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�
Gravitational lensing: effect of substructure

Presence of substructure down to small scales 
is one of the key predictions of CDM

Satellite Galaxies in WDM 5

Figure 3. Images of the CDM (left) and WDM (right) level 2 haloes at z = 0. Intensity indicates the line-of-sight projected square
of the density, and hue the projected density-weighted velocity dispersion, ranging from blue (low velocity dispersion) to yellow (high
velocity dispersion). Each box is 1.5 Mpc on a side. Note the sharp caustics visible at large radii in the WDM image, several of which
are also present, although less well defined, in the CDM case.
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Figure 4. The correlation between subhalo maximum circular
velocity and the radius at which this maximum occurs. Sub-
haloes lying within 300kpc of the main halo centre are in-
cluded. The 12 CDM and WDM subhaloes with the most mas-
sive progenitors are shown as blue and red filled circles respec-
tively; the remaining subhaloes are shown as empty circles. The
shaded area represents the 2σ confidence region for possible hosts
of the 9 bright Milky Way dwarf spheroidals determined by
Boylan-Kolchin et al. (2011).

the same radii in the simulated subhaloes. To provide a fair
comparison we must choose the simulated subhaloes that
are most likely to correspond to those that host the 9 bright
dwarf spheroidals in the Milky Way. As stripping of sub-
haloes preferentially removes dark matter relative to the
more centrally concentrated stellar component, we choose to

associate final satellite luminosity with the maximum pro-
genitor mass for each surviving subhalo. This is essentially
the mass of the object as it falls into the main halo. The
smallest subhalo in each of our samples has an infall mass
of 3.2 × 109M⊙ in the WDM case, and 6.0 × 109M⊙ in the
CDM case.

The LMC, SMC and the Sagittarius dwarf are all
more luminous than the 9 dwarf spheroidals considered by
Boylan-Kolchin et al. (2011) and by us. As noted above, the
Milky Way is exceptional in hosting galaxies as bright as
the Magellanic Clouds, while Sagittarius is in the process of
being disrupted so its current mass is difficult to estimate.
Boylan-Kolchin et al. hypothesize that these three galaxies
all have values of Vmax > 60kms−1 at infall and exclude sim-
ulated subhaloes that have these values at infall as well as
Vmax > 40kms−1 at the present day from their analysis. In
what follows, we retain all subhaloes but, where appropri-
ate, we highlight those that might host large satellites akin
to the Magellanic Clouds and Sagittarius.

The circular velocity curves at z = 0 for the 12 sub-
haloes which had the most massive progenitors at infall are
shown in Fig. 5 for both WDM and CDM. The circular
velocities within the half-light radius of the 9 satellites mea-
sured by Wolf et al. (2010) are also plotted as symbols. Leo-
II has the smallest half-light radius, ∼ 200pc. To compare
the satellite data with the simulations we must first check
the convergence of the simulated subhalo masses within at
least this radius. We find that the median of the ratio of the
mass within 200pc in the Aq-W2 and Aq-W3 simulations is
W 2/W 3 ∼ 1.22, i.e., the mass within 200pc in the Aq-W2
simulation has converged to better than ∼ 22%.

As can be inferred from Fig. 5, the WDM subhaloes
have similar central masses to the observed satellite galax-

c⃝ 2011 RAS, MNRAS 000, ??–8

Substructure causes  
percent-level shifts in strongly lensed image

Lovell et al [1104.2929]
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Substructure likelihood

Prediction

Inference

p(x |θ) = ∫ dz p(x, z |θ)

Huge latent space — full likelihood is intractable!

θ x

Parameters of interest 
Subhalo population parameters

θ = {fsub, β} z = { ⃗m sub, ⃗rsub}
Latent variables

dn
dmsub

msub

fsub

β
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Inferring substructure through collective effects

3.1 Minimum Halo Mass 28
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Figure 8. Fisher forecast for the substructure convergence power spectrum in three logarithmic wavenumber bins. We
consider here observations with the wide-field camera � �WFC�� aboard the Hubble Space Telescope �HST� using the
F���W filter, resulting in a point-spread function FWHM of 0.07 arcsec. The source is placed at zsrc = 0.6 with an
unlensed magnitude mAB = 24. The error bars show the 1-� regions, while the green rectangles display the sample
variance contribution within each bin. We conservatively assume that only half of each orbit is available for observation.
The blue solid line shows the fiducial substructure power spectrum model used in the forecast, which corresponds to a
CDM population of subhalos modeled with truncated NFW profiles. The dotted magenta line shows the power spectrum
for SIDM, assuming a subhalo core size equals to 70% of the scale radius. For comparison, the orange dashed line shows
the substructure power spectrum for a thermal relic warm DM with mass of �.� keV �Viel et al., �����. Figure adapted
from Cyr-Racine et al. ������.

