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Strong Gravitational Lensing

Animation credit: Y. Hezaveh

- Effect predicted by General 
Relativity


- Space-time curvature induced by 
matter creates an optical effect


- This effect is mostly “weak”, 
leading to small distortions


- Rare alignments lead to multiple 
images of the same source - 
strong lensing

3.1 Minimum Halo Mass 24

Figure 6. Examples of two gravitational lens systems that exhibit perturbations due to �potentially unseen� halos. Left:
Radio-wavelength imaging of a quasar lens system, B����, that has one of the strongest flux-ratio anomalies known.
Component B should be the brightest of the three close images and instead it is the faintest. Figure from Fassnacht et al.
������ Right: HST imaging of the “Clone” �Lin et al., �����, showing that the long lensed arc is split by the presence of
a perturber, in this case galaxy G�. Note that the location and mass of G� could have been determined even if G4 were
purely dark. Figure from Vegetti et al. �����a�.

stretched arcs or a full Einstein ring that surrounds the lensing galaxy (e.g., right panel of Figure 6).
In both cases, substructure in the main lensing galaxy and small line-of-sight halos create small
perturbations to the lensed images.

As will be described in detail below, there are three main techniques for detecting the presence
of dark (sub)halos using strongly lensed systems: analysis of flux-ratio anomalies in lensed
quasar systems, gravitational imaging for lensed galaxy systems, and power spectrum approaches.
Improved constraints on dark matter properties via these measurements will require: (1) a much
larger samples of lens systems, and (2) follow-up observations with high-resolution imaging and
spectroscopy. LSST will play a critical role by increasing the number of lensed systems from
the current sample of hundreds to an expected samples of thousands of lensed quasars (Oguri
& Marshall, 2010) and tens of thousands of lensed galaxies (Collett, 2015). The vast increases
in sample sizes will provide much stronger statistical constraints on dark matter models than are
currently possible (e.g., Figure 7). The study of lensed systems will also require coordination with
other facilities, namely space-based observatories, large ground-based telescopes with adaptive
optics systems, ALMA, and very-long-baseline radio interferometry (see Section 4.2.4). These
facilities provide the milliarcsecond-scale angular resolution that is required to push the (sub)halo
detection sensitivity into unexplored mass regimes.

Flux-ratio Anomalies

The presence of clumpy (dark) matter, whether within the main halo of the primary lens or along
the line of sight, will perturb the gravitational potential of a strong lens system. One of the e�ects

LSST D��� M�����

Lin+2009, Vegetti+2010
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Dark substructure?

Can gravitational lensing discriminate between 
different dark matter models?
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Figure 1. Dark matter may have non-gravitational interactions, which can be probed by four complementary
approaches� direct detection, indirect detection, particle colliders, and astrophysical probes. The lines connect the
experimental approaches with the categories of particles that they most stringently probe �additional lines can be drawn
in specific model scenarios�. Figure taken from the Snowmass CF� Report �Bauer et al., �����.

Model Probe Parameter Value

Warm Dark Matter Halo Mass Particle Mass m ⇠ 18 keV
Self-Interacting Dark Matter Halo Profile Cross Section �SIDM/m� ⇠ 0.1–10 cm2/ g
Baryon-Scattering Dark Matter Halo Mass Cross Section � ⇠ 10�30 cm2

Axion-Like Particles Energy Loss Coupling Strength g�e ⇠ 10�13

Fuzzy Dark Matter Halo Mass Particle Mass m ⇠ 10�20 eV
Primordial Black Holes Compact Objects Object Mass M > 10�4

M�
Weakly Interacting Massive Particles Indirect Detection Cross Section h�vi ⇠ 10�27 cm3/ s
Light Relics Large-Scale Structure Relativistic Species Ne� ⇠ 0.1

Table 1-1. Probes of fundamental dark matter physics with LSST. Classes of dark matter models are listed in Column
�, and the primary observational probe that is sensitive to each model is listed in Column �. The corresponding dark
matter parameters are listed in Column �, and estimates of LSST’s senstivity to each parameter are listed in Column �.

LSST D��� M�����



Credit: D. Gilman (UCLA)

Observable 
degeneracies:
- clump mass 
- clump profile 
- clump position 
- source size 
- source shape 
- mass sheet 
- absolute scales 
- …

Resolved vs unresolved lensing



Strong lensing: 
a forward modeling example



that’s what 
we care! that’s what we need to know!a lot of 
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Strong lensing: 
a forward modeling example



Lens modeling:
example with perfect lens model

software available: $pip install lenstronomy 
https://github.com/sibirrer/lenstronomy



Lens modeling:
example with missing (sub)-structure

software available: $pip install lenstronomy 
https://github.com/sibirrer/lenstronomy



Figure 1: The detection of a dark-matter dominated satellite in the gravitational lens system
B1938+666 at redshift 0.881. The data shown here are at 2.2 micron and were taken with the
W. M. Keck telescope in June 2010. Additional data sets at 1.6 micron, from the Keck tele-
scope and the Hubble Space Telescope, are presented in the Supplementary Information. Top-left
panel: the original data set with the lensing galaxy subtracted. Top-middle panel: the final re-
construction. Top-right panel: the image residuals. Bottom-left panel: the source reconstruction.
Bottom-middle panel: the potential correction from a smooth potential required by the model to
fit the data. Bottom-right panel: the resulting dimensionless projected density corrections. The
total lensing potential is defined as the sum of an analytic potential for the host galaxy plus the
local pixelized potential corrections defined on a Cartesian grid. The potential corrections are a
general correction to the analytical smooth potential and correct for the presence of substructure,
for large-scale moments in the density profile of the galaxy and shear. When the Laplace opera-
tor is applied to the potential corrections and translated into surface density corrections, the terms
related to the shear and mass sheets become zero and a constant, respectively. A strong positive
density correction is found on the top part of the lensed arc. Note that these images are set on
a arbitrary regular grid that has the origin shifted relative to the centre of the smooth lens model
by ∆x = 0.024 arcsec and ∆y = 0.089 arcsec. When this shift is taken into account the position
of the density correction is consistent with the position of the substructure found in the analytic
re-construction (see Supplementary Information).
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resolved strong lensing from 
galaxy surface brightness direct detection through 

lens modeling

Koopmans 2005, Vegetti+2010, 2012, 2018 
Birrer+2017, Hezaveh+ 2016, Ritondale+2018

sensitive to individual clumps 
near the Einstein ring

sensitivity depends on spatial 
resolution and source structure

quantifying a detection 
challenging and high S/N required

Vegetti+2012

Method 1: resolved imaging
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Figure 6. Projected exclusion regions for a singular isothermal spheroid perturber with fixed mass. Light grey and dark grey positions
are ruled out with greater than 95% and 99.7% respectively, based on the �2 probability of the best fit gravitational lens model to the
image positions and [OIII] fluxes after adding a perturber with M600 = 108.2M� (left panel) and 107.2M� (right panel). The left panel
shows the entire lens system with the green square indicating the lens centroid, and the orange circles representing the quasar images.
The orange box in the left panel represents the size of the zoomed regions shown in the right panel. The average projected radial limits
are ⇠0.004 (0.001), 0.003 (0.0008), 0.004 (0.0009) and 0.003 (0.0006) for images A, B, C and D, respectively, for the 108.2 (107.2)M� perturber. These
exclusion regions correspond to cylinders with radii of ⇠ 2(0.5) kpc around each lensed image, projected along the entire host halo.

