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• The only observable we are testing from the background solution is 

• All the rest, comes from the fluctuations

• For the fluctuations

– they are primordial

– they are scale invariant

– they have a tilt

– they are quite gaussian

– both scalar and maybe tensors 

How do we probe inflation
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Limits in terms of parameters of a Lagrangian
•.

• these are limits on the cutoff of the theory with Smith and Zaldarriaga, JCAP2010
Planck Collaboration 2013

with C. Cheung, P. Creminelli, L. Fitzpatrick, J. Kaplan JHEP 2008 
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• Tremendous progress has been made through observation of the primordial 
fluctuations

• In order to increase our knowledge of Inflation, we need more modes

• Planck will soon have observed all the modes from the CMB

• and then what?

• I will assume we are not lucky

– no B-mode detection

– no signs from the beginning of inflation

• Unless we find a way to get more modes, the game is over

• Large Scale Structures offer the only medium-term place for hunting for more modes

– but we are compelled to understand them

• I do not think, so far, we understand them well enough

Cosmology is going to change in a few months
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• Euclid and LSST like: this is our only next chance

– we need to understand how many modes are available

– Need to understand short distances

– Similar as from LEP to LHC

What is next?

Monday, September 1, 14



The Effective Field Theory of 
Cosmological Large Scale Structures

with Carrasco, Foreman and Green JCAP1407

with Baumann, Nicolis and Zaldarriaga JCAP 2012 
Cosmological Non-linearities

as an Effective Fluid

The Effective Theory of Large 
Scale Structure (EFTofLSS)

with Carrasco and Hertzberg JHEP 2012 

The 2-loop power spectrum
and the IR safe integrand

The Lagrangian-space 
EFTofLSS

with Porto and Zaldarriaga JCAP1405

The EFTofLSS at 2-loops

with Carrasco, Foreman and Green JCAP1407

The IR-resummed 
EFTofLSS

with Zaldarriaga 1304

The one-loop bispectrum in the EFTofLSS with Angulo, Foreman, Schmittful  1306
see also Baldauf, Mirbabayi, Mercolli,Pajer 1306

Bias in the EFTofLSS Senatore 1306
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• Non-linearities at short scale

A well defined perturbation theory
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• Non-linearities at short scale

A well defined perturbation theory
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• Standard perturbation theory is not well defined

• Standard techniques

– perfect fluid 

– expand in                   and solve iteratively

• Perturbative equations break in the UV

–  .

– no perfect fluid if we truncate

A well defined perturbation theory
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Idea of the
Effective Field Theory
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• Very complicated on atomic scales

• On long distances

– we can describe atoms with their gross characteristics

• polarizability                               : average response to electric field

– we are led to a uniform, smooth material, with just some macroscopic properties 

• we simply solve Maxwell dielectric equations, we do not solve for each atom.

• The universe looks like a dielectric

Consider a dielectric material

goes as (k/kNL)2.8 for 0.2 h Mpc�1 . k . 0.6 h Mpc�1 , while it becomes steeper at lower k’s
(k/kNL)3.6 for 0.1 h Mpc�1 . k . 0.2 h Mpc�1 , to slowly asymptote to (k/kNL)9 for k’s smaller
than the equality scale. Notice that h!i✓i and h!i�i vanish because of rotation and/or parity
invariance.
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• Very complicated on atomic scales

• On long distances

– we can describe atoms with their gross characteristics

• polarizability                               : average response to electric field

– we are led to a uniform, smooth material, with just some macroscopic properties 

• we simply solve Maxwell dielectric equations, we do not solve for each atom.

• The universe looks like a dielectric

Consider a dielectric material
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than the equality scale. Notice that h!i✓i and h!i�i vanish because of rotation and/or parity
invariance.
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• A well defined perturbation theory

• 2-loop in the EFT, with IR resummation

• Data go as                : factor of 200 more modes than naive

Bottom line result
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With this
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With this

Look at the dot,
to scale
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With this

Look at the dot,
to scale

If it holds, this is a revolution 
of our expectations
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Construction of the
Effective Field Theory
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• On short distances, we have point-like particles

– they move

– induce overdensities

– Source gravity

Point-like Particle versus Extended Objects
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• But we cannot describe point-like particles: we need to focus on long distances. 

– We deal with Extended objects

• they move differently:

Point-like Particle versus Extended Objects
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• they induce number over-densities and real-space multipole moments 

• they source gravity with the `overall’ mass

• These equations can be derived from smoothing the point-particle equations

– but actually these are the assumption-less equations

Point-like Particle versus Extended Objects
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• Similar to treatment of material polarizability:

• Take moments:

• Expectation value

• Response (non-local in time)

• Stochastic noise

• Overall

•  In summary: we obtain an expression just in terms of long-wavelength variables

How do we treat the new terms?
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• For local EFT, we need hierarchy of scales.