astrometric shifts if there are strong gradients in the surface brightness, as opposed to a smooth
light distribution. These properties lead to the need for sensitive high resolution observations of
the large samples of appropriate lenses that LSST will provide. The high-resolutions observations
can come from ELTs, which should provide milliarcsecond-scale angular resolution currently only
available from VLBI radio observations (e.g. Spingola et al., 2018). For the subset of LSST lenses
that are radio loud, VLBI and ALMA observations will provide excellent complementarity.

Small-scale Structure Power Spectrum

While gravitational imaging can detect highly significant and well-localized perturbers along lensed
arcs and Einstein rings, less massive perturbers or those located farther away from lensed images
typically lead to observational signatures that are too subtle to be detected individually. However,
the large number of such perturbers, both as subhalos within the lens galaxy and as field halos along
the line of sight, means that their collective e�ect might be detectable at the statistical level (e.g.,
Birrer et al., 2017). The power spectrum of the lensed deflection field is a particularly powerful
quantity for capturing the aggregate behavior of lensing perturbers. This approach was proposed in
Hezaveh et al. (2016a), and further expanded in Diaz Rivero et al. (2018), Chatterjee & Koopmans
(2018), and Cyr-Racine et al. (2018). Furthermore, Daylan et al. (2018) proposed a technique to

LSST D��� M�����

Power spectrum decomposition Trans-dimensional methods Summary statistics

Figure 3. The scanning results for �Ri of the HST data (left column) and two selected CDM semi-
analytic realizations with halo masses 1013.5M� and 1013M� (middle two columns) and the sensitivity
map (right column). The di↵erent rows indicate the analysis of observing band F814W (top), F555W
(middle) and combined F814W+F555W (bottom). Each pixel in the plot reflects �Di when placing
the perturber at the position of the pixel.

the statistical features imprinted in them. In principle, any metric can be applied to the
scann maps to compare two distributions. The challenge is to contract the information as
much as possible not to find our self to reject too many simulations while keeping most of the
contained information about the quantities of interest. The imprint of dark matter properties
is e↵ectively mapped to the abundance and density profile of subhaloes at di↵erent masses.
These primary quantities of interest in the deflection pattern result in the abundances of
deflection anomalies and their spacial patterns in the substructure scans.

To probe the abundances and masses of the subhalo population imprinted in the de-
flection anomalies, our primary statistics is the abundance and spacial pattern of negative
excess distance �Ri < 0 (equation 4.7 described in section 4.1). In this work, we restrict
ourself to the pattern emerging from �Ri < �4, which is more stable to artifacts in the noise
modelling of the simulations compared to the data.

We find that feasible distance measures for our aim can be constructed based the spher-
ical averaged two-point correlation function C(dr) = h�Ri(r)�Ri(r + dr)ir of the negative
residuals �Ri < 0. This function contains information about the number of anomalies
(normalization) and their spatial patterns (slope). We chose the metric to comparing two
correlation functions of two realisations of data C1(dr) and C2(dr) as

D(C1, C2) =

Z
2.5”

0”

(C1(dr)� C2(dr))
2
dr, (4.8)

– 11 –

18

(a) Host halo (b) External shear (c) All subhalos

Figure 11. Posterior median of the deflection field. The arrows indicate the local direction of the deflection field and have

lengths that represent the magnitude of the deflection field. However, the arrows in the left and right panels have been scaled

by 0.1 and 10, respectively, for better visibility. The positions of the true subhalos are shown with green Xs, the areas of which

are proportional to the masses of the subhalos. The radii of the green and dashed blue circles are the Einstein radii of the true

and sample macro lens models, respectively. They are only drawn to guide the eye in the absence of the observed image.

(a) Nominal (b) One-subhalo

Figure 12. Posterior median convergence map obtained from the transdimensional (left) and one-subhalo (right) inferences.

Green markers and the circle have the same meaning as in Figure 11.