Figure 7. Exclusion regions for an NFW perturbing subhalo with M600 = 108M� and 107.2M�, corresponding to NFW scale radii
of 1.000 and 0.001 respectively, determined the same way as in Figure 6. The average radial limits are 1.002 (0.001), 0.003 (0.0008), 1.001 (0.0009),
and 0.008 (0.0006) for images A, B, C and D, respectively, for a 108 (107.2)M� perturber. These angular scales correspond to an average
projected exclusion region of ⇠ 6 (0.6) kpc at the redshift of the lens.

c� 2016 RAS, MNRAS 000, 1–15

unresolved strong lensing 
from quasar narrow line 
 emission region 

exclusion regions for a 
certain type of sub-clump

small physical source size allows for 
sensitivity to very low masses

Mao & Schneider 1998,Dalal & Kochanek 2002 
Moustakas & Metcalf 2003 ,Nierenberg+2014, 2017 
Hsueh+2016, 2017, 2019, Gilman, SB+2018, 2019

Narrow-line flux ratios in HE0435 5
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Figure 1. Demonstration of the forward modelling method used to infer spectral parameters. Note that the image contrasts have been
altered between images to highlight different features. Panel i) Drizzled F140W image, arrow indicates North. Panel ii) Interlaced
G141W grism image, with light dispersed along the x-axis of the F140W image. QSO spectra (A-D) are labeled. They overlap with
spectra from the ring, the main deflector (G) and the spiral galaxy (G1). Blue arrows indicate the location of narrow [OIII] 4959 and
5007 Å emission which are partially blended at this resolution. Column iii) MCMC proposed 1D spectra for four of the seven components
labelled in panel i. Each of the QSO images A-D has a separate model spectrum (shown in Figure 3), only spectrum A is shown here.
Column iv) Model direct images for each separate spectral component, described in Section 3.1. The central QSO pixels are masked
in the ring model to account for noisy PSF subtraction in this region. Column v) Model 2D grism images for each spectral component
generated from convolving the model spectra in column iii with the model direct image in column iv. Panels vi, vii) Final, combined
model direct image and model grism image, generated from the sum of columns iv and v respectively (and the other three QSO images
not shown). Colours are the same as in columns iii, iv and v. The goodness of fit is calculated by the �2 difference between true and
model 2D G141 images.

dence for variations in the broad Fe velocities between im-
ages, and so kept them fixed for our final analysis, however
we allowed the Fe amplitudes to vary independently from
the H� amplitudes.

Unlike the broad and continuum emission, narrow [OIII]
and H� emission come from a sufficiently extended source
(greater than tens of parsecs) to not be affected by either
stellar microlensing or intrinsic variability (Moustakas &
Metcalf 2003; Müller-Sánchez et al. 2011; Bennert et al.
2006b,a). Owing to this, we assume that both the line widths
and the relative amplitudes of [OIII] and narrow H� should
be constant between the lensed images. We model the [OIII]
doublet and H� narrow-lines as Gaussians, and assume that
they have the same redshift, which is valid given the spectral
resolution of the grism. The ratio of the [OIII] doublet 4959
and 5007 amplitudes is fixed to the quantum-mechanically
predicted value of 1/3.

The 1D models for the deflector, ring and G1 spectra are
modelled as straight lines over the short wavelength region
of interest, with amplitudes and slopes as free parameters.
We do not find evidence requiring the inclusion of emission
or absorption features in any of these spectra relative to the
measurement uncertainties and given the brightness of the
QSO spectra (see e.g. Figure 2).

We assume that the image fluxes are not affected by
differential dust extinction. In the rest frame of the lens,
the [OIII] emission lines lie at roughly ⇠ 9300 Å. At this
wavelength, total dust extinction in lens galaxies, and early-
type galaxies in general, is typically of order only a few hu-

dredths of a magnitude (e.g Falco et al. 1999; Ferrari et al.
1999), which is well within our overall flux measurement
uncertainty. This assumption is further supported by the
similarity of the broad-band optical colours of the images
(Wisotzki et al. 2003). The images also have mutually con-
sistent CIV (lens rest frame ⇠ 2790 Å) and H� (lens rest
frame ⇠ 9300 Å) broad-line flux ratios.

3.3 Inference of QSO spectral parameters

We infer the probability distribution of the parameters of the
1D spectral models using a Bayesian forward modelling ap-
proach with the emcee Markov Chain Monte Carlo software
package (Foreman-Mackey et al. 2013). For each step, the
MCMC algorithm proposes parameters for the 1D spectra
of all seven distinct spectral components (four QSO images,
the main galaxy, the lens ring and G1). We then simulate
dispersed images of each separate component and add them
to generate a full model 2D grism image. Finally, the �2

of the fit is computed relative to the original 2D interlaced
image. Figure 1 illustrates how the model 2D direct image
components are dispersed into the model 2D grism image
for each MCMC step.

4 SPECTRAL FORWARD MODELLING
RESULTS

Figure 2 shows the 1D model, data and residual ‘traces’ for
the four lensed QSO images. These traces are obtained by in-

c� 2016 RAS, MNRAS 000, 1–15

Nierenberg+2017

Nierenberg+2017

Method 2: unresolved flux ratios
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Figure 6. Examples of two gravitational lens systems that exhibit perturbations due to �potentially unseen� halos. Left:
Radio-wavelength imaging of a quasar lens system, B����, that has one of the strongest flux-ratio anomalies known.
Component B should be the brightest of the three close images and instead it is the faintest. Figure from Fassnacht et al.
������ Right: HST imaging of the “Clone” �Lin et al., �����, showing that the long lensed arc is split by the presence of
a perturber, in this case galaxy G�. Note that the location and mass of G� could have been determined even if G4 were
purely dark. Figure from Vegetti et al. �����a�.

stretched arcs or a full Einstein ring that surrounds the lensing galaxy (e.g., right panel of Figure 6).
In both cases, substructure in the main lensing galaxy and small line-of-sight halos create small
perturbations to the lensed images.