– In space we are ok

– In time we are not ok: all modes evolve with time-scale of order Hubble

•            The EFT is local in space, non-local in time
– Technically it does not affect much because the linear propagator is local in space

This EFT is non-local in time
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than the equality scale. Notice that h!i✓i and h!i�i vanish because of rotation and/or parity
invariance.
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• Similar to treatment for material polarizability:

• Short distance physics is taken into account by expectation value, response, and noise

• Poisson equation breaks when

– gravitational potential from quadrupole moment ~ the one from center of mass

• By dimensional analysis, this happens for distances shorter than a critical length

– the non-linear scale

– on long distances,                 , write as many terms as precision requires.

• Manifestly convergent expansion in 

When do we stop?

goes as (k/kNL)2.8 for 0.2 h Mpc�1 . k . 0.6 h Mpc�1 , while it becomes steeper at lower k’s
(k/kNL)3.6 for 0.1 h Mpc�1 . k . 0.2 h Mpc�1 , to slowly asymptote to (k/kNL)9 for k’s smaller
than the equality scale. Notice that h!i✓i and h!i�i vanish because of rotation and/or parity
invariance.

~ddipole ⇠ ↵ ~Eelectric (1)

datomic (2)

d� datomic (3)

⇤2
U & ⇤2

min ⇠ 103H2 ) ⇤2
min ⌧ 105H2 (4)

vl,R(~x, t) = vl(~x, t)� e1@�(~x, t) + · · · (5)

h⌧i@2�
l

= c1@
2�l + . . . (6)

@2�l ⌧ 1 (7)

Var(⌧) = h⌧ 2i � h⌧i2 (8)

h⌧i@2�
l

= c1@
2�l + c2@

3�l + . . . + d1(@
2�l)

2 + . . . (9)

(k/kNL)4 for k . 0.1 h Mpc�1 (10)

(k/kNL)2 for k . small introduced by spurios e↵ects (11)

h!i!ji⌧ higher order ⇠ �D(~k + ~k0) �ij c4
v

H2

kNL
3

✓
k

kNL

◆7+2n

, (12)

P�⇡ (13)

P11 =
1

kNL
3

✓
k

kNL

◆�3/2

(14)

f loc
NL ⇠

1

e�ciency
& 1 (15)

⇤2
U & ⇤2

min ⇠ 103H2 (16)

) (17)

⇡̇3
c

⇤2
U

, ⇤4
U ⇠ c5

sḢM2
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sḢM2
Pl (22)

g2
2

m2
h

⇠ 1

⇤2
U

) mh ⇠ g2 ⇥ ⇤U ⌧ ⇤U (23)

) mnew degree of freedom ⇠ g ⇥ ⇤U ⌧ ⇤U (24)

⇤U ⇠ 4⇡
mW

g2

(25)

goes as (k/kNL)2.8 for 0.2 h Mpc�1 . k . 0.6 h Mpc�1 , while it becomes steeper at lower k’s
(k/kNL)3.6 for 0.1 h Mpc�1 . k . 0.2 h Mpc�1 , to slowly asymptote to (k/kNL)9 for k’s smaller
than the equality scale. Notice that h!i✓i and h!i�i vanish because of rotation and/or parity
invariance.

✓
k

kNL

◆
⌧ 1 (1)

k ⌧ kNL (2)

k & kNL (3)

, Qelectric
ij = c EiEj , . . . (4)

hQSQS . . .i 6= 0 (5)
~ddipole ⇠ ↵ ~Eelectric (6)

datomic (7)

d � datomic (8)

⇤2
U & ⇤2

min ⇠ 103H2 ) ⇤2
min ⌧ 105H2 (9)

vl,R(~x, t) = vl(~x, t)� e1@�(~x, t) + · · · (10)

h⌧i@2�
l

= c1@
2�l + . . . (11)

@2�l ⌧ 1 (12)

Var(⌧) = h⌧ 2i � h⌧i2 (13)

h⌧i@2�
l

= c1@
2�l + c2@

3�l + . . . + d1(@
2�l)

2 + . . . (14)

(k/kNL)4 for k . 0.1 h Mpc�1 (15)

(k/kNL)2 for k . small introduced by spurios e↵ects (16)

h!i!ji⌧ higher order ⇠ �D(~k + ~k0) �ij c4
v

H2

kNL
3

✓
k

kNL

◆7+2n

, (17)

P�⇡ (18)

P11 =
1

kNL
3

✓
k

kNL

◆�3/2

(19)

f loc
NL ⇠

1

e�ciency
& 1 (20)

⇤2
U & ⇤2

min ⇠ 103H2 (21)

) (22)

⇡̇3
c

⇤2
U

, ⇤4
U ⇠ c5

sḢM2
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• In the universe, finite-size particles move

• In Lagrangian space, we do not expand in

• In Eulerian, we do: we describe particles from a fixed position

– Expand in 

Connecting with the Eulerian Treatment
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• The resulting equations are equivalent to Eulerian fluid-like equations