The failure of the one-subhalo inference to reveal the
remaining features in the underlying true convergence
field can be traced back to the fact that the absence of
additional model subhalos causes the macro lens model
and the single subhalo to be biased so as to minimize the
residual deflection field. Without a way to probe trans-
dimensional covariances, the sampler explores a maxi-
mum in the conditional likelihood, given a one-subhalo
lens model. Note that the inference of lower-significance
features in the convergence map does not imply that
the additional subhalos are formally detected. In fact,

the overall increase in the goodness of fit between the
two approaches is only � logP (D|M) ⇠ 10. In order to
claim a detection of these model subhalos at 5�, they
would be required to individually improve the goodness
of fit above � logP (D|M) ⇠ 35 given that they have
five degrees of freedom.

The difference between the two inference schemes be-
comes more evident when the posterior predictions are
compared to the underlying true convergence field due
to subhalos. Figure 13 illustrates the residual between
the true subhalo convergence map and the posterior me-

Daylan et al [1706.06111] 

See also 
Brewer et al [1508.00662]

Birrer et al [1702.00009]Cyr-Racine et al [1806.07897] 

See also 
Rivero et al [1707.04590] 
Rivero et al [1809.00004] 

Brennan et al [1808.03501] 
Hezaveh et al [1403.2720]
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Future surveys like LSST, Euclid expected to deliver large samples of galaxy-galaxy strong lenses
Collett et al [1507.02657]� (10,000)𝒪
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Goal
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Future surveys like LSST, Euclid expected to deliver large samples of galaxy-galaxy strong lenses
Collett et al [1507.02657]� (10,000)𝒪
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Goal

Propose method to infer high-level substructure properties that is  

✓ Fast 

✓ Capture maximum information from the data 

✓ Scalable to a large sample of lenses 

✓ Can deal with a large number of nuisance/latent parameters



Siddharth Mishra-Sharma (NYU) | LSST Dark Matter Workshop 2019 �6

Likelihood-free inference: opening the black box

“Traditional” LFI treats the simulator as a 
generative black box: parameters in, samples 
out. 

No one cares how the sausage is made.

Parameters
✓
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Slides courtesy of 
Johann Brehmer
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Likelihood-free inference: opening the black box

But in real-life problems, we have access to the 
simulator code and some understanding of the 
microscopic processes. 

We can extract more simulation from the 
simulator and use it to improve inference.

“Traditional” LFI treats the simulator as a 
generative black box: parameters in, samples 
out. 

No one cares how the sausage is made.

Parameters
✓
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3. Inference1. Simulation
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2. Machine Learning
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Likelihood ratio 
estimate

Limit setting with  
standard hypothesis tests

Use this information to  
train estimator for likelihood ratio

Brehmer et al [1805.00013] 
Brehmer et al [1805.00020] 

Stoye et al [1808.00973]
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Simulation
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Inference
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1. Train likelihood ratio estimator with �  

2. Test on simulated data with �

fsub ∼ [0, 0.2], β ∼ [−2.5, − 1.5]
fsub = 0.05, β = − 1.9

Use simulated ensemble of galaxy-galaxy lenses observable by Euclid
Collett et al [1507.02657]
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Inferred likelihood ratios fsub = 0.05, β = − 1.9
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Analysis of Individual images

Inferred likelihood ratios fsub = 0.05, β = − 1.9
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Analysis of Individual images

Inferred likelihood ratios fsub = 0.05, β = − 1.9

Combined analysis (20 images)



Siddharth Mishra-Sharma (NYU) | LSST Dark Matter Workshop 2019 �15
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Fix host alignm
ent

Vary all host 
properties

Profiles at �β = − 1.9

Inferred likelihood ratios fsub = 0.05, β = − 1.9

Tr
ue
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Bayesian interpretation

Uniform prior on �{fsub, β} Gaussian prior for �β ∼ 𝒩(−1.9, 0.1)

fsub = 0.05, β = − 1.9
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Summary

Inferring substructure in strong lenses

Estimating the likelihood ratio  
with machine learning

Fast, efficient, scalable way to analyze a population of 
galaxy-galaxy strong lenses to infer underlying 
substructure properties

Powerful simulation-based estimators of the likelihood ratio  
provide a principled way to perform inference using additional  
information extracted from the simulator
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Brehmer et al [1805.00013], Brehmer et al [1805.00020] 