As will be described in detail below, there are three main techniques for detecting the presence
of dark (sub)halos using strongly lensed systems: analysis of flux-ratio anomalies in lensed
quasar systems, gravitational imaging for lensed galaxy systems, and power spectrum approaches.
Improved constraints on dark matter properties via these measurements will require: (1) a much
larger samples of lens systems, and (2) follow-up observations with high-resolution imaging and
spectroscopy. LSST will play a critical role by increasing the number of lensed systems from
the current sample of hundreds to an expected samples of thousands of lensed quasars (Oguri
& Marshall, 2010) and tens of thousands of lensed galaxies (Collett, 2015). The vast increases
in sample sizes will provide much stronger statistical constraints on dark matter models than are
currently possible (e.g., Figure 7). The study of lensed systems will also require coordination with
other facilities, namely space-based observatories, large ground-based telescopes with adaptive
optics systems, ALMA, and very-long-baseline radio interferometry (see Section 4.2.4). These
facilities provide the milliarcsecond-scale angular resolution that is required to push the (sub)halo
detection sensitivity into unexplored mass regimes.

Flux-ratio Anomalies

The presence of clumpy (dark) matter, whether within the main halo of the primary lens or along
the line of sight, will perturb the gravitational potential of a strong lens system. One of the e�ects

LSST D��� M�����

Fassnacht+99



Statistical methods
Dark Matter Subhalo Power Spectrum 3

κM provided by a subhalo of mass M ,

κM (k) =

∫

κM (r)eik·rd2r = 2π

∫

κM (r)J0(kr)r dr,

(2)
where the second equality holds for circularly symmetric
κM (r). Here, we make the flat-sky approximation, which
is quite accurate given the ∼ arcsecond field of view
relevant for strong lensing.
Equation (1) is instructive in understanding exactly

what aspects of the subhalo distribution control the
form of the power spectrum shown in Figure 1. For
example, note that on large scales (small wavenumber k),
the substructure power spectrum plateaus to a constant
value. The length scale above which P (k) becomes flat
corresponds to the sizes of the largest subhalos (compare
blue vs. purple curves in the Figure). The amplitude
of the power on these large scales is determined by
the total abundance of subhalos of all masses, with
a larger contribution from the most massive subhalos.
This can be understood by inspecting Eqn. (1). Since
κM ∝ M , and assuming a power-law mass function
dn/dM ∝ M−α, then the integrand in Eqn. (1) behaves
as M3−α, which is dominated by high masses for typical
α ≈ 2. Towards smaller length scales, the power
spectrum changes shape, declining towards higher k.
The shape of the power spectrum on these scales is
affected by two different terms: the internal profiles of
massive halos, and the slope of the subhalo mass function
(through the connection of tidal radius to subhalo mass).
Fig. 1 illustrates the effects of varying either of these
properties. Given a finite observable dynamic range, it
may be difficult to disentangle these two effects.

3. THE LIKELIHOOD OF THE DENSITY POWER
SPECTRUM

In this section, we describe the formalism for
measuring the substructure power spectrum from lensing
measurements. Suppose we have observations O (e.g.,
surface brightness maps) and random measurement noise
N measured at n pixels. At each pixel, there is also
a random deflection angle α coming from substructure.
We try to model the observations with a model that has
parameters p describing the structure of the smooth lens
potential and the background source emission. Suppose
that both the noise N and deflections α are Gaussian
random fields with probability:

P (N) =
exp

(

− 1
2N ·C−1

N ·N
)

(2π)n/2|CN |1/2
(3)

where CN = ⟨N N⟩ is the n×n noise covariance matrix,
and similarly,

P (α) =
exp

(

− 1
2α ·C−1

α · α
)

(2π)n|Cα|1/2
(4)

where Cα = ⟨αα⟩ is the 2n× 2n covariance matrix for
deflection angles. Explicitly,

⟨αi(x)αj(x+ r)⟩=A1(r)δij +A2(r)
rirj
r2

(5)

A1(r)=4

∫

|κ(k)|2
J1(kr)

kr

dk

k

A2(r)=−4

∫

|κ(k)|2J2(kr)
dk

k
.
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Fig. 1.— Power spectrum of projected density fluctuations
from subhalos in the Via Lactea II (VL2) simulation. Subhalo
masses, sizes, and locations in the VL2 catalog are used to generate
theoretical power spectra using Eqn. (1). The blue solid curve
shows our fiducial model which includes subhalos with M <
5 × 107M⊙ with NFW profiles with Rs = Rtidal/4. The purple
and red curves show the power spectrum when we alter the tidal
radius, or the density profile (Rs) respectively. The solid black
curve shows the power spectrum if the subhalos consist of point
masses. The light-green curve shows the power spectrum when the
slope of the mass function is altered by 0.5. The dotted lines show
the power spectrum of subhalos with M < 5 × 106M⊙, for our
fiducial model (blue), and for the point mass model.

where we have used ∇ · α = 2κ. To estimate
the likelihood for a given covariance given a set of
measurements, we’ll use Bayes’ Theorem, which says
that the likelihood for Cα, CN is proportional to the
likelihood for generating our observed measurements
Oobs given Cα and CN :

L(Oobs,p) =

∫

dnNd2nαP (N)P (α)

δ

[

Om(p) +
∂O

∂α
∆α+N −Oobs

]

Pp(p) (6)

Here, Om(p) is the model prediction for parameter set
p. Recall that p includes parameters for both the
smooth lens and the source emission. In this work,
we describe the source emission non-parametrically, as
a pixelated map. Because the source map has many
degrees of freedom that are not fully constrained by
the observations, regularization is required to avoid
over fitting (see e.g., Warren & Dye 2003; Suyu et al.
2006). This regularization acts as a prior, Pp(p), which
multiplies the above likelihood. We use a Gaussian prior
described by a covariance matrix Cp,

Pp(p) =
exp

(

− 1
2 (p− pprior) ·C−1

p · (p− pprior)
)

(2π)np/2|Cp|1/2
, (7)

where np is the number of parameters, and pprior are
fiducial parameters preferred by the prior. Without loss
of generality, we will set pprior = 0 to avoid confusion in
the expressions below.
Assuming that the noise and substructure deflections

are small, then the best-fitting parameters p are always

Hezaveh+14
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Figure 2. Substructure convergence power spectrum from the subhalo catalog at z = 0.5 and m
high

