free field theory

• Wavefunctionals Ψ[φ] and Ψ̃[ψ] formally satisfy functional
Schrödinger equations

i
∂

∂t
Ψ[φ] = HφΨ[φ] , i

∂

∂t
Ψ̃[ψ] = HψΨ̃[ψ]

• Integral transform relates wavefunctionals

Ψ[φ] =

∫
Dψ e(2i/γ2)W [φ,ψ]Ψ̃[ψ]

• Ground state (Bunch-Davies) wavefunctional for free field

Ψ̃0[ψ] = C0 e
−ikψψ0

∏
k>0

e−ωk|ψk|
2/γ2
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Non-perturbative quintessence
Semiclassical approximation

• In the Liouville + free field frame, Ψ[φ,X] = Ψ0[X] Ψ0[φ]

Ψ0[X] = CX exp
[(
−ikXx0 −

∑
k>0

ωk
2
|Xk|2

)]
Ψ0[φ] =

∫
Dψ e(2i/γ2)W [φ,ψ]Ψ̃0[ψ]

Ψ̃0[ψ] = C0 e
−ikψψ0

∏
k>0

e−ωk|ψk|
2/γ2

• Superpose zero-mode momenta to form localized
wavepackets

• In the quintessence frame, the wavefunction is localized in

φ = φ̃ coshλ− X̃(γ/2) sinhλ

X = −φ̃(2/γ) sinhλ+ X̃ coshλ

Emil J. Martinec Quantum gravity and inflation 19 / 24
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An alternative interpretation of SREI
(thanks to M. Kleban)

• While the center of the wavepacket follows the classical
trajectory, there are fluctuations.

• It’s all 2d free field theory:

∆2 = 〈X(0)X(σ)〉 ∼ log[σ]

• Qualitatively, the wavepacket locally moves down the
potential at a speed v
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An alternative interpretation of SREI
(thanks to M. Kleban)

• The probability distribution averaged over a region of fixed
comoving size σ = σ0 e

−Hτ is looking like

exp[−(X − vτ)2/∆] ∼ exp[−(X − vτ)2/Hτ ]

• Probability to remain at a particular place on the potential
and still inflate at that Hubble rate is decreasing as e−cτ .

• On the other hand this domain is inflating at a rate eHτ .

• If the rules are to compute volume-weighted observables,
then this sets up the sort of competition leading to a SREI
transition for small enough v.

• Need to explain why physical observables should be
weighted this way.
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Cautionary comments
where there be dragons...

• Bäcklund transform is not innocuous. At the level of
classical solutions,

ψ = ωt+ ε(x+) + ε̃(x−) ⇔ Λe2φ ∼ ω2 + stuff

[sinh(ωt) + 1
2(ε+ ε̃)]2

~

t=0

~
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Cautionary comments
where there be dragons...

• Minisuperspace version of Bäcklund transform is Bessel
transform. Which Bessel function you get depends on how
you route the integration contour in complex ψ plane.

• Sensitive dependence on short distance structure near
t = 0?

• Does the physics change depending on how we incorporate
locations in the potential where inflation ends and
reheating takes place?

If a universe falls in the landscape and nobody hears the
BAO, did it really happen?
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Conclusions

• 2d gravity is rich enough to model many aspects of
inflationary dynamics

• Precise analog of scalar sector of inflationary perturbations

• Can now begin to ask questions about fully quantum
dynamics, including gravitational backreaction

• Holds the promise to sharpen our understanding of a
variety of issues

• Proposal for nonperturbative dS quantum gravity, which
also has quintessence interpretation
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