– here it appears a non trivial stress tensor for the long-distance fluid

Connecting with the Eulerian Treatment
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• In the EFT we can solve iteratively (loop expansion) 
Perturbation Theory within the EFT
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• Regularization and renormalization of loops (scaling universe)

– evaluate with cutoff. By dim analysis:

Perturbation Theory within the EFT
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• Regularization and renormalization of loops (scaling universe)

– evaluate with cutoff. By dim analysis:

– absence of counterterm
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– absence of counterterm

Perturbation Theory within the EFT

⌧ij = p0 �ij + c2
s �ij @2�⇢ (1)

hQijiS = l2S(⌘)�ij (2)
~ddipole ⇠ ~dintrinsic + ↵ ~E (3)

r2� = H2 �⇢

⇢
(4)

@t⇢ + H⇢ + @i(⇢vi) = 0 (5)

v̇i + Hvi + vj@jv
i =

1

⇢
@j⌧

ij (6)

~z(~q, t) = ~q + ~s(~q, t) (7)

) h�(2)
k �

(2)
k i ⇠

Z
d3k0 h�(1)

k�k0�
(1)
k�k0i h�(1)

k0 �
(1)
k0 i (8)

Qij = l20 �ij + l21 @i@j�L + . . . + Qij,S (9)

⇡⇡ ! ⇡⇡ (10)

F⇡ (11)

) f loc.
NL & 1 (12)

d cs

d⇤
=

d

d ⇤

Z ⇤

d3k P13(k) (13)

f equil, orthog, loc.
NL . 1 (14)

⌧ij = ⇢0 �ij + c2
s @2�L �ij + . . . (15)

~k · ~sL ⌧ 1 (16)

) (17)✓
k

kNL

◆
⌧ 1 (18)

k ⌧ kNL (19)

k & kNL (20)

, Qelectric
ij = c EiEj , . . . (21)

hQSQS . . .i 6= 0 (22)
~ddipole ⇠ ↵ ~Eelectric (23)

datomic (24)

d� datomic (25)

⇤2
U & ⇤2

min ⇠ 103H2 ) ⇤2
min ⌧ 105H2 (26)

vl,R(~x, t) = vl(~x, t)� e1@�(~x, t) + · · · (27)

h⌧i@2�
l

= c1@
2�l + . . . (28)

@2�l ⌧ 1 (29)

Var(⌧) = h⌧ 2i � h⌧i2 (30)

UV convergent. If we regularize it with a cuto↵ ⇤, dimensional analysis allows us to conclude
that, after integration, P I

2-loop

will take the form

P I

2-loop

= (2⇡)

"

c⇤

0

✓

⇤

k
NL

◆

2

✓

k

k
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1

P
11
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⇤

k
NL

◆

1

✓

k

k
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◆

2

P
11

+c⇤

2

log

✓

k

⇤

◆ ✓

k

k
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◆

3

P
11

+ cfinite

1

✓

k

k
NL

◆

3

P
11

+c
1/⇤

1

✓

k

⇤

◆

1

✓

k

k
NL

◆

3

P
11

+ subleading finite terms in
k

⇤

#

. (9)

where all the coe�cients c...

...

are expected to be numbers of order one. In the above formula, we
have used the fact that the diagrams P I

42

and P I

33

are not divergent for n = �3/2, so the divergent
terms come only from P I

51

and are therefore proportional to P
11

. The finite parts from P I

42

and
P I

33

are not proportional to P
11

, but have the same scaling in terms of k and k
NL

as the term
proportional to cfinite

1

, so we have expressed it in that way for simplicity. Here the superscript, I,
of P I

...

, refers to “irreducible” diagrams, which means that they do not reduce to combinations of
lower order diagrams. Roughly speaking, this means that all but one of the loop integrations are
nested and are not independent. Only one azimuthal angular integral is independent, explaining
the overall factor of (2⇡) in (9). We will consider the “reducible” diagrams8 in the next subsection.

Each of the ⇤ dependent terms above needs to have a counter-term that cancels the ⇤ depen-
dence. For example, the second term proportional to c⇤

1

can be cancelled by the counter-term

P
2-loop counter

= (2⇡)c⇤

counter

✓

⇤

k
NL

◆ ✓

k

k
NL

◆

2

P
11

. (10)

Notice that we multiplied by a factor of (2⇡) in order to make the scaling match P I

2-loop

with
c⇤

counter

= O(1). By taking

c⇤

counter

= �c⇤

1

+ �c
counter

✓

k
NL

⇤

◆

, (11)

with c⇤

1

and �c
counter

being ⇤-independent, c⇤

1

can cancel the UV divergence while �c
counter

gives
a finite contribution. The first and third terms in (9), proportional to c⇤