= 108 M� for both the
CDM (blue) simulation and the ETHOS4 (cyan) simulation for a box with side L = 200 kpc. The shaded gray horizontal
region shows the predicted amplitude from Ref. [88] with ̄

sub

and m
e↵

(and their associated errors) obtained from the CDM
simulations, and the vertical dashed line is the median k

trunc

⌘ 1/r
trunc,max

. The red dashed line is the isolated two-subhalo
contribution for the CDM simulation. The wavenumbers k are in comoving coordinates.

clarity, but the same applies to the power spectrum ob-
tained from the ETHOS4 simulation). The amplitude of
the power spectrum is noticeably lower in ETHOS4, since
there are many fewer subhalos. This dearth of small-
mass subhalos is also responsible for the steeper slope at
k >⇠ 1 kpc�1 in ETHOS4. The power spectrum slope on
these scales appears as a key observable that can probe
the abundance of small-mass subhalos in lens galaxies.
Finally, we can see that the two-subhalo term does not
appear to contribute significantly to the ETHOS4 power
spectrum on large scales. Indeed, the small overall num-
ber of subhalos in this case makes it difficult to probe the
subhalo clustering signal.

In Figure 3 we show how the power spectrum shape and
amplitude change as a function of redshift (top) and high-
est subhalo mass included (bottom) for the CDM (left)
and ETHOS4 (right) simulations. The fiducial cases are
kept in the same color as in Figure 2 (but notice that with
L = 100 kpc the two-subhalo term is no longer clearly
discernible in the CDM simulation). For the redshit evo-
lution, we consider three different epochs: z = {0, 0.5, 1}.
These redshifts correspond to the redshift of the simula-
tion snapshot from which the subhalo catalog was ob-
tained. For all cases, the source is assumed to be at
z = 1.5.

Since the convergence and the Einstein radius become
ill-defined quantities as z

lens

! 0, we artificially put our
simulated z = 0 lens galaxy at a redshift z

lens

= 0.5 in
order to compute their convergence field. In order words,
we use the critical density for lensing ⌃

crit

corresponding
to having a lens at z = 0.5 and source at z = 1.5 to

compute the substructure convergence field of our sim-
ulated z = 0 galactic halo. For our two other epochs
(z = 0.5, 1), ⌃

crit

is computed self-consistently using the
redshift of the simulated halo as the lens redshift. It
is therefore important to keep in mind that in the up-
per panels of Figure 3, the value of the critical density
is changing between the z = 1 and z = 0.5 curves (by
about at factor ⇠ 2), but is the same for z = 0 and
z = 0.5. This means that the relative amplitude between
the z = 0 and z = 0.5 curves is really telling us some-
thing about subhalo accretion and evolution within the
lens halo.

The redshift dependence shown in Figure 3 qualita-
tively agrees with what one would expect within the stan-
dard cosmological evolution: as we approach z = 0, more
subhalos are accreted into the host halos, implying that
the amplitude of the power spectrum increases. This
increase is more pronounced in the CDM case as more
subhalos with m < 10

8 M� are accreted between z = 0.5
and z = 0 in this model. Also, as subhalos are accreted
and move closer to the host center, mass loss due to tidal
interaction becomes important. For the ETHOS4 simu-
lation, we find that this leads on average to a reduction
of the effective subhalo mass m

e↵

between z = 0.5 and
z = 0, which partially compensates the slight increase
in ̄

sub

to leave the low-k amplitude nearly unchanged4.
Furthermore, the much larger total number of subhalos

4 See the tables in Appendix B for the m
e↵

and ̄
sub

values at the
different redshifts.

Diaz-Rivero+18

Figure 3. The scanning results for �R
i

of the HST data (left column) and two selected CDM semi-
analytic realizations with halo masses 1013.5M� and 1013M� (middle two columns) and the sensitivity
map (right column). The di↵erent rows indicate the analysis of observing band F814W (top), F555W
(middle) and combined F814W+F555W (bottom). Each pixel in the plot reflects �D

i

when placing
the perturber at the position of the pixel.

the statistical features imprinted in them. In principle, any metric can be applied to the
scann maps to compare two distributions. The challenge is to contract the information as
much as possible not to find our self to reject too many simulations while keeping most of the
contained information about the quantities of interest. The imprint of dark matter properties
is e↵ectively mapped to the abundance and density profile of subhaloes at di↵erent masses.
These primary quantities of interest in the deflection pattern result in the abundances of
deflection anomalies and their spacial patterns in the substructure scans.

To probe the abundances and masses of the subhalo population imprinted in the de-
flection anomalies, our primary statistics is the abundance and spacial pattern of negative
excess distance �R

i

< 0 (equation 4.7 described in section 4.1). In this work, we restrict
ourself to the pattern emerging from �R

i

< �4, which is more stable to artifacts in the noise
modelling of the simulations compared to the data.

We find that feasible distance measures for our aim can be constructed based the spher-
ical averaged two-point correlation function C(dr) = h�R

i

(r)�R
i

(r + dr)i
r

of the negative
residuals �R

i

< 0. This function contains information about the number of anomalies
(normalization) and their spatial patterns (slope). We chose the metric to comparing two
correlation functions of two realisations of data C1(dr) and C2(dr) as

D(C1, C2) =

Z 2.5”

0”
(C1(dr)� C2(dr))

2 dr, (4.8)
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Constraints on DM from flux-ratio anomalies 5

Figure 3. A schematic view of our analysis strategy. On each grid point of
target parameters ( f

sub

, M
hm

) we run 100 000 simulations to collect statisti-
cal inference by comparing the predicted lens observable with the measured
ones.

(iii) for each subhalo and line-of-sight halo we draw its mass,
redshift and projected position from P(✓

m

|✓, ✓
M

);
(iv) we use PYLENS, a PYTHON-based ray-tracing package that

implements multi-plane lensing with analytical mass profiles, to de-
rive the predicted image fluxes and positions, and calculate the rel-
ative likelihood.

In total, we generate 100 000 Monte Carlo realizations on each grid
point of ✓, and the posterior probability is then constructed from the
summed likelihood. Since each lens is considered independent, we
multiply the likelihood of each lens to obtain a joint inference on
the model parameters. A schematic view of this strategy is provided
in Fig. 3.

3 THE DATA

We have collected all radio or MIR observations that are available
for fourteen multiply-imaged quasars that have four lensed images,
whose properties are summarized in Table 2. Out of these fourteen
lens systems, only seven are used in our full analysis and the re-
maining seven is excluded for the following reasons.

(i) HE 0435�1223, HS 0810+2554, and RX J0911+080 are
bright optical quasars where faint radio emission was detected
by Jackson et al. (2015) from deep Very Large Array (VLA)
and e-Multi-Element Remotely Linked Interferometer Network (e-
MERLIN) imaging at cm-wavelengths. Although they demonstrate
the feasibility of detecting radio emission from radio-quiet quasars,

the lensed images are partially resolved, and are, therefore, not suit-
able to be modelled as a point source or with a single Gaussian
component. Very Long Baseline Interferometry (VLBI) observa-
tions of HS 0810+2554 at mas-scale angular resolution has con-
firmed that the radio structure is indeed extended and composed of
multiple compact components (Hartley et al. 2019).

(ii) CLASS B1359+154 and CLASS B1608+656 have multi-
ple lensing galaxies within the Einstein radius and show strong
flux-ratio anomalies (Rusin et al. 2001; Koopmans & Fassnacht
1999; Suyu et al. 2009). Moreover, CLASS B1608+656 is a merg-
ing system, which may cause significant bias on the abundance of
small-scale structures. Considering the strong coupling between the
flux-ratio anomalies generated by the multipole components in the
macro model and by substructure/line-of-sight haloes, we exclude
these two systems from our analysis.

(iii) CLASS B1933+503 is a 10-image system with a face-on
spiral as the main lensing galaxy (Sykes et al. 1998; Suyu et al.
2012). We notice that the magnification of the lensed images close
to the spiral arms has significantly strong deviations from the
smooth model predictions. These strong anomalies are very likely
due to the presence of the spiral arms. While we exclude this sys-
tem from our current analysis, we plan to develop an algorithm that
includes more complex baryonic structures from simulated disc
galaxies into the lens modelling in the future.

(iv) Q2237+030 is gravitationally lensed by the bulge of a
low-redshift spiral galaxy (Irwin et al. 1989). The mass distri-
bution of this system is, therefore, dominated by baryonic struc-
tures rather than a smooth dark matter distribution. Hence, as for
CLASS B1933+503, we decided to exclude this system from our
current analysis until we develop an appropriate description.

Our final sample includes the following lens systems:
CLASS B0128+437, MG J0414+0534, CLASS B0712+472,
PG 1115+080, JVAS B1422+231, CLASS B1555+375, and
CLASS B2045+265. Table 3 summarizes the observational data
we used in this work (positions and flux-ratios). Improved
flux-ratio measurements are available from the MERLIN key
programme (Koopmans et al. 2003) for CLASS B0128+437,
CLASS B0712+472, JVAS B1422+231, CLASS B1555+375 and
CLASS B2045+265. These measurements result in an improved
flux-ratio uncertainty of less than 5 per cent. For the remaining sys-
tems, MG J0414+0534 and PG 1115+080, we adopt a flux uncer-
tainty of 20 per cent. Each lens is modelled with a singular isother-
mal ellipsoid plus external shear, except for:

(i) MG J0414+0534 has a luminous satellite (object X) that is
detected in optical imaging (Falco et al. 1997), which we include
into the lens model and allow its mass to be a free parameter;

(ii) CLASS B0712+472 and CLASS B1555+375 both have an
edge-on disc that lies across the merging images, where the flux-
ratio anomalies are most significant (Jackson et al. 1998; Hsueh
et al. 2016, 2017). We apply the best-fit models found by Hsueh
et al. (2017, 2016) and let the disc mass be the only free parameter.
It should also be noted that for the lens system CLASS B1555+375,
the redshift of the lensing galaxy unkown. A recent detection of an
emission line in the NIR spectrum suggests that the source redshift
is zs = 1.432 (Fassnacht et al., in prep). Considering the red colour
of the lensing galaxy, it is likely to be at high redshift and we as-
sume the lens redshift to be zl = 1.0.

The lens system CLASS B2045+265 shows a strong de-
magnification on the central image of the cusp triplet (Fassnacht
et al. 1999). This strong flux-ratio anomaly was thought to be due
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Figure 3. Distributions of the summary statistic in Equation 10
for di↵erent dark matter mass functions, and lens and source red-
shifts. Dotted curves represent realizations of main deflector sub-
halos only, while the solid curves include both subhalos and line
of sight halos. Black and grey curves denote CDM mass functions
with normalizations ⌃

sub

= 0.012kpc�2 and 0.024kpc�2, respec-
tively, while magenta curves correspond to WDM mass functions
with ⌃

sub

= 0.012kpc�2 and m
hm

= 108M�. Mass functions
with more small scale structure produce more frequent flux ra-
tio anomalies with respect to smooth lens models, which results
in longer tails in the cumulative distribution of these statistics.
The boost in the frequency and magnitude of flux ratio anoma-
lies is much stronger for configurations with higher lens/source
redshifts.

other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
lensing observables. First, the geometry defined by the lens
and source redshifts results in di↵erent lensing e�ciencies for
halos at di↵erent redshifts. Second, the coupling between de-
flections by halos at di↵erent redshifts results in non-linear
e↵ects that impact the deflection angles.

To glean some physical intuition of the lensing e↵ects
at play in a multi-plane system, we adopt a definition of the
lensing surface mass density for multi-plane systems that
encodes redshift-dependent lensing e�ciency, and non-linear
coupling between di↵erent lens planes. We define 

e↵ective

,
the e↵ective multi-plane convergence, as


(e↵ective)

⌘ 1
2
r ·↵ (9)

where ↵ is the deflection field of the lens system, or the
mapping from a coordinate on the sky to a position in source
plane through multi-plane ray-tracing.

This definition expresses the convergence of a multi-
plane realization in terms of deflections angles (↵

x

,↵
y

)
rather than a lensing potential, but is equivalent to the usual
definition of convergence in the case of a single lens plane. 3

We compute these deflection angles by ray-tracing through
the line of sight according to Equation 8. To obtain an e↵ec-
tive substructure convergence 

sub(e↵ective)

, we simply sub-
tract the convergence profile of the main deflector 

macro

(the macromodel), from the full 
(e↵ective)

.
The definition of  in Equation 9 permits a comparison

between single plane and multi-plane ‘convergence’ maps.
For illustrative purposes, in Figure 2, we render a full multi-
plane realization of NFW halos between 105.7 and 1010M�,
for a CDM and WDM scenario. The far left panels show only
the single-plane realizations of the subhalo mass function, as
would be present in a typical strong lens halo. The central
panels show the single plane realizations plus the a full line of
sight realization viewed in projection, with coupling between
the multiple lens planes turned o↵. The lensing properties of
this convergence map correspond to adopting the Born ap-
proximation in lensing, in which lensing quantities are com-
puted by assuming the light rays follow unperturbed paths
through the lens planes in front of and behind the main de-
flector. The far right panels show the e↵ective multi-plane
convergence for these realizations. In Appendix B, we com-
pare flux ratios computed with the Born approximation to
those computed with full ray-tracing, and find the two ap-
proaches yield significantly di↵erent observables.