0

and c⇤

2

respectively,
cannot be cancelled by any counter-term available in the EFTofLSS, as such terms would violate
the combination of rotation invariance and locality, which requires analyticity in Fourier space. It
can be verified numerically that c⇤

0

= c⇤

2

= 0, as required [8].
By taking ⇤ su�ciently large, we can neglect the terms that depend on ⇤ in a vanishing way

as ⇤!1. Therefore, we have

P I

2-loop

+ P
2-loop counter

= (2⇡)�c
counter

✓

k

k
NL

◆

2

P
11

+ (2⇡)cfinite

1

✓

k

k
NL

◆

3

P
11

(12)

8Here irreducible is not the same as one-particle irreducible (1PI). Specifically, all non-1PI diagrams are re-
ducible, by our definition, but some 1PI diagrams are also reducible.
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• Has everything being lost?

– to make result finite, we need to add a counterterm with finite part

• need to fit to data (like a coupling constant), but cannot fit the k-shape

Calculable terms in the EFT
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• Has everything being lost?

– to make result finite, we need to add a counterterm with finite part

• need to fit to data (like a coupling constant), but cannot fit the k-shape

– the subleading finite term is not degenerate with a counterterm.

• it cannot be changed

• it is calculable by the EFT 

– so it predicts an observation 

Calculable terms in the EFT

Appendix

A One and Two-Loop Results in the Scaling Universe

In this appendix we collect some results from calculations in the scaling universe. For the n = �2
scaling universe, the 1-loop diagrams are given by13 [6]

P finite

13

= (2⇡)
5⇡2

56

k

k
NL

P
11

(k) ' 0.88⇥ (2⇡)
k

k
NL

P
11

(k) (61)

P finite

22

= (2⇡)
75⇡2

392

k

k
NL

P
11

(k) ' 1.88⇥ (2⇡)
k

k
NL

P
11

(k) . (62)

For comparison, the two loop result is given by

P n=�2

2-loop

(k) =
(2⇡)4

k3

NL

[(3.7) log(k/⇤) + (2⇡)⇥ 4.0 + (15.2)
kk

NL

⇤2

� (0.78)
k

min

k
] . (63)

For the n = �3/2 scaling universe, the results are slightly more surprising. At 1-loop, one has

P finite

13

= (2⇡)
1984⇡2

6615

k

k
NL

P
11

(k) ⇠ 0.94⇥ (2⇡)
k

k
NL

P
11

(k) (64)

P finite

22

⇠ �0.464⇥ (2⇡)
k

k
NL

P
11

(k) . (65)

We see that there will be a significant cancelation between P
22

and P
13

in computing P
1-loop

. These
results become more dramatic when we consider two-loops,

P
n=�3/2

2-loop

(k) =
(2⇡)4

k3

NL

⇣ k

k
NL

⌘

3/2

[(�2.3)
⇤

k
� (2⇡)⇥ 0.044 + (9.3)

k1/2k
3/2

NL

⇤2

] . (66)

cfinite

1

= 0.044 (67)

The small size of the ⇤-independent term might be surprising, given our loop counting we expected
O(2⇡), but the small number can be understood as cancellations due to the relative sizes of 2P

22

and P
13

, which is the combination that appears in reducible diagrams not yet heavily suppressed
at 2-loops.

B SPT Formulas up to Two Loops

The loop corrections to the power spectrum in SPT are conventionally written in terms of separate
diagrams, which themselves are integrals of factors of P

11

times symmetrized kernels F
(s)

n

and G
(s)

n

13Our conventions for k
NL

di↵er from [6] by kours

NL

= (4⇡)1/(3+n) ktheirs

NL

.
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• Each loop-order      contributed a finite, calculable term of order 

– each higher-loop is smaller and smaller

• This happens after canceling the divergencies with counterterms

• each loop contributes the same

• Up to 2-loops, we need only the 1-loop counterterm

Lesson from Renormalization

Appendix

A One and Two-Loop Results in the Scaling Universe

In this appendix we collect some results from calculations in the scaling universe. For the n = �2
scaling universe, the 1-loop diagrams are given by13 [6]

P finite

13

= (2⇡)
5⇡2

56

k

k
NL

P
11

(k) ' 0.88⇥ (2⇡)
k

k
NL

P
11

(k) (61)
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= (2⇡)
75⇡2

392

k

k
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11

(k) ' 1.88⇥ (2⇡)
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k
NL

P
11

(k) . (62)

For comparison, the two loop result is given by

P n=�2

2-loop

(k) =
(2⇡)4

k3
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[(3.7) log(k/⇤) + (2⇡)⇥ 4.0 + (15.2)
kk

NL

⇤2

� (0.78)
k

min

k
] . (63)

For the n = �3/2 scaling universe, the results are slightly more surprising. At 1-loop, one has

P finite
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= (2⇡)
1984⇡2

6615

k
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NL

P
11

(k) ⇠ 0.94⇥ (2⇡)
k

k
NL
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11

(k) (64)

P finite
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⇠ �0.464⇥ (2⇡)
k
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NL

P
11

(k) . (65)

We see that there will be a significant cancelation between P
22

and P
13

in computing P
1-loop

. These
results become more dramatic when we consider two-loops,

P
n=�3/2

2-loop

(k) =
(2⇡)4

k3

NL

⇣ k

k
NL

⌘

3/2

[(�2.3)
⇤

k
� (2⇡)⇥ 0.044 + (9.3)

k1/2k
3/2

NL

⇤2

] . (66)

cfinite

1

= 0.044 (67)

L (68)

(69)

The small size of the ⇤-independent term might be surprising, given our loop counting we expected
O(2⇡), but the small number can be understood as cancellations due to the relative sizes of 2P

22

and P
13

, which is the combination that appears in reducible diagrams not yet heavily suppressed
at 2-loops.

13Our conventions for k
NL

di↵er from [6] by kours

NL

= (4⇡)1/(3+n) ktheirs

NL

.
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• In Eulerian treatment

The Effect of Long-modes on Shorter ones

xEulerian

x0

t0
δρshort wavelength
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• Add a long `trivial’ force (trivial by GR)

• This tells you that one can resum the IR modes: this is the Lagrangian treatment

The Effect of Long-modes

δρshort wavelength

x0

xEulerian

x0

t0
δρshort wavelength

t1

time

#∇Φlong wavelenght

xEulerian

Big `trivial’ Perturbation
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• Well defined and manif. converg.

• Every perturbative order improves the agreement as it should

• We know when we should fail, and we fail when we should

EFT of Large Scale Structures
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Figure 7: Comparisons between 1-loop EFT (solid red), 2-loop EFT (solid blue) and SPT at tree
level (dotted green), one loop (dashed red), and two loops (dashed blue). The left plot shows the results
normalized to non-linear data (solid black) while dotted and dashed black lines are the 2-� limits associated
with 1 and 2 percent agreement (1-�) with the non-linear data. The red and blue bands show the 2-�
errors on the 1 and 2 loop EFT parameters respectively. The right plot is the same information without
the normalization to the non-linear data, and with the low-k region omitted for readability.

⇣
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k

NL

⌘

L

(69)

By Fourier-transforming this equation, we find that

⇡j(a,~k) =
i kj

k2

aH⇢
b

�0(a,~k) , (70)

where �0 ⌘ @�/@a. Therefore,

h⇡j(~k, a)⇡
j

(~q, a)i =

✓

aH⇢
b

k

◆

2

h�0(~k, a)�0(~q, a)i , (71)

and we can use the perturbative solutions for �(~k, a) (see App. C) to expand the right-hand side
up to the desired order. At one loop, we get

P
⇡⇡

(a, k) =

✓

aH⇢
b

k

◆

2

⇣

[D0
1

(a)]2P
11

(k) + [D
1

(a)D0
1

(a)]2 {3P
13

(k) + 4P
22

(k)}

�6[D
1

(a)D0
1

(a)]2c̄
1

k2P
11

(k)
�

. (72)

We further apply the ansatz (58) about the time-dependent kernel K(a, a0), so that c̄
1

= (2⇡)c2

s(1)

/k2

NL

.
Before we proceed, we should emphasize that the momentum power spectrum depends sen-

sitively on the assumptions made about the time-dependence of the c
n

(a) functions defined in
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Figure 4: Top: The prediction of the IR-resummed EFT at one-loop (in thick red) and two-loops (in thick
blue). In thin dashed are the predictions from the Eulerian EFT, that is without IR-resummation, with the
same colors respectively. The green band represents the estimated theoretical error from three-loops. The
one- and two-loops results have been renormalized at k

ren

= 0.2 h Mpc�1 , and c

2

s(1) has been approximately
fit up to k ' 0.5 h Mpc�1 . Since the equal-time matter power spectrum is IR-safe, we see that the e↵ect of the
IR-resummation is just to a↵ect the oscillations, which are indeed now correctly taken into account. We see
that the one-loop result matches to percent level the data up to k ' 0.3 h Mpc�1 , while at two-loop matches
all the way up to k ' 0.6 h Mpc�1 . The spike at k ' 0.05 h Mpc�1 is due to the numerical interpolator,
against which we compare, not to the EFT. It is also important to notice that the match stops exactly the
three-loop term is estimated to become relevant. Bottom: We compare the predictions of the IR-resummed
EFT with the ones of SPT. In thick magenta, red and blue we plot respectively the IR-resummed linear, one-
loop and two-loops predictions of the EFT. With the same colors, but simply dashed, the same quantities in
SPT. As we go to higher orders, SPT does not increase the agreement with the data. Furthermore, we notice
that SPT has the same oscillatory features as the Eulerian EFT. In contrast, the IR-resummed EFTofLSS
correctly predicts the size of the oscillations, and, at each order in perturbation theory, it improves the UV
match to the data. Importantly, in the EFTofLSS, order by order in perturbation theory, it is possible to
estimate up to where the theory should match the data.
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• The lines with oscillations are obtained without resummation in the IR