Comparing the mass distribution in the far left panels

3 Convergence is equivalent to the projected surface mass density

in units of the critical density for lensing ⌃
crit

= c

2

4⇡G

Ds
DdsDd

in

single plane lensing, where subscripts d and s denote the lens
and source redshifts. For multiple lens planes, we express  as a
vector-field derived quantity.
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Resolution matters if: 
- S/N ratio is high at the resolution element 
- surface brightness variability at the resolution scale

High resolution ELT / VLBI era
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Current constraints

- two independent teams working on different 
data sets to perform a similar analysis 

- Consistent among each other 
- Precision of order Lyman-alpha forest 10 J.-W. Hsueh et al.

Figure 6. The joint posterior probability distribution for the WDM half-mode mass (left) and thermal relic mass (right) from our sample of seven gravitationally
lensed quasars. The grey shaded area represents the 1� uncertainty of the joint constraint. The black vertical line represents our upper limit of M

hm

and lower
limit of m

WDM

at the 95 per cent CL. The black arrows show the direction of the allowed region at the 95 per cent CL from this work. The red dashed and solid
lines represent the lower limits (95 per cent CL) from the latest Ly↵ forest constraints, assuming a smooth and non-smooth intergalactic medium temperature
evolution, respectively (Iršič et al. 2017).

Table 5. Summary of the different joint constraint results on the dark matter mass fraction f
sub

(CDM-only) and the thermal relic particle mass m
WDM

/WDM
half-mode mass M

hm

for different samples of lensed quasars.

Sample f
sub

(CDM-only) m
WDM

M
hm

7 quasar lenses 0.011

+0.007

�0.005

(subs+LOS) 0.023

+0.015

�0.009

(subs-only) > 3.81 keV (95% CL.) < 10

8.35 M� (95% CL.)

Exclude MG J0414+0534 0.010

+0.005

�0.004

0.019

+0.008

�0.009

> 3.82 keV < 10

8.34 M�

Exclude MG J0414+0534 0.009

+0.005

�0.004

0.018

+0.013

�0.008

> 4.07 keV < 10

8.25 M�
& CLASS B2045+265

4.3.2 Source structures

To optimize computing efficiency, we choose to perform all ray-
tracing in this work with point sources. There is evidence from
VLBI observations that CLASS B0128+437 (Biggs et al. 2004),
MG J0414+0534 (Ros et al. 2000) and CLASS B1555+375 (Hsueh
et al. 2016) have extended background sources on mas-scales, but
CLASS B0712+472 (Hsueh et al. 2017), JVAS B1422+231 (Pat-
naik et al. 1999) and CLASS B2045+265 (McKean et al. 2007)
have compact structures; VLBI data for PG 1115+080 has been
taken, but has still to be published. The size of the source affects
the sensitivity to small-scale structures in the flux-ratio anomaly
analysis. Sources with larger radii are less sensitive to small per-
turbations, and thus any flux-ratio anomalies in these lens systems
are less extreme. The different size and internal structures of quasar
sources also indicate that the sensitivity to the less-massive end of
the mass function is not the same for every lens. Multi-wavelength
observations at radio and sub-millimetre wavelengths will help to
provide further information on source sizes in the future, and a
more complex source model based on the observations of nearby
quasars will also be considered in the next phase of our flux-ratio
anomaly analysis.

4.3.3 Source variability

Any variation of the background radio source flux will be seen at
different times in the multiple lensed images, meaning that flux

measurements taken at a single epoch are sampling the intrinsic
light curve of the quasar at different times for the different im-
ages. For this reason, in previous studies, such as Dalal & Kochanek
(2002), the flux-ratio uncertainties were assigned to be 20 per cent
for all of the systems with one-time flux measurements. The sys-
tematic uncertainties from quasar variability can be eliminated by
averaging over a long period of monitoring. In this work, we quote
the average flux-ratios from Koopmans et al. (2003), which bring
the uncertainties in the intrinsic variation from 20 per cent to less
than 5 per cent. Most of the radio-sources in our sample have also
shown little variation throughout the monitoring. The clear im-
provement in the constraints produced by the analysis described
in Section 4.1.1 emphasizes the importance of monitoring obser-
vations or some other technique for improving the precision of the
flux-ratio measurements.

4.3.4 Propagation effects

Although propagation effects, such as free-free absorption and scat-
ter broadening can alter the properties of the different lensed im-
ages measured at radio-wavelengths, these effects have a strong
wavelength dependence, and therefore, can be identified and cor-
rected for with multi-wavelength observations (e.g. Winn et al.
2004; Biggs et al. 2003; Mittal et al. 2007). There is no clear ev-
idence of propagation effects in our sample, except for CLASS
B0128+437 (Biggs et al. 2004) where there is scatter broadening
of the lensed images on VLBI scales. It is expected that the con-
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Figure 9. Forecasts for the constraints on the half-mode mass as
a function of the number of lenses, including line of sight halos and
subhalos of the main deflector. Black, purple, blue, and red colors
denote flux uncertainties of 2%, 4%, 6%, and 8%. The solid line
corresponds to a normalization ⌃

sub

= 0.008kpc�2, while dashed
lines correspond to ⌃

sub

= 0.022kpc�2. The y-axis labels repre-
sent the 2� bound on m

hm

, with the mass of the corresponding
thermal relic dark matter particle in parentheses. Models with
more subhalos (dashed lines), and hence more signal, are more
resilient to flux uncertainties than models with fewer lens planes
subhalos (solid lines) and produce stronger constraints on m

hm

.

of 2%, 4%, and 6%, we favor WDM mass functions with
m

hm

> 107.7M� over CDM with relative likelihoods of 22:1,
30:1, and 8:1, respectively 10. With uncertainties of 4% and
6%, the posterior distributions of m

hm

shift towards higher
masses, and the posteriors no longer resolve the position of
the turnover in the mass function and mass-concentration
relation. The shift to higher values of m

hm

is a consequence
of the weak signal produced by very warm mass functions
with a paucity of small-scale structure. Increased flux un-
certainties wash out the information from the ‘weak signal’
regime of parameter space with m

hm

> 107.7M�, and the
constraints on this region of parameter space deteriorate be-
cause the data itself lies in this ‘weak signal’ regime. This
reasoning is similar to the interpretation of ⌃

sub

as an in-
formation scaling parameter for CDM mass function: like a
CDM mass function with a high normalization, a ‘colder’
WDM mass function produces more significant flux pertur-
bation events, and is more resilient to increased uncertainties
in image fluxes. If this reasoning is correct, we should expect
the posteriors on m

hm

for ‘colder’ WDM mass function to
remain relatively stationary, modulo an increased variance,
after adding perturbations to the image fluxes.