EFT of Large Scale Structures

with Carrasco, Foreman and Green 1310
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Figure 4: Top: The prediction of the IR-resummed EFT at one-loop (in thick red) and two-loops (in thick
blue). In thin dashed are the predictions from the Eulerian EFT, that is without IR-resummation, with the
same colors respectively. The green band represents the estimated theoretical error from three-loops. The
one- and two-loops results have been renormalized at k

ren

= 0.2 h Mpc�1 , and c

2

s(1) has been approximately
fit up to k ' 0.5 h Mpc�1 . Since the equal-time matter power spectrum is IR-safe, we see that the e↵ect of the
IR-resummation is just to a↵ect the oscillations, which are indeed now correctly taken into account. We see
that the one-loop result matches to percent level the data up to k ' 0.3 h Mpc�1 , while at two-loop matches
all the way up to k ' 0.6 h Mpc�1 . The spike at k ' 0.05 h Mpc�1 is due to the numerical interpolator,
against which we compare, not to the EFT. It is also important to notice that the match stops exactly the
three-loop term is estimated to become relevant. Bottom: We compare the predictions of the IR-resummed
EFT with the ones of SPT. In thick magenta, red and blue we plot respectively the IR-resummed linear, one-
loop and two-loops predictions of the EFT. With the same colors, but simply dashed, the same quantities in
SPT. As we go to higher orders, SPT does not increase the agreement with the data. Furthermore, we notice
that SPT has the same oscillatory features as the Eulerian EFT. In contrast, the IR-resummed EFTofLSS
correctly predicts the size of the oscillations, and, at each order in perturbation theory, it improves the UV
match to the data. Importantly, in the EFTofLSS, order by order in perturbation theory, it is possible to
estimate up to where the theory should match the data.
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• we fit until                                           , as where we should stop fitting

– there are 200 more quasi linear modes than previously believed!

EFT of Large Scale Structures
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• Comparison with Standard Treatment

• For the EFT, change from 1-loop to 2-loop predicted

– the other new terms are clearly important

– they `conspire’ to the right answer

EFT of Large Scale Structures

performed using Monte Carlo integration routines from the CUBA library [18], to compute P
1-loop

and P
2-loop

.
First, let us outline the procedure schematically: in order to determine c2

s(1)

, we consider the
1-loop EFT prediction,

P
EFT-1-loop

= P
11

+ P
1-loop

� 2 (2⇡)c2

s(1)

k2

k2

NL

P
11

. (61)

We determine c2

s(1)

by fitting P
EFT-1-loop

to the non-linear power spectrum at low k, where P
1-loop

is expected to be reliable. After determining c2

s(1)

, the two-loop power spectrum is given by

P
EFT-2-loop

= P
11

+P
1-loop

+P
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�2 (2⇡)(c2
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,p)
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(62)
The purpose of c2

s(2)

is to cancel the ( k

k

NL

)2P
11

dependence of P
2-loop

that arises from loop momenta

with q � k. Because this contribution is larger than P finite

2-loop

, we can determine it by comparing
to P

EFT-1-loop

in the region where P finite

2-loop

is negligible. By doing so, we can determine all the
parameters in P

EFT-2-loop

without ever fitting the 2-loop power spectrum to the nonlinear data
directly!

However, implementing the above procedure is challenging. It is easy to measure c2

s(1)

and

c2

s(2)

when they contribute significantly to the power spectrum, namely above k ⇠ 0.1 h Mpc�1 .
However, in this regime, it is di�cult to determine, a priori, at which range of k the contribution
from P finite

2-loop

can be ignored (which is required for both measurements to be valid). If one works
at k ⌧ 0.1 h Mpc�1 , one can safely use 2(2⇡)(c2

s(1)

+ c2

s(2)

)( k

k

NL

)2P
11

� P finite

2-loop

. However, because

2(2⇡)(c2

s(1)

+ c2

s(2)

)( k

k

NL

)2P
11

⌧ P
11

, one requires very high precision nonlinear data to make the

measurement of c2

s(1)

.
In practice, it appears that the real universe is much better behaved than one would have

naively expected. As we discussed in Section 3.1, in the regime 0.1 h Mpc�1 < k < 0.3 h Mpc�1 ,
the universe behaves much like a scaling universe with n = �1.7 ⇠ �3/2. As we show in
Appendix A, in the n = �3/2 universe P finite

2-loop

is smaller than our loop counting would suggest by
a factor of 10�2. As a result, we can trust P

EFT-1-loop

up to k ⇠ k
tr

, which is a much higher scale
than our naive counting would suggest. Therefore, in the range 0.1 h Mpc�1 < k < 0.25 h Mpc�1 ,
we can safely measure c2

s(1)

and c2

s(2)

by implementing the above procedure. This is very fortunate
because the error on available non-linear data is too large to apply to above procedure at k ⌧
0.1 h Mpc�1 .

We determine c2

s(1)

from a least-�2 fit of the P
EFT-1-loop

to the Coyote power spectrum over the

22

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.96

0.98

1.00

1.02

1.04

k @hêMpcD

P E
FT

P N
L

Pdd

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0.96

0.98

1.00

1.02

1.04

k @hêMpcD

P E
FT

P N
L
HCo

nt
in
uo
us
L,P

SP
T

P N
L
HDa

sh
ed
L

Pdd EFT Vs SPT

Figure 4: Top: The prediction of the IR-resummed EFT at one-loop (in thick red) and two-loops (in thick
blue). In thin dashed are the predictions from the Eulerian EFT, that is without IR-resummation, with the
same colors respectively. The green band represents the estimated theoretical error from three-loops. The
one- and two-loops results have been renormalized at k

ren

= 0.2 h Mpc�1 , and c

2

s(1) has been approximately
fit up to k ' 0.5 h Mpc�1 . Since the equal-time matter power spectrum is IR-safe, we see that the e↵ect of the
IR-resummation is just to a↵ect the oscillations, which are indeed now correctly taken into account. We see
that the one-loop result matches to percent level the data up to k ' 0.3 h Mpc�1 , while at two-loop matches
all the way up to k ' 0.6 h Mpc�1 . The spike at k ' 0.05 h Mpc�1 is due to the numerical interpolator,
against which we compare, not to the EFT. It is also important to notice that the match stops exactly the
three-loop term is estimated to become relevant. Bottom: We compare the predictions of the IR-resummed
EFT with the ones of SPT. In thick magenta, red and blue we plot respectively the IR-resummed linear, one-
loop and two-loops predictions of the EFT. With the same colors, but simply dashed, the same quantities in
SPT. As we go to higher orders, SPT does not increase the agreement with the data. Furthermore, we notice
that SPT has the same oscillatory features as the Eulerian EFT. In contrast, the IR-resummed EFTofLSS
correctly predicts the size of the oscillations, and, at each order in perturbation theory, it improves the UV
match to the data. Importantly, in the EFTofLSS, order by order in perturbation theory, it is possible to
estimate up to where the theory should match the data.
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Measuring Parameters from
small N-body Simulations
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• The EFT parameters can be measured from small N-body simulations

– similar to what happens in QCD: lattice sims

• As you change smoothing scale, the result changes

• Perfect agreement with fitting at low energies

– like measuring       from lattice sims and          scattering

Measuring parameters from N-body sims.

goes as (k/kNL)2.8 for 0.2 h Mpc�1 . k . 0.6 h Mpc�1 , while it becomes steeper at lower k’s
(k/kNL)3.6 for 0.1 h Mpc�1 . k . 0.2 h Mpc�1 , to slowly asymptote to (k/kNL)9 for k’s smaller
than the equality scale. Notice that h!i✓i and h!i�i vanish because of rotation and/or parity
invariance.

d cs

d⇤
=

d

d ⇤

Z ⇤

d3k P13(k) (1)

f equil, orthog, loc.
NL . 1 (2)

⌧ij = ⇢0 �ij + c2
s @2�L �ij + . . . (3)

~k · ~sL ⌧ 1 (4)

) (5)✓
k

kNL

◆
⌧ 1 (6)

k ⌧ kNL (7)

k & kNL (8)

, Qelectric
ij = c EiEj , . . . (9)

hQSQS . . .i 6= 0 (10)
~ddipole ⇠ ↵ ~Eelectric (11)

datomic (12)

d � datomic (13)

⇤2
U & ⇤2

min ⇠ 103H2 ) ⇤2
min ⌧ 105H2 (14)

vl,R(~x, t) = vl(~x, t)� e1@�(~x, t) + · · · (15)

h⌧i@2�
l

= c1@
2�l + . . . (16)

@2�l ⌧ 1 (17)

Var(⌧) = h⌧ 2i � h⌧i2 (18)

h⌧i@2�
l

= c1@
2�l + c2@

3�l + . . . + d1(@
2�l)

2 + . . . (19)

(k/kNL)4 for k . 0.1 h Mpc�1 (20)

(k/kNL)2 for k . small introduced by spurios e↵ects (21)

h!i!ji⌧ higher order ⇠ �D(~k + ~k0) �ij c4
v

H2

kNL
3

✓
k

kNL

◆7+2n

, (22)

P�⇡ (23)

P11 =
1

kNL
3

✓
k

kNL

◆�3/2

(24)

f loc
NL ⇠

1

e�ciency
& 1 (25)

⇤2
U & ⇤2

min ⇠ 103H2 (26)

) (27)