10 The increase from 22 to 30 is likely due to shot noise.

This e↵ect is seen in Figure 8, which has m
hm

=
107M�. The shift of the posterior distributions towards
higher masses as flux uncertainties increase does not hap-
pen in this case because the WDM mass function with
m

hm

= 107M� produces stronger perturbations in the data
than the warmer, ‘weak signal’ model with m

hm

= 107.7M�.
This is because the halos are both more numerous and more
concentrated that the WDM model with m

hm

= 107.7M�.
In turn, the stronger signal survives additional flux uncer-
tainties, and is su�cient to constrain very warm mass func-
tions. The locations of the peaks of the posteriors coincide
with the true value of m

hm

, but the width of the distribu-
tions widen. In this case, we favor WDM mass functions
with m

hm

> 107M� over CDM mass functions with relative
likelihoods of 4:1, 3:1, and 2:1 with flux uncertainties of 2%,
4%, and 6%, respectively. The fact that we statistically favor
WDM models over CDM models suggests that we could in-
fer a turnover in the mass function at m

hm

= 107M� (or an
8.2 keV WDM particle) at higher significance with a larger
sample of quads.

5.2 Marginalized constraints on the
free-streaming length

The posterior distributions in Figures 5 and 6 give a sense
for how the constraints on the half-mode mass in WDM
models depends on the precision with which one measures
image fluxes and predicts them with lens models, and on
parameters such as the normalization of the subhalo mass
function. To take into account sample variance, in Figure 9
we plot the marginalized constraints on the half-mode mass
as a function of the number of lenses, ⌃

sub

, and flux mea-
surement uncertainties of 2%, 4%, 6%, and 8%. We plot the
bounds on m

hm

for both a high
�
⌃

sub

= 0.02kpc�2

�
and

low
�
⌃

sub

= 0.008kpc�2

�
normalization of the subhalo mass

function. To produce these curves, we compute 200 boot-
straps of 50 lenses, and average over many realizations of
flux uncertainties.

With a sample of 50 lenses it will be possible to probe
below 108M� in the halo mass function, to a degree that
depends on the amount of substructure in the main deflec-
tor, measurement precision of image fluxes, and precise lens
model predictions for this observable. With control over im-
age fluxes at the level for 4%, routinely achieved at present
(Nierenberg et al. 2014, 2017), the bounds on m

hm

with 50
quads range between 107.1 � 108.1M� for values of ⌃

sub

of
0.01 and 0.022 kpc�2, respectively. With more precise pre-
dictions of ⌃

sub

made on a lens-by-lens basis, these bounds
may improve. We also note that future surveys, such as
LSST, WFIRST, and Euclid, will discover hundreds of quads
(Oguri & Marshall 2010), so the sample of available quads
will eventually be much larger than 50.

6 SUMMARY AND CONCLUSIONS

We have presented a method to perform Bayesian inference
on the halo mass function through a forward modeling anal-
ysis of image flux ratios in quadruply imaged quasars. We
model the contribution from line of sight halos, which boost
the signal per lens and permit stronger constraints on the
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Challenges
- Uncertainty in theory prediction of sub halo mass function (M, z) 
- Selection (bias) of lenses 
- Imaging: choosing a robust summary statistics

Flux ratio statistics with line of sight halos 5

Figure 2. A visualization of the mass distributions that a↵ect observables in single-plane and multi-plane lensing. The top and bottom
rows show a single realization of CDM and WDM structure, respectively. Left: The convergence map from subhalos of the main deflector
only, with ⌃

sub

= 0.012kpc�2, which corresponds to a projected mass fraction in substructure at the Einstein radius of 1% at z = 0.5.
Center: The full line of sight realization viewed in projection. Computing deflection angles with respect to these mass distribution
e↵ectively employs the Born approximation, in which the deflection angles from halos at di↵erent redshifts are computed by assuming
light travels along an unperturbed path. There are blue regions with negative mass due to the inclusion of negative convergence sheets
at each lens plane, to ensure that the mean density along the line of sight is the background density of the universe. Right: The e↵ective
multi-plane convergence for these realizations. The deflection angles corresponding to these convergence maps, after subtracting o↵ the
convergence from the main deflector, include the non-linear e↵ects present in multi-plane lensing not captured by the Born approximation
(see Appendix A).

3 EFFECT OF LINE OF SIGHT STRUCTURE
ON IMAGE FLUX RATIOS

In order to constrain di↵erent dark matter models, we must
accurately predict image flux ratios in the presence of per-
turbing dark matter halos in the main lens plane and along
the line of sight. To this end, in this exploratory section
we investigate the e↵ect of halos at multiple redshifts on
flux ratio observables. First, we present visualizations of the
non-linear e↵ects present in multi-plane lensing by defining
an e↵ective single plane mass distribution for a multi-plane
lens system. We then quantify the signal in flux ratios from
line of sight structures using a summary statistic, and com-
pare the contributions from subhalos in the main deflector
to the signal from line of sight objects for lenses at di↵erent
redshifts.

3.1 Multi-plane lensing

As photons traverse the cosmos from a background source to
an observer, they experience numerous deflections by dark
matter halos along the line of sight. One formulation of the
equation describing these deflections and the path of de-

flected light rays is given by (Schneider 1997)

�S = ✓ � 1
D

s

S�1X

n=1

D
ns

↵n (D
n

�n) . (8)

where �S and ✓ denote angular coordinates in the source
plane and on the sky, respectively, and where D

n

and D
ns

denote angular diameter distances to the nth lens plane, and
between the nth lens plane and the source plane.

In the case of a single lens plane, the deflection field
from multiple halos is a linear superposition of the deflec-
tions from each individual halo. In the case of multiple lens
planes, however, Equation 8 becomes a recursive equation
for the �n, coupling the deflections from halos at di↵erent
redshifts. Equation 8 describes a physical process akin to
looking through a magnifying glass through the lens of an-
other magnifying glass (or in the case of substructure lens-
ing, through thousands of other magnifying glasses). For ad-
ditional details on multi-plane lensing, see Schneider et al.
(1992).

The number of halos along the line of sight often out-
number main lens plane subhalos, to a degree that depends
on the lens and source redshifts, and the normalization of
the subhalo mass function. However, number counts do not
accurately reflect the e↵ects of these line of sight objects on
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Prospects with LSST



Jacobs+2019, DES collaboration

Strong lensing arcs are discovered in DES…38 Jacobs et al

Figure 22. Candidate lenses found in DES using CNNs. In yellow, left: best CNN score, right: human grade.