F⇡ (1)

⇡⇡ (2)

) winduced ⇠ 10�5 (3)

⇢L = ⇢s(v
2
s + �s) (4)

pL = ⇢s(2v
2
s + �s) (5)

⇤ (6)

⌧ij = p0 �ij + c2
s �ij @2�⇢ + . . . (7)

hQijiS = l2S(⌘)�ij (8)
~ddipole ⇠ ~dintrinsic + ↵ ~E (9)

r2� = H2 �⇢

⇢
(10)

@t⇢ + H⇢ + @i(⇢vi) = 0 (11)

v̇i + Hvi + vj@jv
i =

1

⇢
@j⌧

ij (12)

~z(~q, t) = ~q + ~s(~q, t) (13)

) h�(2)
k �

(2)
k i ⇠

Z
d3k0 h�(1)

k�k0�
(1)
k�k0i h�(1)

k0 �
(1)
k0 i (14)

Qij = l20 �ij + l21 @i@j�L + . . . + Qij,S (15)

⇡⇡ ! ⇡⇡ (16)

F⇡ (17)

) f loc.
NL & 1 (18)

d cs

d⇤
=

d

d ⇤

Z ⇤

d3k P13(k) (19)

f equil, orthog, loc.
NL . 1 (20)

⌧ij = ⇢0 �ij + c2
s @2�L �ij + . . . (21)

~k · ~sL ⌧ 1 (22)

) (23)✓
k

kNL

◆
⌧ 1 (24)

k ⌧ kNL (25)

k & kNL (26)

, Qelectric
ij = c EiEj , . . . (27)

hQSQS . . .i 6= 0 (28)
~ddipole ⇠ ↵ ~Eelectric (29)

datomic (30)

F⇡ (1)

⇡⇡ (2)

) winduced ⇠ 10�5 (3)

⇢L = ⇢s(v
2
s + �s) (4)

pL = ⇢s(2v
2
s + �s) (5)

⇤ (6)

⌧ij = p0 �ij + c2
s �ij @2�⇢ + . . . (7)

hQijiS = l2S(⌘)�ij (8)
~ddipole ⇠ ~dintrinsic + ↵ ~E (9)

r2� = H2 �⇢

⇢
(10)

@t⇢ + H⇢ + @i(⇢vi) = 0 (11)

v̇i + Hvi + vj@jv
i =

1

⇢
@j⌧

ij (12)

~z(~q, t) = ~q + ~s(~q, t) (13)

) h�(2)
k �

(2)
k i ⇠

Z
d3k0 h�(1)

k�k0�
(1)
k�k0i h�(1)

k0 �
(1)
k0 i (14)

Qij = l20 �ij + l21 @i@j�L + . . . + Qij,S (15)

⇡⇡ ! ⇡⇡ (16)

F⇡ (17)

) f loc.
NL & 1 (18)

d cs

d⇤
=

d

d ⇤

Z ⇤

d3k P13(k) (19)

f equil, orthog, loc.
NL . 1 (20)

⌧ij = ⇢0 �ij + c2
s @2�L �ij + . . . (21)

~k · ~sL ⌧ 1 (22)

) (23)✓
k

kNL

◆
⌧ 1 (24)

k ⌧ kNL (25)

k & kNL (26)

, Qelectric
ij = c EiEj , . . . (27)

hQSQS . . .i 6= 0 (28)
~ddipole ⇠ ↵ ~Eelectric (29)

datomic (30)

with Carrasco and Hertzberg JHEP 2012 
Monday, September 1, 14



• At one-loop, similarly great results

– with no additional parameter

– as good as they should

• Similar formulas just worked out for Bias

Momentum and Bispectrum
with Angulo, Foreman and Schmittful 1406

with Zaldarriaga 1404

Senatore 1406

Gain in Information

McDoland 0902
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• A manifestly convergent perturbation theory

• we fit until                                           , as where we should stop fitting

– there are 200 more quasi linear modes than previously believed!

– huge impact on possibilities, for ex:

• Can all of us handle it?! This is an huge opportunity and a challenge for us 
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• Many (most?) of the features of QFT appear in the EFT of LSS:

– Loops, divergencies, counterterms and renormalization

– non-renormalization theorems

– Calculable and non-calculable terms

– Measurements in lattice and lattice-running 

– IR-divergencies

• Results seem to be amazing, many calculations and verifications to do:

– like if we just learned perturbative QCD, and LHC was soon turning on

• higher      -point functions

• Validation with simulation

– With a growing number of groups (Caltech, Princeton, IAS, Cambridge, CEA, 
Zurich..., immediately after 2-loop result, a Princeton workshop was organized)

• If this works, the 10-yr future of Early Cosmology is good, even with no luck
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• The IR-resummation is crucial to get the BAO peak right.

– we can do this very quickly.

The BAO peak in `5 minutes’

with Zaldarriaga 1404
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