Sonnenfeld+2018, HSC collaboration

… and HSC…

14 Publications of the Astronomical Society of Japan, (2014), Vol. 00, No. 0

Fig. 6. Grade B candidates. For each system, the left panel is a color-composite image in g, r and i bands, while the right panel is a lens-subtracted version

of the image. A higher contrast is used in the right panel to enhance the images of the lensed source. Circled letters on the top of each image indicate whether

the lens candidate was found by YATTALENS (Y), CHITAH (C) or the emission line search (E). The letters zs indicate systems for which a spectroscopic redshift

of the source galaxy has been measured.



discovered: Ostrovski+, Lemon+, Agnello+, Schechter+, Oguri+ and the STRIDES/DES collaboration

and quasar lenses too…

Figure 5: The sample of 10 quads proposed to be observed with HST. False color images are
extracted from the SDSS sky viewer and the DES portal. For DESJ2346 GEMINI GMOS
imaging, for SDSSJ1330 Subaru AO K-band imaging and for ATLASJ2344 Magellan IMACS
imaging is presented. The bar on each image indicates the scale of one arc second.
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Figure 1. Comparison between the observed (first and third columns) and reconstructed (second and fourth columns) strong-lens
systems. The three HST bands: F160W, F814W, and F475X are used in the red, green, and blue channels, respectively, to create the
red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. The relative intensities of the bands
have been adjusted for each lens system for clear visulaisation of the features in the system.

2.2.8 PS J0630-1201

This system is the first-ever discovered five-image lensed
quasar system (Ostrovski et al. 2018). The discovery was
the result of a lens search from Gaia data from a selection
of lens candidates from Pan-STARRS and WISE.

2.2.9 DES J0420-4037

The discovery of this quad is reported in Ostrovski et al.
2018b. Several small knots are visible near the quasar images
that are possibly multiple images of extra components in the
source plane.

2.2.10 DES J0408-5354

This system was discovered from the DES Year 1 data (Lin
et al. 2017; Agnello et al. 2017b). This is a very complex
lens system with multiple lensed arcs visible in addition to
the quasar images. The sources of the lensed arcs can be
components in the same source plane as the lensed quasar or
they can be at di↵erent redshifts. This system has measured
time-delays (Courbin et al. 2018).

2.2.11 SDSS J1251+2935

This quad was discovered from the Sloan Digital Sky Survey
(SDSS) Quasar Lens Search (SQLS) (Kayo et al. 2007). The
source redshift is z

s

= 0.802 and the deflector redshift is z
d

=

0.410 measured from the SDSS spectra.

2.2.12 SDSS J1433+6007

This lens systems was discovered from the SDSS data re-
lease 12 photometric catalogue (Agnello et al. 2018a). The
redshifts of the source and deflector are z

s

= 2.737±0.003 and
z

d

= 0.407±0.002, respectively (Agnello et al. 2018a).

3 LENS MODELLING

To devise a uniform approach that will suit a wide range of
quads that vary in size, configuration, light profiles, etc., we
need to choose from the most general models for the lens
mass profile and the light distributions. It is often required
to fine-tune the choice of models by adding complexities to
the lens model in a case-by-case basis to suit the purpose of
the specific science driver of an investigator. However, such
detailed lens-modelling is outside of the scope of this paper.
We only require our models to satisfactorily ( �2

red

⇠ 1) fit

MNRAS 000, 1–15 (2017)
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…and followed up…

…and more to come!



Follow up coordination in the 
LSST era

Tasks: 
- find the lenses knowing their selection function 
- pick the right lenses (for your science) 
- follow them up with the right facilities  
- chose the right analysis technique

Oguri&Marshall 2010

• LSST will find 10’000s of arc 
lenses

• LSST will find 1000’s of quasar 
lenses

Collett 2015

Finding, analyzing and doing the science in one unified framework 



Figure 5: The sample of 10 quads proposed to be observed with HST. False color images are
extracted from the SDSS sky viewer and the DES portal. For DESJ2346 GEMINI GMOS
imaging, for SDSSJ1330 Subaru AO K-band imaging and for ATLASJ2344 Magellan IMACS
imaging is presented. The bar on each image indicates the scale of one arc second.
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Summary

• LSST will find 10’000s of arc 
lenses

• LSST will find 1000’s of quasar 
lenses

• follow-up and scalable analysis 
methods required 

Gravitational lensing is an  
unique window to the dark universe

4 A. J. Shajib et al.

Figure 1. Comparison between the observed (first and third columns) and reconstructed (second and fourth columns) strong-lens
systems. The three HST bands: F160W, F814W, and F475X are used in the red, green, and blue channels, respectively, to create the
red-green-blue (RGB) images. Horizontal white lines for each system are rulers showing 1 arcsec. The relative intensities of the bands
have been adjusted for each lens system for clear visulaisation of the features in the system.

2.2.8 PS J0630-1201

This system is the first-ever discovered five-image lensed
quasar system (Ostrovski et al. 2018). The discovery was
the result of a lens search from Gaia data from a selection
of lens candidates from Pan-STARRS and WISE.

2.2.9 DES J0420-4037

The discovery of this quad is reported in Ostrovski et al.
2018b. Several small knots are visible near the quasar images
that are possibly multiple images of extra components in the
source plane.

2.2.10 DES J0408-5354

This system was discovered from the DES Year 1 data (Lin
et al. 2017; Agnello et al. 2017b). This is a very complex
lens system with multiple lensed arcs visible in addition to
the quasar images. The sources of the lensed arcs can be
components in the same source plane as the lensed quasar or
they can be at di↵erent redshifts. This system has measured
time-delays (Courbin et al. 2018).

2.2.11 SDSS J1251+2935

This quad was discovered from the Sloan Digital Sky Survey
(SDSS) Quasar Lens Search (SQLS) (Kayo et al. 2007). The
source redshift is z

s

= 0.802 and the deflector redshift is z
d

=

0.410 measured from the SDSS spectra.

2.2.12 SDSS J1433+6007

This lens systems was discovered from the SDSS data re-
lease 12 photometric catalogue (Agnello et al. 2018a). The
redshifts of the source and deflector are z

s

= 2.737±0.003 and
z

d

= 0.407±0.002, respectively (Agnello et al. 2018a).

3 LENS MODELLING

To devise a uniform approach that will suit a wide range of
quads that vary in size, configuration, light profiles, etc., we
need to choose from the most general models for the lens
mass profile and the light distributions. It is often required
to fine-tune the choice of models by adding complexities to
the lens model in a case-by-case basis to suit the purpose of
the specific science driver of an investigator. However, such
detailed lens-modelling is outside of the scope of this paper.
We only require our models to satisfactorily ( �2

red

⇠ 1) fit
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